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ABSTRACT. In this paper, we deal with the problem of meromorphic functions that have
three weighted sharing values, and obtain some uniqueness theorems which improve those
given by N. Terglane, Hong-Xun Yi & Xiao-Min Li, and others. Some examples are pro-
vided to show that the results in this paper are best possible.

1. Introduction and main results

In this paper, by meromorphic functions we will always mean meromorphic
functions in the complex plane. We adopt the standard notations in the Nevan-
linna theory of meromorphic functions as explained in [3]. It will be convenient to
let E denote any set of positive real numbers of finite linear measure, not necessarily
the same at each occurrence. For any nonconstant meromorphic function h(z), we
denote by S(r, h) any quantity satisfying S(r,h) = o(T(r,h)) (r — oco,r & E).

Let f(z) and g(z) be two nonconstant meromorphic functions, and let a €
C U {oo}, where C' U {oo} denotes the extended complex plane. We denote by
No(r,a, f,g) the counting function of the common zeros of f(z) —a and g(z) — a,
and each point is counted only once, where f(z)—oo means 1/f(z) (see [10]). We say
that f and g share the value a CM, provided that f and g have the same a—points
with the same multiplicities. Similarly, we say that f and g share the value a IM,
provided that f and g have the same a—points ignoring multiplicities (see [12]).
Throughout this paper, we denote by W(k’l)(r, a) the reduced counting function of
those points in N(r,1/(f — a)), such that a is taken by f with multiplicity &, and
such that a is taken by g with multiplicity /. In this paper, we also need the following
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definition.

Definition 1.1 ([1, Definition 1]). Let p be a positive integer and a € CU{co}. Then
by Np(r, ﬁ) we denote the counting function of those zeros of f —a (counted with
proper multiplicities) whose multiplicities are not greater than p, by Wp) (r, ﬁ) we
denote the corresponding reduced counting function (ignoring multiplicities). By
N (r, ﬁ) we denote the counting function of those zeros of f — a (counted with
proper multiplicities) whose multiplicities are not less than p, by N(p(r, ﬁ) we

denote the corresponding reduced counting function (ignoring multiplicities).

Let ai,a2,as and a4 be four distinct elements in C U {oo}. If a; # oo (j =
1,2,3,4), we define their cross ratio to be

ap —az a1 —aq

(al,az,a3,a4) = : .
a9 — as Ao — a4

If ap = 00 (1 < k < 4), define their cross ratio to be

(a1,a2,a3,a4) = lim (a1 — az)(az — a4).
ap—0o0 (a2 — ag)(al — a4)

If Ae C and A # 0,1, then (4,1,0,00) = A. Throughout this paper, let a, b, ¢, d
be four distinct elements in C'U {oo}, and let

_ (w—=¢)(b—d)
(1.1) L(w) = w—d)(b=0)
It is obvious that
(1.2) L(a) = (a,b,c,d).

In 1989, N. Terglane proved the following result.

Theorem A ([11, P. 61, Theorem 3.14]). Let f and g be nonconstant meromorphic
functions and let a, b, ¢ and d be four distinct complex numbers such that (a,b,c,d) €
{-1,2, %} If f and g share b,c,d CM, and if

(13) No(ﬁ%ﬂﬂ) #S(Tmf)
then f is a Mobius transformation of g.
Now it is natural to ask the following two questions.

Question 1.1 ([4, Question 1]). What can be said if we get rid of the condition
“(a,b,¢,d) € {—1,2, %}” in Theorem A 7

Question 1.2 ([5]). Is it really possible to relax in any way the nature of sharing
any one of a, b and ¢ in Theorem A ?
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Let f and g share 0, 1 and oo IM, next we denote by Ny(r) the counting function
of the zeros of f — g not containing the zeros of f,1/f and f — 1.

In 2003, the first question is answered by X. M. Li and H. X. Yi in the following
theorem.

Theorem B([4, Theorem 1]). Let f and g be two distinct nonconstant meromorphic
functions sharing 0, 1 and co CM, and let a(# 0,1) be a finite complex number such
that (1.3) holds, then f is a Mdbius transformation of g, apart from the following
three exceptional cases:

(i)fz& gzﬁwithlgslgklanda: 21

e(k1+1)y 1 e—(k1+1)y _1> k1417
.. (k1+1)v _q —(k1+1)v_1 . k141
— _e —_ _e — 1
(11) f:m7g:m, ’lUZthlSSl Skl and a = Fitl—sg’
_ eS17 1 _ e S17_1 . . s
(111) f: o= Fl=s )71’ g = S Fi=s v _1° thhlSsl S/ﬂ and a = 5171611*17

where k1 (> 2) and sy are positive integers such that s1 and ki + 1 are relatively

prime, and 7y is a nonconstant entire function. Furthermore, the following equality
holds:

(1.4) Ny (ra) = No(r) + S(r, f) = ,{%T@: )+ 50 1),

In this paper, we will deal with Question 1.2. To this end we employ the idea
of weighted sharing of values which measures how close a shared value is to being
shared IM or to being shared CM. The notion is explained in the following definition.

Definition 1.2([6, Definition 4]). Let k be a nonnegative integer or infinity. For
any a € C'U {oc}, we denote by Ejy(a, f) the set of all a—points of f, where an
a—point of multiplicity m is counted m times if m < k, and k + 1 times if m > k.
If Ex(a, f) = Ex(a, g), we say that f, g share the value a with weight k.

Remark 1.1. Definition 1.2 implies that if f, g share a value a with weight &, then
zo is a zero of f —a with multiplicity m(< k) if and only if it is a zero of g — a with
multiplicity m(< k), and zg is a zero of f — a with multiplicity m(> k), if and only
if it is a zero of g — a with multiplicity n(> k), where m is not necessarily equal
to n. Throughout this paper, we write f, g share (a,k) to mean that f, g share
the value a with weight k. Clearly, if f, g share (a, k), then f, g share (a,p) for all
integer p, 0 < p < k. Also we note that f, g share a value a IM or CM if and only
if f, g share (a,0) or (a,o0), respectively.

Using the idea of weighted sharing, we will establish the following theorem,
which improves Theorem B and deals with Question 1.2.

Theorem 1.1. Let f and g be two distinct nonconstant meromorphic functions
sharing (0,k1), (1,ke) and (oo, ks), where ki, ko and k3 are three positive integers
satisfying

(1.5) kikoks > k1 + ko + ks + 2
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and let a(# 0,1) be a finite complex number such that (1.3) holds. If f is a Mobius
transformation of g, then

(16) No(r,a,f,g):T(T,f)+S(r,f)

and there exists a nonconstant entire function v such that f and g are given by one
of the following three expressions:

(a) f=¢" and g =e™ 7, where a = —1,

(b) f=e"+1and g=e"7+ 1, where a =2,

(c) f= T1+1 and g = ﬁl-s-l’ where a = 1/2.

If f is not any Mobius transformation of g, then there exist two positive integers
k1 (> 2) and s; that are relatively prime, and there exists a nonconstant entire
function -, such that (1.4) holds, and such that f and g are given by one of the
three expressions (i), (ii) and (iii) in Theorem B.

2 2
Example 1.1. Let f = <=, g = 2= and let a be a complex number
satisfying a # 0,1,00. Then f and g share (0,1), (1,2) and (o0, 6), furthermore,
No(r,a, f,g) = S(r, f), we can verify that f is not any Mébius transformation of
g, and the three cases (i), (ii) and (iii) in Theorem B can not occur. This example
shows that the condition (1.3) in Theorem 1.1 is best possible.

From Theorem 1.1 we deduce the following two corollaries.

Corollary 1.1. Let f and g be two nonconstant meromorphic functions sharing
(0,k1), (1,k2) and (0o, ks3), where ki, ko and ks are three positive integers satisfying
(1.5), and let a(# 0,1) be a finite complex number such that (1.3) holds. If for any
positive integer n, N (11)(r,a) # 2T(r, f) + S(r, f), then f = g.

Corollary 1.2. Let f and g be two nonconstant meromorphic functions sharing
(0,k1), (1,k2) and (0o, k3), where ki, ko and k3 are three positive integers satisfying
(1.5), and let a be a finite nonrational complex number. If (1.3) holds, then f = g.

In 2002, H. X. Yi and X. M. Li proved the following theorem.

Theorem C([13, Theorem 1.1]). Let f and g be two nonconstant meromorphic
functions, and let a1, as, b, ¢ and d be five distinct elements in C U {oo}. If f and
g share b, ¢ and d CM, and if

(17) No(raalafag) 7& S(va)a
1.8 NO(T7a27f7g) 7é
then f = g.

In this paper, we will prove the following theorem, which improves Theorem C.

Theorem 1.2. Let f and g be two monconstant meromorphic functions sharing
(0,k1), (1,k2) and (00, k3), where ki, ko and k3 are three positive integers satisfying
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(1.5), and let a1 (# 0,1) and az (# 0,1) be two distinct finite complex numbers. If
(1.7) and (1.8) hold, then f = g.

Example 1.2. Let f(z) = e *, g¢(z) = e*. Then it is verified that f and g share
(0,1), (1,2) and (o0,6), and No(r,—1, f,g) = T(r, f) + S(r, f). Furthermore, we
verify that for any b € C'\ {—1,0,1,}, we have Nq(r,b, f,g) = 0. However, f # g.
This example illustrates that we can not delete either of the condition (1.7) and

(1.8) in Theorem 1.2.
In 2002, H. X. Yi and X. M. Li proved the following theorem.

Theorem D([13, Theorem 1.2]). Let f and g be two distinct nonconstant mero-
morphic functions, and let a, b, ¢ and d be four distinct elements in C U {oco}. If f
and g share b, ¢ and d CM, and if (1.3) holds, then (a,b,c,d) is a rational number,
and

(19) N, ) = T0.£)+ 5(r.),
(110 N =) = T(r.9) + 50.1)
and

(111) No(ra,£,9) = 170 1) + S0,

where k1 1s a positive integer.
In this paper, we will prove the following theorem, which improves Theorem D.

Theorem 1.3. Let f and g be two distinct nonconstant meromorphic functions
sharing (0,k1), (1,ke) and (oo, k3), where ki, ko and ks are three positive integers
satisfying (1.5), and let a (£ 0,1) be a finite complex number such that (1.3) holds,
then a is a rational number, and (1.9), (1.10) and (1.11) still hold.

Example 1.3. Let f(z) = 2:&, g(z) = Z::} Then it is verified that f and
g share (0,1), (1,2) and (00,6), and f is a fractional linear transformation of g.

Moreover, N (r, ﬁ) =0, N(r, ﬁ) =0 and Ny(r,—1, f,g) = 0.

This example illustrates the condition (1.3) in Theorem 1.3 is necessary.

Example 1.4. Let f(2) = e>*+e*+1,g(z) = e 2*+e~*+1. Then it is verified that f
and g share (0, 1), (1,2) and (00, 6), and f is not any fractional linear transformation

of g. Moreover, N(r, f%g/él) =T(r, f)/2+S(r, f), N(r, 97713/4) =T(r,g)/2+5(r,9)
and No(r,3/4, f,g) = 0.

This example also illustrates the condition (1.3) in Theorem 1.3 is necessary.
From Theorem 1.3 we deduce the following corollary.
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Corollary 1.3. Let f and g be two nonconstant meromorphic functions sharing
(0,k1), (1,k2) and (0o, ks3), where k1, ko and ks are three positive integers satisfying
(1.5), and let a(#£ 0,1) be a finite complex number such that (1.3) holds. If

(112 N, 2) £ 70.0)+ 5.,

then f = g.
In 2002, H. X. Yi and X. M. Li proved the following theorem.

Theorem E([13, Theorem 1.3]). Let f and g be two distinct nonconstant mero-
morphic functions, and let a, b, ¢ and d be four distinct elements in C' U {oo}. If f
and g share b, ¢ and d CM, and if (1.6) holds, then (a,b,c,d) € {—1,2, %}, and f is
a fractional linear transformation of g, and assumes one of the following relations:
(i) L(f) =€, L(g) =e™7, this occurs only for (a,b,c,d) = —1

(ii) L(f) =€+ 1, L(g) =e 7+ 1, this occurs only for (a,b,c,d) = 2

(ii) L(f) = T{Ha L(g) = e_flﬂ, this occurs only for (a,b,c,d) = %

From Theorem 1.1 we deduce the following theorem, which improves Theorem
E.

Theorem 1.4. Let f and g be two distinct nonconstant meromorphic functions
sharing (0,k1), (1,k2) and (oo, ks3), where k1, ko and ks are three positive integers
satisfying (1.5), and let a(s 0,1) be a finite complex number such that (1.6) holds,
then a € {=1,2,%}, and f is a fractional linear transformation (Mébius transfor-
mation) of g, furthermore, there exists a nonconstant entire function v such that f
and g are given by one of the three expressions (a), (b) and (c) in Theorem 1.1.

Example 1.5. Let f(2) = 55, g(2) = 2=¢—. Then it is verified that f and g
share (0,1), (1,2) and (00,6), and No(r,a, f,g) = 0, where a € C \ {0,1} is an
arbitrary finite complex number. Moreover, we see that f is a fractional linear
transformation of g, however, the three cases (a), (b) and (¢) in Theorem 1.4 can
not occur. From this example and Theorem 1.1 we see that the condition (1.6) of

Theorem 1.4 is necessary.

In 2002, H. X. Yi and X. M. Li proved the following theorem.

Theorem F([13, Theorem 1.4]). Let f and g be two distinct nonconstant mero-
morphic functions, and let a, b, ¢ and d be four distinct elements in C U {oo}. If f
and g share b, ¢ and d CM, and if (1.3) and

(113) NO(rvaafvg) #T(T‘,f)-ﬁ-S(ﬁf)

hold, then (a,b,c,d) & {1,0,—1,2,%} is a rational number, and there exist two
positive integers ki (> 2) and sy such that k1 + 1 and s; are relatively prime, and
there exists a nonconstant entire function v, such that (1.4) holds, and such that f
and g are given by one of the following three cases.
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(i) L(f) = e(,‘fﬂhl 5= e,e(;fiz)jtl, with 1 < s1 < ky and (a,b,¢,d) =

EESE
. (k1417 _ — (k1) _ .
(i) L(f) = g L) = Fevreaeep with 1 < s < ki oand
(a b,c, d) = kllilfjsl,
s1v_ L .
(iii) L(f) = m, L(g) = m, with 1 < 51 < k; and
(a,b,c,d) = Py

From Theorem 1.1 we deduce the following theorem, which improves Theorem
F.

Theorem 1.5. Let f and g be two distinct nonconstant meromorphic functions
sharing (0, k1), (1,k2) and (0o, ks), where ki, ko and k3 are three positive integers
satisfying (1.5), and let a(# 0,1) be a finite complex number such that (1.3) and
(1.13) hold, then a & {—1,2, %}, and there exists a nonconstant entire function vy
such that f and g are given by one of the three expressions (i), (ii) and (iil) in
Theorem B.

Remark 1.2. From Example 1.1 and Theorem 1.4 we see that the conditions (1.3)
and (1.13) of Theorem 1.5 are necessary.

2. Some lemmas

Lemma 2.1([7, Lemma 6]). Let f and g be two distinct nonconstant meromorphic
functions such that f and g share 0, 1 and oo IM. If f is a Mobius transformation
of g, then f and g satisfy one of the following six relations:

i) f-9=1,
(i) (f - D(g-1) =1,

(it) f+g=1,

(iv) f =g,

(V —-1= C(g - 1);

(vi) [(e=1)f+1]-[(c=1)g— ] = —c, where ¢ (#£ 0,1) is a finite complex number.

Lemma 2.2([2]). Let f and g be two nonconstant meromorphic functions such

that f and g share 0, 1 and co IM, then T(r, f) < 3T(r,g) + S(r, f) and T(r,g) <
3T(r, f) + S(r,g9)-

Lemma 2.3 ([14, Lemma 2.6]). Let f and g be two distinct nonconstant meromor-
phic functions such that f and g share (0,k1), (1, k2) and (00, k3), where ki, ko and
ks are three positive integers satisfying (1.5). Then

() Nl ) + N i) + Nofr,£) = S0, )
(ii> N(Q(ﬁé)"’_N(Z(vg 1)+N( ( ) S(va)'
Lemma 2.4 ([15, Lemma 6]). Let fi and fa be two nonconstant meromorphic func-
tions satisfying N(r, f;) + N(r, %) = S5(r)(j =1,2). Then either No(r,1; f1, f2) =
S(r) or there exist two integers s,t(|s| + [t| > 0) such that fifi = 1 where
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No(r,1; f1, fo) denotes the reduced counting function of fi and fo related to the
common 1—points, and T(r) = T(r, f1) + T(r, f2),S(r) = o(T(r))(r — oo, ¢ E)
only depending on f1 and fs.

Lemma 2.5 ([4, Theorem 1]). Let f and g be two distinct nonconstant meromor-
phic functions sharing 0, 1 and oo CM, and let a(# 0,1) be a finite complex number
such that (1.3) holds. If f is not any Mébius transformation of g, then f and g are
given by one of the following three expressions:

. . ef17] . eTS17] . 5
() f =g 9= ooy with 1 < s1 <k and a = Fit1’
.. (k1+1)y_1q —(k1+1)y _q . ki1
=_¢ -~ —1 = _€ - '~ -1 — 1
(i) f= kit 10 9= moaFispv 1 with 1 <s1 <ky and a = Fitl—sy’
_ eS17 1 _ e~ S17_1 . _ s1
(lll) I = i1 9= sk with 1 < s1 < ky and a = PRy

where k1 (> 2) and s1 are positive integers such that s; and ki + 1 are relatively
prime, and vy is a nonconstant entire function, and such that (1.4) still holds.

Lemma 2.6 ([8, Lemma 2.5] or [15]). Let s (> 0) and t be mutually prime integers,
and let ¢ be a finite complex number such that c® = 1, then there exists one and only
one common zero of w® — 1 and wt — c.

Lemma 2.7 ([8, Lemma 2.6] or [9]). Let f be a nonconstant meromorphic func-
tion, and let F = Y7} _, ap f* Z;ZO bjf7 be an irreducible rational function in
f with constant coefficients {ar} and {b;}, where ap, # 0 and by # 0. Then
T(r,F)=dT(r, f) + O(1), where d = max {p, q}.

3. Proof of Theorems

Proof of Theorem 1.1. We discuss the following two cases.

Case 1. Suppose that f is a Mdébius transformation of g. Then from (1.3) and
Lemma 2.1 we deduce that f and g assume one of the three relations (i), (ii) and
(iii) in Lemma 2.1. We discuss the following three subcases.

Subcase 1.1. Suppose that f and g satisfy the relation (i) in Lemma 2.1. Then 0
and oo are Picard exceptional values of f and g. So we let

(3.1) f=e
and
(32) g = ei’ya

where 7 is a nonconstant entire function. From (3.1) and (3.2) we have

(3.3) f—a=¢e¢ —a,

(3.4) g—a=——- (" —-).
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Thus from (1.3), (3.3) and (3.4) we deduce (1.6) and

(3.5)

From (3.5) we get
(3.6)

From (3.1), (3.2), (3.5) and (3.6) we get (a) of Theorem 1.1.

427

Subcase 1.2. Suppose that f and g satisfy the relation (ii) in Lemma 2.1. Then

1 and oo are Picard exceptional values of f and g. So we let

(3.7)
and

(3.8)

f=1+4+¢

g=1l+e",

where v is a nonconstant entire function. From (3.7) and (3.8) and in the same

manner as in Subcase 1.1 we get (1.6) and (b) of Theorem 1.1.

Subcase 1.3. Suppose that f and g satisfy the relation (iii) in Lemma 2.1. Then

0 and 1 are Picard exceptional values of f and g. So we let

(3.9)
and

(3.10)

1
f_1+e’Y
_ 1

g_1—|—e—’Y'

From (3.9) and (3.10) and in the same manner as in Subcase 1.1 we get (1.6) and

(c) of Theorem 1.1.

Case 2. Suppose that f is not any Mobius transformation of g. First, from Lemma

2.2 we get
(3.11)

Let
(3.12)

and

(3.13)



428 Xjao-Min Li and Hong-Xun Yi

then from (3.11)-(3.13) and the above supposition we deduce that none of hg, hy
and hg is a constant, and deduce that

hi—1
3.14 -
(3.14) ==
and

hit—1
3.15 = )
(3.15) g hyt —1

On the other hand, from (3.11) and Lemma 2.3 we deduce

(3.16) N(r, hi) + N(r,hj) = S(r, f)(j =1,2).

J

Again from (3.14) and (3.15) we deduce

(hi —1)(1—hy")

3.17 —qg=

(3.17) f-g hhy T 1

From (3.11)-(3.17) we deduce

(3.18) No(r) = No(r, 1; h1, ho) + S(r, f) = No(r, 1; ha, ha) + S(r, f).

Again from (1.3) we deduce

(3.19) No(r) # S(r, f).
From (3.18) and (3.19) we get

(3.20) No(r, 1 b1, ha) # S(r, f).

By (3.16), (3.20) and Lemma 2.4 we know that there exist two integers s and ¢
(Is| + |t| > 0) such that

(3.21) hiht = 1.
Substituting (3.12) into (3.21) we get
(3.22) fifF=17=g(g- 1"

Noting that f is not any Mobius transformation of g, from (3.22) we deduce that
Is| - || # 0 and |s| # |t|, and so it follows that f and g share 0, 1 and oo CM.
Combining Lemma 2.5 and Lemma 2.6 we deduce (1.4) and (i), (ii) and (iii) of
Theorem B. Theorem 1.1 is thus completely proved.

Proof of Theorem 1.2. Suppose that f #Z g. We discuss the following two cases.
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Case 1. Suppose that f is a Mébius transformation of g. Then f and g assume one
of the relations (a), (b) and (c) in Theorem 1.1, say, f and g assume the relation
(a) in Theorem 1.1, then a; = ay = —1, this is impossible.

Case 2. Suppose that f is not any Mdbius transformation of g. Then f and g
assume one of the relations (i), (ii) and (iii) in Theorem B, say, f and g assume the
relation (i) in Theorem B, then a; = as = this is impossible.

Theorem 1.2 is thus completely proved.

s1
ki1+1°

Proof of Theorem 1.3. The assumptions of Theorem 1.3 imply that the conclu-
sion of Theorem 1.1 is valid. We discuss the following two cases.

Case 1. Suppose that f is a Mébius transformation of g. Then f and g assume one
of the relations (a), (b) and (c) in Theorem 1.1, say, f and g assume the relation
(c¢) in Theorem 1.1, then a = 1/2 and

(3.23) f= % = —2(671 0 (e —1)
and
(3.24) foio L v,

From (3.23) and (3.24) we deduce (1.9), (1.10) and

(325) No(r, 5£:9) = () + 50 ).
From (3.23)-(3.25) we get (1.9)-(1.11).

Case 2. Suppose that f is not any Mobius transformation of g. Then from Theorem
1.1 we see that f and g assume one of the relations (i), (ii) and (iii) in Theorem
B such that (1.4) holds, and so from (1.4) we get (1.11). We discuss the following
three subcases.

Subcase 2.1. Suppose that f and g assume the relation (i) in Theorem B, then

e(k1+l)'y —1
(3.26) f= RS
—(ki+1)y _ 1
e
(3.27) g = 76—51’)’ — 1
and a = klsjrl, where k1 (> 2) and s; are positive integers satisfying 1 < s7 < ky,

such that s; and k; 4+ 1 are relatively prime, and +y is a nonconstant entire function.
Thus

(k1 4 1)es1? — syt D7 4 (s) — ky — 1)

(3.28) f—a= (k1 + 1)(e D7 = 1)
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and

(kl + ].)6781’Y — 8167(k1+1)y + (81 — k1 — 1)
(hr 1) (e (D7 — 1)

(3.29) g—a=

On the other hand, from Lemma 2.6 we deduce that w = 1 is the only common zero
of Pi(w) = w*l — 1 and Pp(w) = w® — 1. Similarly, w = 1 is the only common
zero of Py(w) = (k1 + 1wt — sywF1+ 4 (51 —ky — 1) and Py(w) = w®+! — 1. Thus
from (3.26)-(3.29) and Lemma 2.7 we deduce (1.9) and (1.10).

Subcase 2.2. Suppose that f and g assume the relation (ii) in Theorem B, then

e(kl"l‘l)’y —1
(3.30) = atiosor _ 1
—(k1i+1)y _ 1
e
(3.31) g= i s ey
and a = kfﬁfilsl , where k1 (> 2) and s; are positive integers satisfying 1 < s; < kq,

such that s; and k1 + 1 are relatively prime, and - is a nonconstant entire function.
Thus

(k'l +1-— Sl)e(kl—"_l)’Y — (k'l + 1)6('1614_1_51)'Y + s1

3.32 —a=
( ) f a (kl +1— 81)(e(k1+1—51)'y _ 1)
and
ki +1—s9 e~ (kitl)y _ ki +1 e~ (kitl=s1)y + 81
(3.33) g—a=

(k1 + 1 — s1)(e-ati=s)y — 1)

From (3.30)-(3.33) and in the same manner as in Subcase 2.1 we deduce (1.9) and
(1.10).

Subcase 2.3. Suppose that f and g assume the relation (iii) in Theorem B, then

ef17 — 1
(3.34) L o Ty
e 17 —1
(335) §= elkitl—s1)y _ 1
and a = gl_skll_l, where k1 (> 2) and s; are positive integers satisfying 1 < s; < kq,

such that s; and ki + 1 are relatively prime, and  is a nonconstant entire function.
Thus

(51 _ kl _ 1)681’7 _ sle—(k1+1—sl)’)’ + (kl + 1)

(3.36) f—a= (51— k1 — 1) (e aiti=s)v — 1)
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and
(51 —ky — 1)67517 _ sle(k1+1fs1)’7 + (kl + ]_)
(51— ki — 1)(etmnti=s0y —1) '

From (3.34)-(3.37) and in the same manner as in Subcase 2.1 we deduce (1.9) and
(1.10). Theorem 1.3 is thus completely proved.

(3.37) g—a=
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