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MONOTONE ITERATION SCHEME FOR IMPULSIVE
THREE-POINT NONLINEAR BOUNDARY VALUE
PROBLEMS WITH QUADRATIC CONVERGENCE

BasHIR AHMAD, AHMED ALSAEDI, AND DoA’A GAROUT

ABSTRACT. In this paper, we consider an impulsive nonlinear second or-
der ordinary differential equation with nonlinear three-point boundary
conditions and develop a monotone iteration scheme by relaxing the con-
vexity assumption on the function involved in the differential equation
and the concavity assumption on nonlinearities in the boundary condi-
tions. In fact, we obtain monotone sequences of iterates (approximate
solutions) converging quadratically to the unique solution of the impul-
sive three-point boundary value problem.

1. Introduction

In recent years, a number of research papers have dealt with dynamical
systems with impulse effect as a class of general hybrid systems. Impulsive
hybrid systems are composed of some continuous variable dynamic systems
along with certain reset maps that define impulsive switching among them. It
is the switching that resets the modes and changes the continuous state of the
system. There are three classes of impulsive hybrid systems, namely, impulsive
differential systems [33, 41], sampled data or digital control system [30, 44] and
impulsive switched system [19, 24]. Applications of such systems include air
traffic management [43], automotive control [5, 9], real-time software verifica-
tion [6], transportation systems [37, 45], manufacturing [39], mobile robotics
[10], process industry [25], etc. In fact, hybrid systems have a central role in
embedded control systems that interact with the physical world. Using hybrid
models, one may represent time and event-based behaviors more accurately so
as to meet challenging design requirements in the design of control systems for
problems such as cut-off control and idle speed control of the engine. For more
details, see [7] and the references therein.

Impulsive differential equations, which provide a natural description of ob-
served evolution processes, are regarded as important mathematical tools for
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the better understanding of several real world problems in biology, physics,
engineering, etc. Thus, the theory of impulsive differential equations is much
richer than the corresponding theory of ordinary differential equations with-
out impulse effects since a simple impulsive differential equation may exhibit
several new phenomena such as rhythmical beating, merging of solutions and
noncontinuability of solutions. For the theoretical aspect of impulsive differen-
tial equations, we refer the reader to the references 3, 4, 8, 13, 14, 16, 21, 33,
36, 40, 41, 47] whereas the applications of impulsive differential equations can
be found in [15, 18, 26, 42].

Multi-point nonlinear boundary value problems which take into account the
boundary data at intermediate points of the interval under consideration, have
been addressed by many authors, for example, see [22, 27-29]. In this paper,
we develop an extended method of quasilinearization (the generalized quasilin-

earization) for a nonlinear impulsive three-point boundary value problem given
by

(1.1) " (t) = f(t,z(t), 2’ (), th <t < tir1, k=0,1,2,...,m,

(1.2) p2(0) — g2’ (0) = gl(m(%)), px(l) + ¢z'(1) = 92(:16(%))7

and for k=1,2,...,m,
Af(tk) = Ug,

(1.3) AZ (tr) = ve(z(te), 2’ (1)),

where f : [0,1] x R? — R is continuous, p, g are chosen appropriately with
p>1and g12: R — R are continuous, ui, € R and v;, : RZ2 — R are con-
tinuous for k = 1,2,...,m. This work is motivated by Doddaballapur, Eloe,
and Zhang [17] who discussed the method of quasilinearization for two-point
boundary value problems with impulse. The origin of the quasilinearization lies
in the theory of dynamic programming [11, 12]. This method applies to semilin-
ear equations with convex or concave nonlinearities and generates a monotone
iteration scheme whose iterates converge quadratically to a unique solution
of the given problem. The nineties brought new dimensions to this technique
when Lakshmikantham [31, 32] generalized the method of quasilinearization by
relaxing the concavity/convexity assumption. This development proved to be
of immense value and the method was extensively developed and applied to a
wide range of initial and boundary value problems for different types of differ-
ential equations, see {1, 22, 23, 34, 35] and references therein. Some real-world
applications of the quasilinearization technique can be found in [2, 38, 46]. In
Section 2, we present some basic results which play an important role to prove
the main result of the paper. In Section 3, we apply the method of generalized
quasilinearization to obtain monotone sequences of upper and lower solutions
that converge quadratically to the unique solution of the problem (1.1)-(1.3).
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2. Preliminary results

Let PC[0,1] denote the class of piecewise continuous functions on [0,1] and
PC'0,1] denote the class of functions z such that z € PC[0,1] and 2’ €
PC|0,1]. Define an appropriate Banach space B by

B={zePC'0,1]: 29|, 1..) € C'[testita], k=0,1,...,m, i =0,1},
with

z||[p = max |z} and ||z} =max su T (1)].
lells =, e el and [y = max sup (0
For the fixed impulsive points ¢ satisfying 0 =to <t1 <+ <tpy <tmy1 =1,
we define the impulse by Axz(tx) = z(t]) — z(t; ) with the convention z(t) =
z(t, ), k=1,...,m.
We say that o € B is a lower solution of the BVP with impulse (1.1)-(1.3)
if
o'(t) > ft,alt),d (), ty <t <tpy1, k=0,1,...,m,
1 1
pe(0) — ga’(0) < g1(a(3)),  pa(l) +40'(1) < g2(a(3)),
and for k =1,2,...,m,

Aa(tk) = Uy,
Aa'(tk) > Uk(a(tk),a'(tk)).
Analogously, 8 € B is an upper solution of the BVP with impulse (1.1)-(1.3) if
G7(t) < f(t,(B(), 8 1), tk <t <tpi1, k=0,1,...,m,

PBO) — 4 (0) 2 1(5(5)), PO + a8 (1) 2 02(5(3)),

and for k=1,2,...,m,
Aﬂ(tk) = Uk,
AB'(te) < vk(B(tx), B'(tr))-
Finally, we define a partial order on B as
a‘{tk,tk+1](t) S /6|[tk,tk+1](t)7 tk <t< tk+1? k= 0’ 1’ ey N

As argued in [17], z is a solution of BVP with impulse (1.1)-(1.3) if and only
if x € B and Tz = x, where T is a fixed point operator defined by

(2.1) Tz(t) = p(t) + I(t,x) + /0 G(t,s)f(s,z(s),z'(s))ds,

_ 1o, -t pt+aq 1 t q

p(t) —91($(2))(p+2q p2+2pq)+gz(ft(2))(p+2q+p2+2pq
Glt,s) = — 1 { (pt+q)(p(s —1) —q), HO<t<s<1,
’ (P> +2pg) | (Pt—1)—q)(ps+q), f0<s<t<1,

);
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m,
and I(t,z) = Y Ix(t, z) with
k=1

Ix(t, z)
S { (pt + @)[—urp + (p(tr — 1) — Qui(z(te), 2’ ()], 0<t <tk
p?+2pq | (p(t — 1) — @)[—urp + (ptx + Qur(@(tr), o' (te))], t <t <1

Now, we are in a position to present some basic results. For the sake of com-
pleteness, we provide the proof of these theorems although the method of proof
is similar to the one employed in [17].

Theorem 2.1. Assume that
(i) o, B € B are lower and upper solutions of the BVP with impulse (1.1)-
(1.3) respectively.
(i) £, f: € C([0,1] x R?) such that f.(t,z,y) > 0 and vy € C1(R?) with
Ve (,y) > 0, viy(z,y) >0, (2,y) €R? for k=1,2,...,m.
(iil) g; are continuous on R and satisfy one-sided Lipschitz condition:
9i(z) —giy) < Li(z—y), 0< Ly <1, i=12.
Then a(t) < B(t).
Proof. Let us set w(t) = a(t) — B(¢). For the sake of contradiction, we assume
that w is positive on [0,1], that is, a(f) > B(¢). By definition of upper and
lower solutions and using (iii}, we find that

() - qw'(0) < pila(z)) - alB(3)
Li(e(3) - 8(3)
< a(3)-8(z) = u(3)

From this inequality, it follows that w(t) does not have a local positive max-
imum at 7 = 0 as w'(0) = 0 implies that w(0) < w(}) for p > 1. Similarly,
it can be shown that w{t) cannot have a local positive maximum at 7 = 1.
Thus, w has a positive maximum at some 7 € (0,1). Let us assume that

7€ U (tk,tr+1). Then w”(7) < 0 and o'(r) = B'(7). Since a and 8 are lower
k=0

IA

and u_i)per solutions of the BVP with impulse (1.1)-(1.3) and f; > 0, it follows
that

w'(1) = a"(7) = B7(7) 2 f(r, (1), &/ (7)) = f(7,B(r), 8'(7)) > 0.

m
This provides a contradiction and so, 7 € |J (¢k, tk+1)-
k=0
Now, we assume that 7 = t; for some k € {1,2,...,m}. Then, by Taylor’s

theorem, w'(t;) > 0 and w'(t}) <0, or Aw'(tx) < 0 and
o (ty) = o (te) = B'(tk) = B'(t;)-
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Tn view of the fact that vz (z,y) > 0, viy(z,y) > 0, (z,y) € R?, it follows that
Aw'(tr) = Ad/ (tk) — AB'(t) > vi(a(tr), @ (t)) — vk(B(te), B (tk)) > 0,

which is a contradiction and thus 7 ¢ {t1,...,¢»}. Hence, we conclude that
a(t) < B(t), t € {0,1]. This completes the proof. O

Theorem 2.2. Assume that f € C([0,1] xR?), 2z, € C(R?), k=1,...,m and
each z(x,y) is monotone increasing in y for fized x. Further, each solution of
z"(t) = f(t,x(t),z'(t)) extends to [0,1] or becomes unbounded on its mazimal

interval of convergence. Let o, 3 be lower and upper solutions respectively of
the BVP .

(2.2) ' (t) = f(t,2(t), 2 (1)), te <t < tht1,
A$(tk) = Uk,
(2.3) Aa:/(tk) = zk(x(tk),x'(tk)), k=1,2,...,m,

with boundary conditions (1.2) such that o < 8. Further, g; (i =1,2) in (1.2)
are continuous on R and satisfy one-sided Lipschitz condition. Then, there

exists a solution x of the BVP with impulse (2.2)-(2.3), (1.2) satisfying o <
z < 6.

Proof. We define

) fB0).9) + oty i) > B),

Jx,y) = [t z,y), if a(t) < z(t) < (),
f@,a@Ly)+-ﬂ%§%%ﬂ, if z(t) < a(t),
2(B(tR)y) + Ty, iz > Bt

o (z,y) = 2 (z,y), if a(ts) < = < Bltk),
2k(0tn) y) + ey, if £ < a(ty)

9:(6(3)), if z > B(3),
Gi(z) = gi(x), ifa(y) <z<B(3),
gi(a(3)), if z < a(3)
fori =1,2. Let N > 0 be such that |o/(t)] < N, |8'(t)] < N, t € [tg,tera), k=
0,1,...,m. .
For each positive integer [, define
flt, e, N +1), ify>N+1,
At z,y) = { ft,z,y), if [y] < N +1,
flt, o, —(N+1), ify<—(N+1),

and

O, 1), if [y < N +1,

Ok(z, N +1), ify>N+1,
vr(z,y) =
de(z, —(N+1)), ify<—-(N+1).
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Notice that f;, G; and vy are bounded and continuous on their respective
domains. With a standard application of the Schauder fixed point theorem to
the operator T', defined by {2.1), we can obtain a solution, z; € B, to the BVP
with impulse (2.2)-(2.3), (1.2) with f = f;, each G; = ¢; and each vy = vi.
Now, we want to show that each solution z; satisfies a < x; < 3. We set
r(t) = z;(t) — B(t) and assume that r(t) has a positive maximum at 7 € (0,1)

as in the proof of Theorem 2.1. If r € U (tk,te+1), then r(7) < 0, that is,
z (1) < p" (1), and |zj(7)| = |6'(T)| < N < N + 1. Thus

() = () - 8'(r)
> (0317 + e s = 1 B, ()
zi(1) — B(7) >0,

1+ (zi(r) — B(7))
which is a contradiction. Now, suppose that Ar'(7) < 0 for 7 = #i, k& =
1,2,...,m. Since each z;(z, y) is monotone increasing in y for fixed z, it follows
that each vi(x,y) is monotone increasing in y for fixed z. Moreover, we note

that each v (B(tk), 8'(tk)) = zk(B(tr), 3 (tx)). Thus,

Ar'(te) > wa(B(tr), 21 () — vi(B(tk), B (tx)) +

M (tk) - ﬂ(tlc)
L+ (zi(te) — B(tr))

which is also a contradiction. Therefore, r(¢f) < 0 or z; < 5. On the same
pattern, we can prove that a(t) < z;(¢).
For each [, there exists t; € [0,t,] such that

tlak (t)] = |2k (t1) — 21 (0)] < max{|B(0) — aft1)], 8(t1) = e(0)]}-

Thus, the sequences {zx(t;)} and {x};(¢;)} are bounded. Now, applying the
Kambke convergence theorem for solutions of initial value problems, we obtain a
subsequence of {zx;} which converges to a solution of £ (t) = f(t,z(t), 2’ (t)) on
a maximal subinterval of [0,¢;]. Clearly, a(t) < z(t) < B(¢) and the solutions
ofz"(t)y=f @, z(t), 2’ (t)) extend to all of [0, 1] or become unbounded implying
that " (t) = f(t,2(t),z'()) on [0, 81).

Now, we apply the impulse Az’(t;) = zx{z(ts), 2'(tr)) at t1. Applying the
Kamke theorem on the subsequence obtained earlier, we can employ ¢t; = {;
for each I. Thus, we can obtain a further subsequence which converges to a
solution z of z"(t) = f(t,z(t),2'(t)) on (0,t1)U(t1,t2) such that = satisfies
the impulse Az'(tr) = zk(z{tx), ' (tx)) at t;. This procedure can be continued
inductively by first applying the impulse at each t; and then applying the
Kamke convergence theorem on the subinterval (¢;,t;4+1). Hence a(t) < z(t) <
B(t) and f(t,z(t),z'(t)) = F(t,z(t),z'(t)). This completes the proof. O

zi(ts) — Bltx)
L+ (@i(ts) — Blt))

>0,
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Remark. The simplified version of the condition that each solution of z”(t) =
F{t,z(t), ' (t)) extends to [0, 1] or becomes unbounded on its maximal interval
of convergence is that f satisfies a Nagumo condition, that is, for each M > 0,
there exists a positive continuous function h s on [0, 0o) such that | f(t, z,2")| <
har(Jz']) for all (¢, z,2") € [0,1] x [-M, M] x R and

/ s/hp(s))ds = co.
0

3. Iteration scheme with quadratic convergence

Theorem 3.1. Assume that

{Ao) ao,80 € B are lower and upper solutions of the BVP with impulse
(1.1)-(1.3) respectively.

(Ay) f(t,z,y) € C([0,1] x R?) be such that f,(t,z,y) > 0, E%g(f(t,a:,y) o
d1(t,2,y)) > 0, where aa—;qbl (t,z,y) > 0 for some continuous function
&1(t,z,y). Moreover, f satisfies a Nagumo condition in z’.

(Az) Fori = 1,2, g;(x),gl(z) are continuous on R with 0 < g; < 1 and
g (z) + ¢ (x) <0 with ¢! <0 for some continuous functions ;(x)
on R.

(A3) vx € CHR?) such that viy(z,y) > 0, viy(z,y) > 0, (z,y) € R? and
vl € C(R?) fork=1,2,...,m

Then there exists monotone sequences {on} and {0}, which converge in B to
a unique solution x of the BVP with impulse (1.1)-(1.3) and the convergence is
quadratic.

Proof. Let F(t,z) : [0,1] x R — R be such that F, F, and F; are continuous
on [0,1] X R and it follows from (A;) that Fyz > 0 on [0, 1] x R, where we have
set [23]

f(th‘l?xQ) == F(taml) - ¢1(t,$1,$2).
Applying the mean value theorem on F(t,z1) gives
F(t7x1) 2 F(tvyl) + Fx(tvyl}(zl - y1)7
which together with the definition of F(t,z,) takes the form
(3.1) f(t,z1,22) > f(ty1,y2) + Fa(t, y1) (@1 —y1) — 1 (¢, 21, w2) + d1 (¢, y1,92)
for Z1,Y1,%2,Y2 < R.
We define G; : R — R by Gi(x) = gi(z) + ¢4(z), i = 1,2. From (Az), it
follows that
32)  gilx) < a(y) + Gz —y) +¥ily) —vilz),i =1,2, z,y €R.

For each k = 1,...,m, let Vi(z) : R — R be such that Vi, V}, V' are contin-
uous on R with V}’(z) > 0, z € R. Let us set ¢r(z1,22) = Vi(x1) — v (T1,22)
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on R% By the mean value theorem, we have Vi (z1) > Vi(y1) + V{(y1)(z1 — y1)
for 21,y1 € R, which can alternatively be written as

(33)  wk(z1,72) 2 vy, ¥2) + Vi(y1) (@1 — y1) — dx(@1, 22) + dr(y1,Y2)
for x1,x2,y1,y2 € R. Now, we define
Q(t, 21,325 0, Bo, ) = f(t, ao(t), ag(t)) + Ful(t, Bo(t))(z1 — ao(t))
— ¢1(t, 21, 22) + ¢1(t, ao(t), ap(t)),
J(t, z1,22; Bo, By) = f(t, Bo(t), By(t)) + Fult, Bo(t))(z1 — Bo(t))
— ¢1(t, 21, 22) + 1(t, Bo(t), By (1)),
hi(1, T2; 00, Bo, @p) = vi(@o(te), ap(te)) + Vi(Bo(t))(z1 — cio(ts))
— (1, 22) + drlao(tr), ap(tr)),
Hi(x1,%2; B0, B) = vk (Bo(tr), Bo(tr)) + Vi(Bo(tr))(z1 — Bo(tr))
— (w1, 22) + dr(Bo(te), Bo(tr)),
ri(a(3); 00, 60) = gi(a0(3)) + CL(Bo(3))(a(3) = ao(3))
Fi(oo(3) — pil(5))i = 1,2
1 1 1 1 1
Ri(2(5); Bo) = 9:i(5o(3)) + Gi(Bo(H))(=(5) = Bo(3))

FUB() ~ ile(3)i =12
Observe that
Q(tyaO(t)7a6(t); aOa/B07a6) = f(t7 aO(t),az)(t))v

(34) f(tazlax2) Z Q(taxlax2;a0’/@07a6)-

(35)  nlao(z)ia0 o) = gilao(3)), 6i(z) < rla(3); a0, fo) i = 1,2
hi(o (), o (tk); @0, Bo, cig) = vi(@o(tk), o (tk)),

(3.6) vk(21(t), z2(t)) > hi(zx1, T2; a0, Bo, p)-
Also

(3.7)
J(t,,@o(t),,@é(t);ﬂo,ﬂ(’)) = f(t,,@o(t),ﬂ(,)(t)), f(t,:l:1,1'2) < J(t,zl,x2;,@0,ﬁ6).
(38 R(o(3)i0) = 5:(6o(z)), 6(@) 2 Rilz(3)i ), i =1,2,
Hy(Bo(tr), Bo(tr); Bo, Bo) = vk (Bo(tr), Bo(tx)),
(3.9) vr(z1(t), 22(2)) < Hi(z1, 225 B0, B)-
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Consider the BVP with impulse
(310) l'”(t) = Q(t,.’l)(t),l‘l(t), a0’1607a6)7 by <t <tpq1, k= 0) sy M,

(3:11) pa(0) — g2/ (0) = r1(a(3)s 0, Bo),  pe(1) +ax'(1) = ra(a( 3 0, o),

and for k=1,...,m,

A.T(tk) = ug,

(3.12) AZ (tg) = hi(x(te), 2’ (tr); 0, Bo, )

We show that oy and Gy are respectively lower and upper solutions of the
BVP with impulse (3.10)-(3.12).

Using (3.4)-(3.6) together with the fact that g is a lower solution of (1.1)-
(1.3), we obtain

ap(t) > f(t, ao(t), (1))
= Q(t, ao(t), ay(t); a0, Bo, ), tr <t < trr1,k=0,1,...,m,

pao(0) — qah(0) < g1 (ao(2)) = r(ao(L); ao, o),

2 2
pao(1) +gah(1) < galeo(3) = raleao(3)s a0, o),

and for k=1,...,m,

Aao(tk) = ug,

Aay(tr) > vaoltr), ag(te)) = hil(ao(ts), ap(te); o, Bo, ap),
which implies that o is a lower solution of (3.10)-(3.12).
Using (3.1) and the fact that 8y is an upper solution of (1.1)-(1.3), we get

o) < f(tBo(t), By(t))
< f(t aolt), ag(t)) — Fu(t, Bo(t) (o () — Bo(t))
+1(t, ao(t), g (t)) — ¢1(t, Bo (1), By (1))
Q(t, Bo(t), By(t); o, Bo, ), b <t <tppr, k=0,1,...,m.

Using the mean value theorem and the non-increasing property of G, we have

91(60(5)) = ra(Bo(3 )50, o)

= 0163)) - 1(eo(3)) — G4 (B (B(3) ~ ao(3))
~r(ao(3)) + ¥1(6o(3)

= GiBo(3)) - Gulan(3)) — G4 (Bo(3))(Bo(3) ~ eo(3)
1 1 1

= (G'(co) - Gﬁ(ﬁo(i)))(ﬁo(g) - ao(i)) >0,
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(0(2) < o < Bo(3)) which yields

PBo(0) — 4B5(0) 2 01(Bo(5)) > ra(6o(z)s a0, o).

Similarly, it can be shown that

PBo(1) + aB4(1) 2 ra(Bo(3); 0, o).
In view of (3.3), we get
ABy(tk) < vi(Bolte), Bo(tr))
< vr(ao(te), o (tk)) — Vi(Bo(tr)) (a0 (tk) — Bolte))
+ dr(@o(tr), ap(tr)) — ¢r(Bo(tx), Bo(te))
= hi(Bo(tr), Bo(tr); @0, Bo, ), k=1,...,m.

Thus, we conclude that 3y is an upper solution of the BVP with impulse (3.10)-
(3.12). Moreover, each hy satisfies the hypotheses of Theorem 2.2 and a limit
comparison implies that @) satisfies a Nagumo condition in z’. Hence, by The-
orem 2.2, there exists a solution a; of the BVP with impulse (3.10)-(3.12) such
that

(3.13) ap(t) < aa(t) < Bo(t).
Now, we consider the BVP with impulse

(3.14) () = J(t, z(t), 2’ (t); Bo, Bb), th <t <try1, k=0,...,m,

(315)  pa(0) — g2'(0) = Ra(e(3);60),  pa(1) +az'(1) = Ro(a(3); o),

and for k=1,...,m,

A$(tk) = ug,

(3.16) AZ'(tg) = Hi(z(tr), 2’ (tr); 20, Bo, By)-

Since J and each Hy, satisfy the hypotheses of Theorem 2.2, we can repeat the
earlier arguments to conclude that o and 8y are respectively lower and upper
solutions of the BVP with impulse (3.14)-(3.16). Thus, by Theorem 2.2, there
exists a solution 3; of the BVP with impulse (3.14)-(3.16) such that

(3.17) oo < B1 < Bo.

Next, we show that a1 and (3 are respectively lower and upper solutions of the
BVP with impulse (1.1)-(1.3). Since «; is a solution of (3.10)-(3.12) such that
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ap < ay < fo, it follows from (A;) and (3.1) that

oy (t) = Q(t, 01 (1), &) (t); a0, Bo, @)
= f(t, ao(t), ap(t)) + Fu(t, Bo(t)) (1 (t) — aolt))
— o1t e (t), &1 (1) + ¢1(t, eo(t), eip(t))
> [t ea(t), oy (1) + Fult, ar ($))(ao(t) — aa(t))
+ ¢1(t ca(t), @ (1) — b1 (t, co(t), g (t))
+ Fo(t, o(8)(an(t) — ao(t)) — gut, (), @ (1) + d1(t, o), (1))
= flt,au(t), @y (1) + (Fult, Bo(t)) — Fu(t, a1 (1)) (r(t) — ao(t))

z f(tval(t)vall(t))7 te U(tk?tlﬂ-l}'

k=0
In view of non-increasing property of G/, we get
91(e1(3)) - (pen (0) — 4o (0)
= 91(C¥1(%)> -~ 7‘1(@1(%); g, Bo)
1 1 oo 1 1
= 91(041(5)) = gi(ao(3)) = Gilbo(5N e (5) — 00(5))

— vi(a0(3)) + ¥a(en(3))
1

= Gilo(3) ~ Gilao(3)) — G (Bolz)) (e (3) — aol3)
= (Gi(e) = G (B (5) — eo(3)) 2,

(ao(3) < 1 < en(3)) which yields pa:(0) — o} (0) < g1(ea(3)). Similarly, we
have pa1 (1) + qef (1) < gz(@1(5)). Using (3.3) and the nondecreasing property
of V[, we obtain

Ad (t)
= h(a(tr), ) (tx); 0, Bo, ap)
= vk(ao(te), ag(tr)) + Vi (Boltr)) (e (te) — colts))
—¢rlo(tr), o (t) + drlao(tr), og(ts))
> wglon(te), o () + Vil () (o (tk) — aa(te))
+érloa (te), & (te)) — dxlao(te), g (te))
+Vi(Bo(te)) (e (tr) — colte)) — drlon (), o () + dr(ao(t), g ts))
vk (te), @ (tr)) + (Vi (Bo(t)) — Vilen (te)))(ea (t) — aolts))
vplon (te), o) (tk)), k= 1,2,...,m.

AV
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m

Hence a; is a lower solution of (3.1.1)-(3.1.3). Similarly, for t € {J (tk, tk+1),
k=0

it can be shown that

B0 < 1(0,8:0), 4L (9),
PBL(0) — a85(0) 2 01(B1(3)), PAL(1) + 0B (D) 2 g2l (5),

and for k=1,2,...,m,
AR (tr) < vr(Ba(te), By (tr))-

Thus, £ is an upper solution of (3.1.1)-(3.1.3). Hence, by Theorem 2.1, we
have

(3.18) ay < b
Combining (3.13), (3.17) and (3.18) yields

ao(t) < ai(t) < Bi(t) < Bolt), te U(tkytk+1)'
k=0

Let us define the following sequences of functions {Q;},{Ji}, {ra}, {Ra}, {Pr}
and {Hy} by
Qu(t, x1,22) = Q(t, 21, 25 1, B, )
= ft, eu(t), () + Fu(t, Bu(t)) (@1 — au(t))
— ¢1(t, 21, %2) + 1 (¢, cu(t), (),
Jit, z1,22) = J(t, 21, 22; 8, 8) = f(t, Bu(t), B (1) + Fa(t, But))(z1 — Bi(t))
— ¢1(t, 21, 32) + ¢1(t, Bi(t), Bi(t)),
hig = hi(z1,22; 00, 81, )
= ve(au(te), o1 (te)) + Ve(Bi(te)) (z1 — ou(te))
— k(1 2) + dr(eu(tr), o1 (tk)),
Hy = Hi(x1,22; 81, 1) = ve(Bi(te), B (te)) + Vi (Bult)) (1 — Bultr))
— ¢i(@1,2) + i (Bilte), B (tr)),

= ria(3)sen, ) = gilen(3) + GBI () — au(5))
i)~ dilalz)), i=1,2,
1 1 o1, 1 1
Ra = Ri(2(3); B) = 9:(B(3)) + Gi(Bu(3)(=(5) = Au(3))
FUBG) -t =12

Now, by induction, it can be proved that

<o < <yLop <Py B < <P <P
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For that, we consider the following BVPs with impulse

(319) I”(t) = Q(twr(t)?x/(t);alvﬂlyag)a tk <t < tk+17 k= 07 U

po(0) — 42/(0) = ri(a()s 0, ),
(3.20) )

pz(l) +gz'(1) = rz(w(§);az,ﬂz),
and for k=1,...,m,

Al‘(tk) = Uk,
3.
(3.21) AL (tr) = hi(z(tr), ' (t); ou, Br, ),
and
(3.22) 2 (t) = J(t, z(t), 2’ (t); 81, 8)), th <t <tpe1, K=0,...,m,

pe(0) a2’ (0) = Ra(a(3); ),

(3.23)

pe(1) +a2'(1) = Ra(e(5); 00

and fork=1,...,m

Ax(ty) = uk,
Az (te) = He(z(tr), ' (t); a1, 01, B)-
Assume that ap < a7 < 8 < g for I > 1 and we will show that ag < agy1 <

Bi+1 < Bo. Since «y is a solution of (3.19)-(3.21) with 8;—1 > «ay, it follows from
(3.1) that

(3.24)

oy (t) = Qt, au(t), q(t); au—1, fi—1,04_4)
= f(t,cu—1(t), o)1 (1)) + Fult, Bi—1 (1)) (cu (t) — cu-1(t))
+ ¢1(t cu-1(t), 1 (1) — d1(t, eu(t), i (8)
> f(t au(t), ai(t) + Fult, cu(t))(@1-1(t) — cu(t))
+ #1(t, cu(t), i (t)) — o1 (t, cu—1(t), 01 (t))
+ Fo(t, Bio1 () (e (t) — ca—1 (1)) + du(t, cum1(t), g1 (8)
— ¢1(t, au(t), o (t)
> f(t, eu(t), (1)) +
= flt,au(t), (1))
= Q(t, cu(t), oy (t); eu, By, o).

) -
4
)
(Fu(t, ou(t)) = Fu(t, au(t))) (a1 () — au(t))

e
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Using (3.2), we obtain
pu(0) — qoy(0)

= 7“1(01(%);(11—1»51—1)
1

= g1(a1(3)) + G (o)) — s (3)) + (e (3)) — i ea(3))

< g1(@u(3) + G aa(3))(o1-1(3) — (3 >>+¢1<az<§»—¢1<az_1<§>)

+ G B en(z) — aa(3) + (e (3) — i aa(3))
< grfan(3)) + (Glen(3)) - Ga(am%)))(az 1(3) - aul3))

= g1(az(%)) = ""l(al(%);aly,ﬁl)-

Similarly, it can be shown that

pou(1) +qaf(1) < ra(au(3); )

Using (3.3), the nondecreasing property of V! and the fact that 8;_; > oy, we
obtain

Aoy (tr) = hi(au(te), op(te); i1, Bi_1,a)_4)
= vk(ou—1(tk), i1 (tk)) + Vi (Bi-1 (k) (cu(tr) — cu1(t))
— drlou(t), op(te)) + dr(ar—1(tr), o1 (tx))
> vk(ou(te), op(te)) + Vi (ea(tr)) (ca—1(tx) — cu(ts))
— #r(ou—1(te), ai_1 (tr)) + drlcu(te), 0i(tx))
+ Vi (Bi—1(te)) (eu(ts) — cu—1(tr)) — prlcults), of(tr))
+ dr(u-1(tk), 07y ()
= vr(au(te), o1 (tn)) + (Vi(Bi-1(tx)) — Vi(ou(ta)))(ou(tr) — cr—1(te))
> vi(aa(tr), 0y (tr)) = hulau(te), o (tr); cu, Biyay), k=1,....m

Thus, o; is a lower solution of (3.19)-(3.21). Similarly, we can show that £
is an upper solution of (3.19)-(3.21). Hence, by Theorem 2.2, there exists a
solution oy of (3.19)-(3.21) satisfying

ap <<y <apn<f << bo.
In the same manner, we can show that
< <o <P <G < < P,

where (41 is a solution of (3.22)-(3.24) and «y, 3; are lower and upper solutions
of (3.22)-(3.24). Making use of the earlier arguments, it can be shown that o;4;
and (41 are respectively lower and upper solutions of the BVP with impulse
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(1.1)-(1.3) and by Theorem 2.1, it follows that o411 < fB41. Hence, we arrive
at the conclusion

g oy <L <o KB4 <A << B < P

We now apply Kamke convergence criterion to show that each of the two se-
quences {o;} and {§;} converges in B to x, the unique solution of the BVP
with impulse (1.1)-(1.3).

The Kamke Convergence Theorem does not apply directly to either the se-
quence {a;} or {8;} as neither @; nor J; converges uniformly on compact sets
to f. In order to check this, we note that

Ql(t7xlvx2) = f(t)$1»$2) + Fx(t>ﬁl(t))(m1 - al(t)> + F(t’al(t)) - F(tvxl)v

and

Ji(t,x1,20) = ft, 1, 30) + Fo(t,81t))(z1 — Bi(t)) + F(t, Bi(t)) — F(t, z1).
Define

Qut,m1,72) = f(t,1,32) + Falt, Bi(t)) (a1 () — cu(t)) + F (b, ut)) — Ft, aupa (1)),
it 1, w2) = f(t, 21, 22) + Fo(t, B1(1) (B1(t) — Bit) + F(t, Bi(t) — F(t, Bi41(2),
so that aqy1 is the unique solution of the BVP with impulse (1.1)-(1.3) with
f= @l and each v, = hyy, g; = 74y, ¢ = 1,2. The Kamke Convergence Theorem
now does apply. Employing the arguments used in the proof of Theorem 2.2,
we conclude that the sequence {a;} converges in B to x, the unique solution of
(1.1)-(1.3). Similarly, the sequence {f;} converges in B to the unique solution
z of the BVP with impulse (1.1)-(1.3).

Now, we show the quadratic convergence of the sequences. For that, let us
define v, (t) = Bn(t) — z(t), xn(t) = 2(t) — a,(t) and set e, = max{||v.| s,
lixnll5}. We will only prove the quadratic convergence of the sequence {v,}
as that of {x, }is similar. Using (A2), we find that

1 1
PYn+1(0) = ¢741(0) < 91Bn+1(3)) — o1(2(3))
1 1 1
= 91(771(5))’Yn+1(§) < i (5);
(z(3) < m(3) < Brn+1(3)) which can alternatively be written as
1 1 . ’Yn-l—l(l)
11(0) 2 2y 10) = ~ynir(5) > 0 p > 212
et © 2 By 0 = 2 (5 2 038 > 220
Also, for x(5) < n2(3) < Bny1(3), we have
1 1
Pt + a7 < 92(8na(3) — 92(2(3))

= G (5) < F(3)
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which implies that

’Yn-l—l( )

1 1
F (1) < 2, - HN<0ifp
7n+1( ) < q’Y +1(2) ’Y +1(1) ”Yn+1(1)

Hence we conclude that v, ,(0) > 0 and +},,,(1) < 0 when p = max{ Tnt1(3)

Ynt1(0)
%} For t € U (tk,tk+1), the repeated application of the mean value

theorem yields

Yrp1(t) = Brya (t) — 2" ()

= J(t, Bnt1(t), Brg1 (); B, Br) — f(t,2(2), 7' (1))

= f(t, Bn(t), Br (1) + Fu(t, Bu(8))(Ba+1(t) — Bn(t))
— ¢1(Br+1(t), Bry1 (1) + 61(2, Bu(t), B, (1) — F(t, z(2))
+ ¢ (t, z(t), 2' (1))

= F(t, Bu(t)) — $1(t, Bu(t), Br(t) + Ful(t, Bn(t)) (Bnt1(t) — Bn(t))
= $1(t, Brr1(t), Bri1 (1) + 1(L, Bu(t), Br(t)) — F(t, z(t))
+¢1(t, z(t),2' (1))

= F(t, Bu(t)) — F(t,2(t)) + Fu(t, Bn (1)) (Bn+1(t) — Bn(t))
+ ¢ (t, z(t), &' (1)) — bu1(t, Brra(t), Bry1 (1))

= Fo(t, &)1 (t) = Fu(t, Ba()vn(t) + Fo(t, Ba(t)) vnr1(t)
— 12(t, £2(8), €3())Vn+1(8) — drar (£, €2(8), &3())Vnaa (B),

where z(t) < £1(t) < Ba(t), 2(t) < &2(t) < Bnta(t) and 2'(t) < & < 514 (1)-
Thus, there exists £1(t) < &4(t) < Bn(t) such that

Yrt1(t) = Foe(t,£4(0) 1 () (&1 (t) — Ba(t))
+ (Fa(t, Bu(t)) — $12(t, €2(£), €3(8))) Ynta (2)
= b1 (£, £2(8), £3 () vnpa ()
> = Fra(t, &)V (0) + for (t,62(2), &3(8)) Y yn (B),

where we have used the monotonicity of F;. In particular, there exists M > 0
such that

(3.25) Yrp1 () = for(t, E2(8), E3(D)1mia (t) > — My,

where M > max; max ;yep, Frz(t, ), and for i = 0,...,m,
D; = {(t,z) : t; <t <ti1,0(t) <z < Bo(t)}-

Similarly, there exist appropriate &5 and £ such that

(3:26)  Avnpa(tk) — vkar (€5(th), Eo(tr))rmgr (te) > —Mel, k=1,...,m
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Multiplying both sides of (3.25) by u(t), we get
(3.27)
P2 () = () for (8, E2(8), (D)1 (1) = (Y (Bu(t) = —Mu(t)ey,
where u(t) denote the integrating factor associated with (3.25) and is given by

u(t) = exp (— / For(5,E2(s), Ea(s))ds ) -

Integrating both sides of (3.27) from ¢ to 1, we get

1
Tos (D) =7 On(t) 2 - [ (s)ds, b <1,
t

In view of ~;,, (1) < 0, the above expression reduces to

1
Tntr(t) < Mei/%%%)ds-

Since yp41 converges to 0 in B, it ultimately follows that (s, (2(s), (3(s)) belongs
to

D={(s,21,22) 1ty < s < 1 ap(s) < 1 < Bols), &'(s) — 1 < zp < 2'(s) + 1}.

Thus, we can bound pu(t) away from both 0 and oo for sufficiently large n. In
particular, for ¢, <t < 1, there exists N; > 0 such that

(3.28) Y1 (t) < Nye.
Applying (3.26) at t,,, we obtain

A'Y;ﬁl(tm) — Umna (§5(tm), &6 (tm))’Y;L-H (tm)
= ’y',n+1(t;) - 77,‘L+1(tm) - vmz’(£5 (tm)a 56 (tm))7;,+l (tm) Z _Mei'
In view of (A3) and taking M; > 0 as the bound for v,,, away from both 0
and oo, we get
(3.29) Tnr1(tm) = —Miep.

Using (3.27) and (3.29), there exists some Ny > 0 such that v, (t) < Nae2
for t,,—1 <t < tp,. Arguing as before, we can find a suitable form of (3.29) at

tm—1. Continuing this procedure inductively, we can find N > 0 for sufficiently
large n such that

(3.30) Yor1(t) S Ne, t € | Jltr, tera].
k=0

Since yp41(t) > 0 and y,41 € C[0,1], we integrate (3.30) from 0 to ¢ and
for sufficiently large n, we have v,41(t) — Yne1(0) < Ne2. As v,41(0) > 0,
therefore

(3.31) 0 <Any1(t) < Nej.
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Integrating (3.27) from 0 to ¢ (< ¢1), we obtain
¢
Yni1 (On(t) = ¥py1(0) > —Me;, / p(s)ds.
0
As v/, 1(0) > 0, it follows that for 0 <t < t;, there exists N1 > 0 such that

¢
Vo1 (t) > —Mei/H—(:ﬂdS > —Nie2
S ult

for sufficiently large n which is analogous to (3.28). In a similar manner, we
can choose N large enough such that for ¢ € |J [t,tx+1] and for sufficiently
k=0

large n, we have

(3.32) Tnt1(t) = —Niej.
From the estimates (3.30), (3.31) and (3.32), it follows that the sequence {3, }
converges to z quadratically in B. This completes the proof. O

4. Concluding remarks

We have developed the generalized quasilinearization method for a class of
impulsive three-point boundary value problems with nonlinear boundary con-
ditions. It has been shown that the concavity assumption on the nonlinearities
in the boundary conditions can be relaxed on the pattern similar to the one
employed to relax the convexity condition on nonlinearity involved in the differ-
ential equation. Several interesting results appear as a special case of the work
established in this paper, for example, if we take p = 1, ¢ = 0, g1(z(3)) = a and
g2(z(1)) = b, the results of [17] appear as a special case of our problem. In case
we take g1(z(})) = a and g2(z(3)) = b, our results correspond to an impul-
sive two-point boundary value problem with separated boundary conditions.
Moreover, the classical method of quasilinearization for impulsive nonlinear
three-point boundary value problems can be recorded by taking ¢(t,z) = 0
and ¥;(x) =0 in (4;) and (A2) of Theorem 3.1.
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