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ABSTRACT

Vibration characteristics which are typical in a cracked rotor can be utilized for detection of crack.
The changing trend of harmonics at the second harmonic resonant speed according to the crack depth
and the unbalance orientation has been discussed. To characterize the vibration depending on crack
orientation, the unbalance and gravitational responses of the cracked rotor are calculated. An algorith-
m for crack orientation identification is also introduced. A trial mass is attached step by step with even
angle interval along a certain circumference, and then the synchronous and second horizontal harmonic
components of vibration are measured and curve-fitted using least square method. Numerical simula-
tions using this method show good results.
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dynamics analysis and diagnosis"~®. One of the
1. Introduction ultimate objectives of the cracked rotor dynamics
research is to derive the crack identification method.
Since the 1970s many works have been reported in Crack on shaft repeats opening and closing as the
the research area of cracked rotor modeling, shaft rotates, and thus the transverse stiffness of

shaft changes repeatedly. Since, however, the stiff-
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ness value forms not sinusoidal but periodic curve,
the vibration response has harmonics. When one
uses harmonics for crack detection, he may note that
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the harmonics have quite peculiar distribution pat-
tern depending on the rotational speed. It is impor-
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tant for the use of harmonics to determine the
proper rotational speed. In this study, considering
that among the harmonics the second harmonic is
likely to be the largest™, the second harmonic reso-
nant speed, where the second harmonic components
of the vibration take the maximum amplitudes, is
chosen.

Jun et. al® discussed the feature of the harmonics
depending on the crack and unbalance directions.
They showed that the synchronous and the second
harmonics have their extreme values at pecular
relative angles between the crack and the unbalance
directions. The simulation results in reference'” are
introduced, in this study, to extract the feasible
techniques for identification of crack direction cal-
culating the unbalance and gravitational responses
of the cracked rotor. The changing feature in peak
-to-peak vibration depending on the unbalance ori-
entation is used to derive a method of crack orienta-
tion identification.

2. Second Harmonic Resonant Speed

Unlike in the case of a rotor with no crack, the
vibration of a cracked rotor due to the unbalance
and gravity consists of many harmonics, and reso-
nant speeds at which each harmonic component of
response becomes maximum are no longer coinci-
dent with the nominal critical speeds or their integer
fractions. Therefore it may be convenient to define
the nth harmonic resonant speed as the rotational
speed at which the nth harmonic component of

T T I T i
I'st

rob———————— e — — — — — —
el
O
LY
a
I
k=
Q
c
S
N
@
Q
c 2
$05 o ]
€
£

3ed

0-333 —

00 I 1 | ] 1

o0 O 0-2 03 0-4 0-5
Crock depth

Fig. 1 Harfnonic resonant speeds vs. crack depth (shaft
length=700mm, diameter =15mm)

vibration takes the maximum amplitude. It should
be noted that the vibration characteristics of a
particular component are best seen near the corre-
sponding harmonic resonant speed.

The typical harmonic resonant speeds
monotonically decrease as the crack depth increases,
as shown in Fig. 1. This is because the propaga-
tion of crack causes the decrease in shaft stiffness
and thus the increase in vibration amplitude. In
addition, the asymmetry in stiffness, due to the
crack, causes the change in the response spectrum.
Figure 2 shows the first and the second harmonic
amplitudes of whirl vibration measured in the hori-
zontal and the vertical axes at the second harmonic
resonant speed. Dimensionless amplitude is the
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Fig. 2 Harmonic amplitudes at the second harmonic resonant speed with crack depth varied (dampiﬁg ratio=0.02);
(a) Without unbatance (b) Unbalance/static deflection=0.1 and unbalance on the crack direction.
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amplitude divided by static deflection. H and V
stand for the horizontal and the vertical components,
respectively, and the numbers followed indicate the
harmonic order. The results show that the vibration
amplitudes increase rapidly with increasing crack
depth. At the second harmonic resonant speed the
third and higher harmonic amplitudes also increase
with increasing crack depth, however, they are hard-
ly measurable unless the crack develops to a consid-
erable level. In particular, the second harmonics are
very sensitive to the crack depth only, whereas the
synchronous components are affected not only by
the crack depth but by the unbalance, especially at
small crack depth. Thus the second harmonics,
magnified at the second harmonic resonant speed,
can be used as good indicators for crack identifica-
tion.

3. Identification Algorithm of Crack
Orientation

3.1 Effect of unbalance orientation
Figure 3 shows the whirls observed at the second
harmonic resonant speed when the crack depth and

Identification of Crack Orientation in a Simple Rotor

T R R R R O T E——

the orientation of unbalance with its magnitude
unchanged vary. In figure, 3 is the unbalance orien-
tation from crack. As mentioned previously, the
increase of harmonics is notable with crack depth
increased, and the whirl motion is sensitive to the
unbalance orientation. Since the first (synchronous)
and the second harmonic components tend to have
maximum or minimum amplitudes when the unbal-
ance is in-phase and out-of phase with respect to the
crack®, it is theoretically possible to detect the
crack direction by shifting a trial unbalance along
the periphery of the disk.

The extensive simulation studies were performed
to check the practicality of the use of the second
harmonic components to identify the crack. Figure 4
shows the directions of unbalance which induce the
maximum and minimum amplitudes of the harmonic
components. The unbalance direction is from the
crack. The results show that the directions of the
maximum and minimum values keep stable phase
relative to the direction of unbalance.

3.2 Algorithm
The first and the second horizontal harmonics
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Fig. 3 Whirls at the second harmonic resonant speed with unbalance orientation changed (damping ratio=0.02 and

unbalance/static deflection=0.1),
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Fig. 4 Unbalance orientation inducing the maximum

and minimum amplitudes of harmonics with the
crack depth varied (damping ratio=0.02 and
unbalance/static deflection=0.1).

have their maximum and minimum values at the
consistent positions of unbalance direction indepen-
dently of crack depth, as shown in Fig. 4. The curves
for H 1 and H 2 for typical case are shown in Fig. 5.
These curves obtained from numerical simulation

are very similar to cosine curve”. Here the curves .

for H 1 and H 2 are expressed as follows, for conve-
nience,

X:1(B)=Aicos 8+ B
Xz(B)=A:cos S+ B

1)
(2)

Now a method for identifying the crack orienta-
tion is to be explained. Symbols used in deriving the
algorithm are shown in Fig. 6. &, and 7 are
rotational coordinates, the origin of which is located
at the center of shaft, and ¢, is the magnitude of trial
mass to be attached in order to find the crack
direction. &, ‘and 6, are the magnitude and the
orientation of residual unbalance, &, is the direction
of resultant centrifugal force due to the trial mass
and the residual unbalance and «. is the angle to be
obtained here. This angle indicates where the crack
exists from the position of the first trial mass
attached.

If the value of X, is xi; when the ith(z=1, 2,--,
N : N the total number of trials) trial mass is
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Fig. 5 Harmonics at the second harmonic resonant
speed with crack orientation varied (damping
ratio =0.02 and unbalance/static deflection =
0.1).
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Fig. 6 Coordinates system for crack identification.

attached, from equation (1) the following equation

is expressed:

xl,-———Al COS(ﬁi—a’c) +B1 (3)
where
&rsin G+, sin L2z
6,=tan™! N (@)
i=tan (;—1)2x
&r cos Or+¢&. cos N

Introducing complex notation, the equation (3)

becomes
x1:=A1Re[e’®* "]+ B (5)
where j=y/-1. Introducing an unit vector
: (i-1)2
o €Tt Ee’ N 6)

= |erej”’+ etej“_fl")znl
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into equation (5) yields

Jor FLLET P2
_ARe[ (e, + e i_lNMl)e ] +B ()
N

|E1ej0r+ etej

Xri

Multiplying |e,e’r+ ete’L_)‘i‘}/z"l and summing ;=1

to N yields
N e )
gl(xh‘_Bl) e’ + ete"L_'L!{fznl=NA1Re[67e""’”“°’]

(8)

Nooo(i-1)2n
2e’N =0 (9)

If the residual unbalance is very small compared
with the trial mass, the value inside absolute symbol
of the left hand side of equation (8) can be expressed
as ¢, approximately and that equation yields a sim-

ple form.
me:=A1Re( e’ ~9] + Bie, (10)
where
1 N
/11=—§X1i (11)

When ¢,>¢,, eliminating B, from equations (7)
and (10) yields

xli:AlRe[ej i_’}’)zne_j%] + 1
=Aicos{(:—1)2x/N—a.) + m (12)

This equation has almost the same form as equa-
tion (3), except that the residual unbalance term
is cancelled explicitly and the unknown B, is re-
placed as the calculable value g,

Using the same procedure, the equation (2) can
also be expressed as

X2i=Aecos (({—1)2n/N—ac) + 112 (13)
where

R

ﬂz-"‘Nl_glxzi (14)

If the trial mass is much larger than the residual
unbalance, the equations (12) and (13) are usable
in the identification of crack orientation. These
equations have three unknowns A,, A, and a.. If
the measured vibration amplitudes at the jth trial
are x{; and x;;, the errors between these values and

x1; and x,;, which have been assumed to exist on the
exact cosine curves, are expressed as '

E?’ﬂ:ié (Acos ((:—1)27/N —a.)

+ﬂ1—xfi)2 (15)
Errzzg‘i(Azcos((z'—l)er/N—ac) '
+ ta—x2:)° - (16)

Here 4, and g, are replaced as follows
14, 14,
#1=1_v1_=21xm IIZZWIEIXH
The total error is obtained by binding the equa-
tions (15) and (16)
Ervor=Ern+Errn- W (17

where W is an weighting constant introduced to
reduce the additional error due to the relative magni-
tude of two error functions, ;. e.,

_ max {x{;) —min(x1,) ,.
W= max (x3;) —min(x3;) ) (18)

Then, the following conditions which minimize the
equation (17) are obtained

JError -0
0A.

dError _

dError =0
od.

and by solving these nonlinear simultaneous equa-
tions numerically, the crack orientation . is
obtained.

4. Numerical Simulation

Simulation results using the algorithm are shown
in Table 1.The crack depth is 30% with respect to
the shaft diameter. The total trial number N is fixed
to 4.The trial mass is attached beginning from the
first position along the same circumference by 7/2

interval, to the spin direction. Instead of the experi-
mental values xi; and x3,, the results simulated from

the governing and the stiffness equations of this
study are used. To solve the equations in (19),
Newton-Raphson method is used. Table 1 shows the
dependence of the final result upon the first trial
mass position. At the first simulation, the first trial
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Table 1 Dependence of final results on the first trial
mass position.

No. true value | estimated value Error
simulation | a(radian) @ (radian) la— @|
1 0 0.012 0.012

2 —0.314 —0.298 0.016

3 —0.628 —0.614 0.014

4 —0.942 —0.932 0.010

5 —1.257 —1.246 0.011

6 —1.571 —1.559 0.012

mass is attached on the crack direction. From the
second simulation, the position of the first mass
advances along the spin direction by 7/10, Simula-
tions show very small errors. The results also reveal
that the synchronous and second harmonics (H 1 and
H 2) curves of Fig. 5 are almost identical to exact
cosine curves. The closer the curves H 1 and H 2 to
exact cosine curves, the smaller the error of a.

5. Concluding Remarks

The changing trend of harmonics at the second
harmonic resonant speed according to the crack
depth and the unbalance orientation is used for
crack identification.

The changing features, in peak-to-peak value, of
the synchronous and the second harmonic vibrations
depending on the unbalance orientation are im-
plemented to derive the method of crack orientation
identification. Based on the consistent features of
the harmonics, two sinusoidal curves are assumed.

In the identification method, a trial mass is
attached step by step with even angle interval along
a certain circumference, and then the synchronous
and second horizontal harmowic components of
vibration are measured and curve fitted using the
least square method. Examples of numerical simula-
tion using this method show good results.
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