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PROOFS OF CONJECTURES OF SANDON AND ZANELLO
ON COLORED PARTITION IDENTITIES

Bruce C. BERNDT AND ROBERTA R. ZHOU

ABSTRACT. In a recent systematic study, C. Sandon and F. Zanello of-
fered 30 conjectured identities for partitions. As a consequence of their
study of partition identities arising from Ramanujan’s formulas for mul-
tipliers in the theory of modular equations, the present authors in an
earlier paper proved three of these conjectures. In this paper, we provide
proofs for the remaining 27 conjectures of Sandon and Zanello. Most of
our proofs depend upon known modular equations and formulas of Ra-
manujan for theta functions, while for the remainder of our proofs it was
necessary to derive new modular equations and to employ the process of
duplication to extend Ramanujan’s catalogue of theta function formulas.

1. Introduction

Early in this century, H. M. Farkas and I. Kra [12] began a fruitful study of
partition identities arising from theta function identities and modular equations
with the following elegant theorem about colored partitions.

Theorem 1.1. Let S denote the set consisting of one copy of the positive
integers and one additional copy of those positive integers that are multiples of
7. Then for each positive integer k, the number of partitions of 2k into even
elements of S is equal to the number of partitions of 2k + 1 into odd elements

of S.

Shortly thereafter, it was realized that many of Ramanujan’s modular equa-
tions yielded further interesting partition identities for colored partitions. For
example, see papers by the first author [9], N. D. Baruah and the first author
[4], [5], and a paper by the present authors [10]. It is natural to ask for com-
binatorial proofs of these identities, and readers should consult the papers by
S. O. Warnaar [17] and S. Kim [13] for beautiful arguments giving combinato-
rial approaches to classes of these partition identities. The work of Warnaar
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and Kim motivated further proofs in the combinatorial direction by Sandon
and Zanello [15]. Then in a subsequent paper [16], Sandon and Zanello of-
fered 30 conjectures about colored partitions. As indicated in our abstract, we
proved three of their conjectures in our paper [10]. Baruah and B. Boruah [6]
have also established the conjectures of Sandon and Zanello.

In this paper, we establish the remaining 27 conjectures of Sandon and
Zanello. We have divided our proofs into three sections. For the first nine of our
proofs, we rely on known modular equations; these proofs are in Section 3. For
the next six proofs, we need to develop new modular equations. In particular,
we use certain “evaluations” of theta functions outside Ramanujan’s catalogue
of evaluations in [7, pp. 122-124]. These new formulas for theta functions are
derived with the help of the classical process of duplication, which can be found
in Ramanujan’s notebooks [14], [7, pp. 125-126]. It is remarkable that “nice”
identities exist when we go outside Ramanujan’s catalogue of theta functions;
usually, venturing outside the catalogue produces inelegant identities. Proofs
of six identities relying on new modular equations and new formulas for theta
functions are given in Section 4. Finally, in Section 5, we construct new modular
equations of degree 3 to prove 12 further conjectures of Sandon and Zanello.

2. Preliminary results

For any complex numbers a and |¢g| < 1, define

oo

(a; @)oo := [ [ (1 = ag™).

n=0

Recall that Ramanujan’s theta functions ¢(—¢) and f(—¢q), and his function
x(q) are defined by

) o= 3 (e = B
(2.2) f(=0) == (¢ @)oo,
(2.3) X(@) = (~;6*) -

The latter equality in (2.1) is a consequence of Jacobi’s triple product identity.
The complete elliptic integral of the first kind is defined for |k| < 1 by

7T/2 d
K :=K(k):= / ___d .
0 V1—k2sin®¢
The number k is called the modulus. The complementary modulus &’ is defined
by k' = V1 — k2. Set K’ = K(k'). Expanding the integrand in a binomial series
and integrating termwise, we find that

s 11
K = 2oF1 (5, 51 K2),
2271\27 9
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where 5 F} (2, 53 1 k2) denotes the ordinary hypergeometric function. Let K,
K’, L, and L', denote the complete elliptic integrals of the first kind associated
with the moduli k, k', £, and ¢’ := +/1 — (2, respectively. Suppose that the
equality

K L
(2.4) N =T
holds for some positive integer n. A relation between k and ¢ induced by (2.4)
is called a modular equation of degree n. Ramanujan recorded his modular
equations in terms of @ and 3, where o = k? and 3 = ¢2. We often say that /3
has degree n over a.
If

Fi(3,5:11— '
(2.5) q = exp ( 2F1(5, 37 1 a)) = exp <7T£),

2F1(2,2,1,CY) K

then one of the primary theorems in the theory of elliptic functions [7, p. 101,
Entry 6] asserts that

11
(2.6) ©*(q) = 2F1(2 2,1;04) =: 2,

where ¢(q) is defined by (2.1). If we further set z, := ©?(¢"), then the multi-
plier m of degree n is defined by
Z1
2.7 = —
1) mim 2
We need certain evaluations of Ramanujan for theta functions given in the
following lemma [8, p. 123], [7, p. 124, Entry 12].

Lemma 2.1. If a, q, and z are related by (2.5) and (2.6), then

(28) f(_ — 2—1/6\/_( 1/6(a/q 1/24,
(2.9) f(=¢%) =273z {a(l — ) /q}'/*2,
(2.10) x(q) =2"%{a(l —a)/q} 1/*,
(2.11) x(—q) = 1/6( a)' /1 (a/q) 1,
(2.12) X(—=¢%) =231 — a)'/**(a/q) /2.

Suppose that 8 has degree n over a. If we replace g by ¢" above, then the
same evaluations hold with « replaced by  and with z = z; replaced by z,.

In the following proofs, we also make use of Euler’s famous identity (see [1,
3, 11])

1
(¢;4%) oo
i.e., the number of partitions of the positive integer n into odd parts is identical
to the number of partitions of n into distinct parts.

(2.13) = (—¢; @)oo



990 B. C. BERNDT AND R. R. ZHOU

3. Proofs of nine conjectures using known modular equations

Theorem 3.1. Let S denote the set of partitions into 6 distinct colors, with
the orange, blue and red parts appearing at most once, and the parts in the
remaining three colors appearing at most once and only in multiples of 7. Let
A(N) be the number of partitions of 2N — 2 into even parts in S. Let B(N) be
the number of partitions of 2N + 1 into odd parts in S. Then, for N > 1,

4A(N) = B(N).
Proof. Recall the modular equation for degree 7 given by [7, p. 314, Entry 19
(i)]
(3.1) (@B)* +{1-a)(1-}/* =1,

where m is the multiplier of degree 7 defined by (2.7). Taking the third power
of this identity, we deduce that

(32) (@B)® +3{a(l - a)B(1 = O}/ + {1 —a)(1 - B)}*/* = 1.
Multiplying both sides of the identity (3.2) by 2¢{a(1 — a)B(1 — 6)}_1/8, we
find that
8q°
2(1 — )8 (a/q)~H/42(1 — B)/8(B/q7) 1/
+6g+2"2(1— )/ (a/q) /P22 (1 = B) /4 (B/q") VP
=2"2{a(l — a)/q}TV/P22{(B(1 - B)/q"} %,
which can be transformed into
8q°
X(=a®)x3(—q")
by (2.10), (2.11), and (2.12) in Lemma 2.1. Applying the definition of x in (2.3)
and Euler’s identity (2.13), we obtain
8¢°(—a% )% (—a" a")% + 60 = (—¢:¢°)% (=45 0")3% — (:6°)% (¢ 4"
Extracting the coefficients of ¢>V*! on both sides of the identity, we complete
the proof. (I

+6q+ xX*(—)x*(—=¢") = X*(0)x* ("),

Remark. Theorem 3.1 is equivalent to Conjecture 3.26 in Sandon and Zanello’s
paper [16].

Example 3.2. Let N = 3 in Theorem 3.1. Then 4A4(3) = B(3) =6 +3(3) +
3@) = 24. The relevant partitions are given by

40:4b:4r:20+2b:20+27":2b+2r;
70:7b:7T:7g:7’!/:7P:50+10+1b:"':3o+3b+1o:"'-
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Theorem 3.3. Let S denote the set of partitions into 3 distinct colors, with
the orange, blue, and red parts appearing at most once, and without parts in
multiples of 9. Let A(N) be the number of partitions of 2N + 2 into an odd
number of even parts in S. Let B(N) be the number of partitions of 2N — 1
into odd parts in S. Then, for N > 1,

A(N) = B(N).

Proof. Recall the modular equation for degree 9 and its reciprocal given by [2,
p. 391, Entry 17.3.24]

33 vi=(2)" e =) - G
« 1/8 1—« 1/8 ol — o 1/8
(34) \/_3% =(3) " +(=5) " - {7521 - ﬁi} :

where m is defined by (2.7) and n = 9. First, taking the third power of the
identity (3.3), we find that

V= (2)" (=0 ey

B(
ol — )
i) B LCEE b M (R
3/8 — 3/8 3/8
- (@ D )
_ 1/ 1/ 1/ — 1/
e B (G R ) B B e
Applying the identity (3.4), we arrive at

69 V= (0" (22" - (R o

B(1—7B) }3/8

Multiplying both sides of the identity (3.5) by ¢ {B(l B)}l/ we have

21/ {a(l - )/}

2/23{B(1 — B)/q"} V4
3 21200 — )M (afq)"VE  20-B)VE(B/¢") V!
21/2(1 — B)VA(B/q") V8 "~ 2(1—a)V3(a/q)~ V4
21/2{@(1 a)/q} Y8
TR BI—B) /T

which is equivalent to

=) X0 | X*(=¢"®) 53X

_ . . 2
™) ) T eCd ) 00"

—6q°,
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by (2.9)-(2.12) in Lemma 2.1. Using the definitions of f and x in (2.2) and
(2.3), respectively, and Euler’s identity (2.13), we deduce that
s (@) af Ca@)S | (@)% g
(—¢%:¢"®)%  (¢%¢"®)3 T
Equating the coefficients of ¢ on both sides of the equation, we finish the
proof. (I

(—a™®:'8)3,  (¢"%:¢')3,
2N +2

Remark. Theorem 3.3 is equivalent to Conjecture 3.28 in Sandon and Zanello’s
paper [16].

Example 3.4. Set N =5 in Theorem 3.3. Then A(5) = B(5) =3+ 3(3) +
33 4+ 1 = 40, and the derived partitions are
120:12b:12r:80+20+2b:"':60+40+20:"':4o+4b+4r;
7o+10+1b:' : ':5o+30+10:' ' ':3o+3b+3r:30+3b+10+1b+1r: Tt
Theorem 3.5. Let S (T) denote the set of partitions into two distinct colors,
with the red and blue parts appearing at most once, and without parts in mul-
tiples of 9, and with the red parts being only even (odd). Let Dg(N) (Dr(N))

be the number of partitions of N into an odd number of distinct elements of S
(T'). Then, for all N > 2,

Dg(N) = Dp(N —1).
Proof. For brevity, let a = (g)l/g and b = (%)1/8. Multiply the identi-
ties (3.3) and (3.4) and simplify to find that
0=a?>+b>—a—b— (a+b)ab, or b2 — /m + av/m = ab® + 2ab,

by (3.3). Multiply both sides of this last equation by b and then subtract ay/m
from both sides. Thus, we see that

b3 — (a+ b — ab)y/m = ba — a/m + 2ab®.

Applying (3.3) and dividing both sides of the last identity by ab?, we obtain
the equation
(3.6)

aN1/8 /1 — B\L/S  san/8/1—a\l/4 11— B\1/8 1—a\1/4
(5)7 (=) " (5) (=) = (=0 vml=) e
Multiply both sides of the identity (3.6) by ¢ to deduce that
21/6(1 _ 5)1/12(5/(19)71/24 21/3(1 _ 5)1/24(5/(]9)71/12
21/6(1 _ a)1/12(a/q)—1/24 21/3(1 _ a)1/24(a/q)—1/12
2—1/6\/2(1 _ a)1/6(a/q)1/24 2—1/3\/2{a(1 _ a)/q}1/12
271/6\/%(1 _ 5)1/6(5/(]9)1/24 271/3\/%{5(1 _ ﬂ)/q9}1/12
21/6(1 _ 6)1/12(5/‘]9)_1/24 21/6{a(1 _ a)/q}_1/24
=4 21/6(1 _ a)1/12(a/q)—1/24 21/6{6(1 _ ﬁ)/qg}—1/24
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2—1/6\/2(1 _ a)l/G(a/q)1/24 21/6(1 _ a)1/12(a/q)_1/24
- q2_1/6\/%(1 — B)I/S(B/q%) 1722 21/6(1 — B)1/12(B/q0)~1/24
which is equivalent to
X(=¢°) x(=¢"%)  f(=a) f(=¢*) _ qx(*qg) x(g) ¢ f=a) x(=a) | %
x(=0) x(=¢*)  f(=¢") f(=¢"®) " x(=9) x(¢") "Sf(=¢")x(=¢°) T
by (2.8)—(2.12) in Lemma 2.1. We now employ the definitions of f in (2.2) and
X in (2.3), and use Euler’s identity (2.13) to deduce that

+ 2q,

(0% ") (69(d*¢%) oo
(=470 o0 (=" 0"®)oe  (0%30%)o0(¢"%:¢®) oo
_ (6D (69x(e¢")
a { (=% 4”)oc (=% ") (0%167)oc(4°5¢"®) o } e

Equating the coefficients of ¢"V on both sides of the last equation, we can
complete the proof. O

Remark. Theorem 3.5 is equivalent to Conjecture 3.30 in Sandon and Zanello’s
paper [16].

Example 3.6. Set N =9 in Theorem 3.5. Then Dg(9) = D7(8) =22 +1 +
141422 =11. The corresponding partitions are

6r+2p+1p="--=5p+3p+1p=0p+2p+2, =4, +4p+1p=4p+3p+2, = - -~ ;
8 =6p +1,+1p=5,+2p+1,= - =4p+3p+1, = - -=3,+3p+2.

Theorem 3.7. Let S denote the set of partitions into six distinct colors, with
the red, blue, green, and pink parts appearing at most once if they are odd or
congruent to 4 modulo 8 if they are even, and the remaining two colors, orange
and yellow, appearing at most once with their parts congruent to 2 modulo 4.
Let T denote the set of partitions into sixz distinct colors, with the red, blue,
green, and pink parts appearing at most once with odd parts or in multiples of
8, and the remaining two colors, orange and yellow, appearing at most once
with parts congruent to 2 modulo 4. Let Dg(N) be the number of partitions of
N into an odd number of distinct elements of S. Let Dr(N) denote the number
of partitions of N into distinct elements of T. Then, for all N > 2,

Dg(N) = 2D7(N — 2).
Proof. Consider the modular equations of degree 4 [2, p. 386, Entry 17.3.8 (¢),
(d)]
(3.7) m(l — )Vt 4+ gt/2 =1,
4
(3.8) —pYt 4 (1-a)/? =1,
m

where m is the multiplier of degree 4 defined by (2.7). Divide both sides of the
identity (3.7) by m(1 — «)3/4, and subtract 1 from both sides of the resulting
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identity to see that
1/2 1
3.9 1—a) 21 b = -
(8.9) (1-a) * m(l—a)3/*  m(l— )3/
Using (3.8) in (3.9) and then multiplying the resulting equation by

miTA1 - ),

we find that
(3.10) 44 1 —a) V= (1 —a)"VABTVA (1 — )23V
Multiplying both sides of (3.10) by 2¢, we rewrite (3.10) in the form
2'%{a(l — a)/q} /"

275 (1=a) o (a/q) TR B(I=B) "} TR (L= B) P (B ) T
B 21/3{a(1_a)/q}fl/1221/3{ﬁ(1_ﬁ)/q4}fl/1222/3(1_ﬁ)l/l?(ﬁ/q4)fl/6
- 21/3(1 _ a)1/6(a/q)—1/12

_ 2728 u{a(1-0)/} V022 (1—a) P (a/q) /0213 (1 B) /O (B/q*) /12

272324 {B(1-B)/q*}'/ ’

8q-+4q¢*

which is equivalent to

x*(a) _ @@= A=)
(X3 (a)x*(—¢®) x*(=q) fA(=4%) ’
by (2.9)—(2.12) in Lemma 2.1. We apply (2.2), (2.3), and Euler’s identity (2.13)
to obtain

8q + 4q°
X

(= 0% (—4; 432 (=% )2

2
st (g% %)%
_ Ca0dad®)i (a4 d®)i  (@9)i(64°)3 (a4 )5
- (—a% %)% (@5 ¢®)% '
Equate the coefficients of ¢’V on both sides of the equation to finish the proof.

O

Remark. Theorem 3.7 is equivalent to Conjecture 3.31 in Sandon and Zanello’s
paper [16].
Example 3.8. Let N = 6 in Theorem 3.7. Then Dg(6) = 2—}—4@) +2.4242 =
60 and Dr(4) = 42 +1+2(3) +1 = 30. The corresponding partitions are given
by
60 = 6y = 4r+1r+1b:' : ':3r+20+1r = - ':20+1T+1b+1g+1p =
3+ 1= =2,4+2y=2,+1,+1)=-- =1, +1+14+1,.
Theorem 3.9. Let S denote the set of partitions into eight distinct colors, with
the red, blue, and green parts appearing at most once without parts in multiples

of 3, with the pink parts appearing at most once with parts in multiples of 3 but
not multiples of 9, and with the last four colors appearing at most once with



PROOFS OF CONJECTURES OF SANDON AND ZANELLO 995

parts in multiples of 9. Let A(N) denote the number of partitions of 2N + 1
into odd parts in S, and let B(N) denote the number of partitions of 2N — 2
into even parts in S. Then, for all N > 1,

A(N) =2B(N).
Proof. If o, B, and ~ are of the first, third, and ninth degrees, respectively,
then [7, p. 232, (5.1)]

(a_3)1/8: 3—|—m’ {(1—a)3}1/8_ 3—m

)

B 2m 1-4 2m
3.1/8 ’r_ — ~)351/8 /
(7ﬁ)/:m2 1, {(1175)}/:77124—1’

where m = 21/z3, and m’ = 23/z9. Multiplying the corresponding identities
and adding the resulting equations, we can check that
QN g (=)= ) Ve
7 )+ Q{W} :
Using the identity [7, p. 352, Entry 3 (iii)]

/

3ﬂ:1+2(
m

33(1 —)3(1 — )3 /24 m/
11 | gaaf =
(310 S T BT
we obtain a new modular equation
(3.12)
TR R ek L S (i P A3 e el e Vi By
(1-p5)? B2 p*(1—p)? '
a4 . 3y —1/24
Multiplying both sides of the identity (3.12) by 2”%{%} ,
we have
{2V%{a(l — a)/q} 7232 O {h (1 — 4)/¢°} 1)
RSB - B/} 7T
B {21/6(1 _ a)1/12(a/q)—1/24}3{21/6(1 _ ,7)1/12(,7/(19)—1/24}3
RIS(L— 5 72(B]q) )2
91/3(1 _ g)1/24 3y—1/1212
o [21/9(1 = 8)21(8/%) 1/} +6o

{2173(1 — ) 1/24(a/q)~L/1213{21/3(1 — »)L/24(~ /¢9)~1/12}3
which is equivalent to
303 (9 30 \3(_ 9 2(_ 6
x(q2)x3(q)7x( ;1)x(3 q):4q3 i x2( ;1) 46,
x2(q°) X*(=4) X3 (=a*)x*(=q"®)
by (2.9)—(2.12) in Lemma 2.1. We finally use (2.2), (2.3), and Euler’s iden-
tity (2.13) to find that

(—:6*)3% (=" "3 (6:6°)%(% ") :4q3(—q2;q2)§o(—q18;q18)§0 4 6q
(—=¢% 452 (@%4%)2 (4% ¢%)%
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Equating the coefficients of ¢?~N*! on both sides of the equation, we finish the

proof. O

Remark. Theorem 3.9 is equivalent to Conjecture 3.38 in Sandon and Zanello’s
paper [16].
Example 3.10. Set N =4 in Theorem 3.9. Then A(4) = 2B(4) =4+ 3(3) +
32 =22 =2 x (1+3%+1). The relevant partitions are given by

9o =9y = =TptloFlp=-=543,+1, = ;

6p=4p+2, = - =2,+25+2,.
Theorem 3.11. Let S denote the set of partitions into four distinct colors,
with the red and blue parts appearing at most once without multiples of 10,
the green parts appearing at most once with odd parts, and the orange parts
appearing at most once in only odd multiples of 5. Let T denote the set of
partitions into four distinct colors, with the red and blue parts appearing at
most once without odd multiples of 5, the green parts appearing at most once
with even parts, and the orange parts appearing at most once in only multiples
of 10. Let Dg(N) denote the number of partitions of N into an odd number of

distinct elements of S, and let Dp(N) be the number of partitions of N into
distinct elements of T'. Then, for all N > 2,

Ds(N) = 2Dy(N — 2).
Proof. Consider the modular equations for degree 5 [7, p. 280, Entry 13 (iv),

(v), (vii)]

(3.13) m = 1_,_24/3{%}1/24,

14 {(1 0718
14+ {(1—a)3(1 - pB)}/s’
B15) (@B (- a1 - gl = 1 - { A
| al=p) |
where m is defined by (2.7). First rewrite (3.14) in the form
316)  —m{(-ap- g = (S

l1—«

(3.14) m=

Using (3.13) in (3.16), multiplying both sides of the resulting equation by (1 —
a)'/4(1 — 8)~'/% and then adding 1 on both sides of that identity, we deduce
that

(3.17) 1—m{
Utilizing equation (3 15), we find from (3.17) that

619 1-m{ G s g EL

Y 1 (a-aa-ppp e {202
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Multiply both sides of the identity (3.18) by 22/311{%}1/24 to deduce that

(21501 = 9B /47) M 2122 a1~ ) fa} MR B0 - B) g7}
{21/3(1 _ a)1/24(oz/q)*1/12}2
{271/3\/5{04(1 _ a)/q}1/12}2{21/6(1 _ CY)1/12(Oé/q)—l/24}321/6(1 _ B)l/lQ(ﬁ/q&S)—l/M
{2718 /z5{B(1 = B)[q°}1/12}2
46321401 = a) fq}~V/?)?

I R By L ) Y ey e R P T

which is equivalent to

X (=" (@)x(¢®)  f(=?)x* (=a)x(—4¢°) _4g x*(a) 6g
X*(=4¢?) f2(=a™) (=) (¢°)x(—¢'%) 7

by (2.9)-(2.12) in Lemma 2.1. Applying the definitions of f in (2.2) and x
in (2.3), and Euler’s identity (2.13), we then obtain

(0% (-6 ) o(—0% 0" (690)%(¢¢%) (6% ")
(—q"%¢*%)3% (¢'%5q'0)%
B Gl 10 Gl ) G e O P
(—4°4"9)%
Equating the coefficients of ¢ on both sides of the equation, we complete the
proof. (I

Remark. Theorem 3.11 is equivalent to Conjecture 3.39 in Sandon and Zanello’s
paper [16].
Example 3.12. Let N = 7 in Theorem 3.11. Then Dg(7) = 3—}—4(3) +22.3+

33) +3+1=40and Dr(5) =3-2+2-3+2+2(}) = 20, with the relevant
partitions given by

Tr=Ty=Tg=5,+1r+1p= =442, +13=-- =3, +3p+1g3="--
=3g+2,+2p=- =2, +2+1,+1p+1g;
4yt lp=--=3,42,= =3+ 1+ 1p=-- =2, +2+1,= - - .

Theorem 3.13. Let S denote the set of partitions into siz distinct colors, with
the red and blue parts appearing at most once with odd parts, the green parts
appearing at most once with even parts, the orange and pink parts appearing
at most once and only in odd multiples of 7, and the yellow parts appearing at
most once and only in multiples of 14. Let T denote the set of partitions into
six distinct colors, with the red and blue parts appearing at most once with even
parts, the green parts appearing at most once with odd parts, the orange and
pink parts appearing at most once and only in multiples of 14, and the yellow
parts appearing at most once and only in odd multiples of 7. Let Dg(N) be
the number of partitions of N into distinct elements of S. Let Dr(N) be the
number of partitions of N into distinct elements of T'. Then, for all N > 1,

Dg(N) = 2Dg(N —1).
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Proof. We begin with the modular equation of degree 7 given in (3.1). Divide
both sides of (3.1) by (1 —a)/8(1 — 3)!/® and rewrite the resulting identity as

2!/%{a(1—a)/q}/*2/0(B(1—p) g}/
21/6(1 704)1/12(04/(1)71/2421/6(175)1/12(/3/(17)71/24
q
(1=a)2(a /a2 (1=a)V¥4(a/q) /(1= B)VR(B] Ty V(1= B)VEH 3/ q7y 72 *

which is equivalent to

x(@x(d") 2q 11
X(=)x(=¢")  x(=ax(=a*)x(=¢")x(=¢") =~
by (2.10)—(2.12) in Lemma 2.1. Employing (2.3), and invoking Euler’s identity
(2.13), we then can check that

(4 @)oo (46" oo (=734 oo (473 4" ) oo
= 29(=¢;9)oo(—4*;4") oo (=473 4 oo (4" 4" )oc + 1.
Equate the coefficients of ¢V on both sides of the equation to complete the
proof. (I

Remark. Theorem 3.13 is equivalent to Conjecture 3.51 in Sandon and Zanello’s
paper [16].

Example 3.14. Set N = 7 in Theorem 3.13. Then Dg(7) = 18 and D7 (6) =
2+ 1+2%2+2=09, and the relevant partitions are

Tr =Ty=To=Tp=04+1,=6p+1,=5,4+2,=5p+2,=5,+1,+1p=5p+1,+1p
= 443y = Ayt 3=yt 2yt 1, =yt 2+ 1y =3, 4 3yt L= -
=325+l +1p=--;

6, = 6p=5,+1g=4, + 2= =3, +2,+1,=3,+25+ L.

Theorem 3.15. Let S denote the set of partitions into four distinct colors,
with the red and blue parts appearing at most once with odd parts, the green
parts appearing at most once with even parts but not multiples of 16, and the
orange parts appearing at most once and only with odd multiples of 8. Let T
denote the set of partitions into four distinct colors, with the red and blue parts
appearing at most once with odd parts, the green parts appearing at most once
with even parts but not odd multiples of 8, and the orange parts appearing at
most once in only multiples of 16. Let Dg(N) be the number of partitions of
N into an odd number of distinct elements of S. Let Dr(N) be the number of
partitions of N into distinct elements of T. Then, for all N > 2,

Dgs(N)=Dp(N —2).
Proof. Recall the modular equations for degree 8 [2, p. 386, Entry 17.3.9]
(3.19) Vm(l —a)t/8 4 gt/ =1,
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23/2

(3.20) BYE (1 —a)/t =1,

vm
where m is defined by (2.7) and n = 8. Divide both sides of the identity (3.19)
by v/m(1—a)3/® and subtract 1 from both sides of the resulting identity. Then
we can check that

1 51/4 1
(3.21) (=) e e o = Vi)

Using equation (3.20) in (3.21) and multiplying the resulting identity by
VmpT A1 — ),

we find that
(3_22) 23/2 +61/8(1 _ CY)—I/S — (1 _ CY)—l/Sﬁ—l/S _ \/T_n(l _ a)1/4ﬁ_1/8.
Multiplying both sides of the identity (3.22) by 2/2¢, we arrive at
2% a(l — a)/q} 71/
21/3(17(1)1/24(a/q)71/1221/6{5(175)/q8}71/2421/3(17/8)1/24(5/618)71/12
B 21/3{04(1—a)/q}71/1221/6{6(1—6)/(]8}71/2421/3(1—6)1/24(5/(]8)71/12
- 21/3(1 _ a)1/24(a/q)_1/12
271/3\/2{0((1_a)/q}1/1221/3(1_a)1/6(a/q)71/1221/6(1_5)1/12(5/q8)7l/24
B 21 (B0-B) /17 |

4q+2¢>

which is equivalent to

dq12g° x*(a) _ X @x(@)x(=") S Cox(=e")
xX(=a?)x(¢*)x(=¢'%) x(=¢?) f(=4'%)
by (2.9)-(2.12) in Lemma 2.1. Employing (2.2) and (2.3), and invoking Euler’s
identity (2.13), we then can check that

(=4 0*)2% (= 0% ¢ oo (=% ¢"%) o

2
tat 2 (—6%4"%)c
_ )3 (%) (0% 0 ) (3:0°)3.(4% 070 (% 4o
(0% ¢'%) @)
Equate the coefficients of ¢ on both sides of the equation to finish the proof.

O
Remark. Theorem 3.15 is equivalent to Conjecture 3.52 in Sandon and Zanello’s
paper [16].
Example 3.16. Set N = 8 in Theorem 3.15. Then Dg(8) = Dr(6) = 4+ 22+

22 = 12, and the corresponding partitions are

8o=8y=6g+ 1, 4+ 1p =5,4+2g+ 1, = - =443, 41, = - - =3, +3+2,;
6o =5rt1p="-=4o+2 =4+ 1, +1p=3,+3,=3,+2,+1,= --- .
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Theorem 3.17. Let S denote the set of partitions into four distinct colors, with
the red parts appearing at most once with odd parts, the blue parts appearing at
most once with odd multiples of 3, the green parts appearing at most once with
odd multiples of 5, and the orange parts appearing at most once in only odd
multiples of 15. Let T denote the set of partitions into four distinct colors, with
the red parts appearing at most once with even parts, the blue parts appearing
at most once with multiples of 6, the green parts appearing at most once with
multiples of 10, and the orange parts appearing at most once in only multiples
of 30. Let Dg(N) be the number of partitions of N into an odd number of
distinct elements of S. Let Dp(N) be the number of partitions of N into distinct
elements of T. Then, for all N > 3,

Dg(N) = 2Dy (N — 3).

Proof. Let «, B, v, and & be of the first, third, fifth, and fifteenth degrees,
respectively. Then [7, p. 385, Entry 11 (xiv)]

(3.23) (@B + {1 —a)(1 - B)(1 —y)(1 —8)}/®
+ 21/3{6“6’75(1 - a)(l — ﬁ)(l — 7)(1 _ 5)}1/24 1

Multiply both sides of the identity (3.23) by {afvd(1 — a)(1 — B)(1 — v)(1 —
§)}~1/?4q and rearrange the resulting identity to arrive at

q {0 =) =B —y)(1 =)}/
{aByo(l —a)(1 = B)(1 —7)(1 - d)}1/2 (aByd)t/24
_ (afy6)/12q +ol3g,

{1 =a)(1 = B)(1 = 7)(1 =)}/
which is equivalent to
2Y%a(1—0a) /@22 B(1=B) /)y 22V fy(1—7) /g% 212Y {5 (1~ 6) /g1
_22/3(1 _a)l/E(a/q)71/24(1 _IB) I/E(ﬂ/q3)fl/24(1 _’Y) 1/12(,Y/q5)71/24(1 _5)1/12(6/q15)71/24
_ 4q®
= BTA—a) VP g TR )G ) e g TR 0) Ve g T

Employing (2.10)—(2.12), we arrive at

X(@)x(@®)x(@)x(@") = x(—a)x(—=¢*)x(—=¢°)x(—¢")
= LUk +2
T XEAX OO (=) T

Applying (2.3) and invoking Euler’s identity (2.13), we then can find that

(430" 0 (=% 6%) o0 (=% 6" 50 (—0"%; ¢*°) o
—(4:6%)00(0%0%) 00 (6°3 0") 0 (675 ¢™) o
= 46* (0% 6%) o0 (=% ¢%) 00 (—0"% ¢"") 00 (—¢*°; ¢**) o + 2¢.
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Equate the coefficients of ¢ on both sides of the equation to complete the
proof. O

Remark. Theorem 3.17 is equivalent to Conjecture 3.53 in Sandon and Zanello’s
paper [16].

Example 3.18. Set N =9 in Theorem 3.17. Then Dg(9) = 2D (6) = 6, and
the corresponding partitions are

9, =9=5,4 3, + 1, =5,+3,+1, =5, +3p+1, =55 +3p+1,;
6, =65 =4,+2,.

4. Proofs of six conjectures using new modular equations, I

Before giving proofs of the next six theorems, we record and derive some
useful formulas. First [7, p. 122, Entry 10 (ii), (iii)],

(4.1) p(—q) = Vz(1 —a)'/*,

(4.2) p(—°) = Vz(1— )%,

and using (4.2), we employ the process of duplication [7, p. 125] to find that
(43) p(—a") = VE2 V(1 — )5 (1 4 VT= @)

Employing the principle of duplication to (4.3), we find that
(44)  @(=¢%) = V22781 = )P+ VT =) B+ (1 - a)/H)Y2.
Second, recall that [7, p. 122, Entry 10 (iv), (v)]

(4.5) o) = vz (A1 +vI—a)'?,
(4.6) pla") = $vE (141 - a)/1).

Applying the duplication process to the last formula, we derive that
(4.7) o(q®) = 2273/ ((1 FVI—a)2+v2(1 - a)l/S) .

Turning our attention now to f(—¢"), when n is a power of 2, recall that [7,
p. 124, Entry 12 (iv)]

(4.8) F(=a") = V227231 — a)*(a/q) /.
Applying the process of duplication to (4.8), we see that
(49) f(7q8) _ \/52713/12(1 _ a)1/48(1 + /1 — 04)1/12(1 1= a)1/3q71/3.

Lastly, we consider x(¢™), when n is a power of 2. Applying the process of
duplication to (2.12), we find that

(4.10)  x(—¢") =221 — )V 1 + V1 —a)/12(1 — VI — )" V/641/8.
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Invoking the duplication principle once again, but this time to (4.10), we find
that
(4.11)

X(~q8):211/24(1704)1/96(1+m>1/24(1+(1704)1/4)1/6(17(170&)1/4)71/3(]1/3.

Theorem 4.1. Let S denote the set of partitions into nine distinct colors, with
the red and blue parts appearing at most once with odd parts or parts in multiples
of 8. The remaining 7 colored parts appear at most once with parts congruent
to 2 modulo 4. Let T denote the set of partitions into six distinct colors, with
the red, blue, green, and orange parts appearing at most once with odd parts or
parts in multiples of 8, and with the yellow and pink parts appearing at most
once with parts congruent to 2 modulo 4. Let Dg(N) denote the number of
partitions of N into distinct elements of S, and let Dp(N) denote the number
of partitions of N into distinct elements of T. Then, for all N > 1,

Ds(N)=2Dp(N —1).
Proof. Utilizing elementary algebra, we can easily check that
(4.12) 1+vVi—a=1-(1-a)*+ (1 -a)Y* {141 -a)/*}.

Dividing both sides of the identity (4.12) by (1 —a)Y/*{1+ (1 — )4}, we find
that
(L VI=@)0 - VIm@) (1= VI @) 31— (1 o)/

=) A B+ (=) /i)~ (—a) /{4 (1 —ages T

The last identity can be expressed in the form

(4.13)
(1-0) (o/q) ¥ (14 VI=Q) (1) (1 +yT=a) V4
(=) Voo a) 7 2(1=a) 2 (1 T=a) PO (1—vI=a) g P (1—a) {1+ (1=a) 7'}
{01 —a)/q}~/12(1 — )01 yT=a)
(1=a)Vo(a/a) VP (1=a) VP4 (1 +VI=a) Vo (1= VI=a) V3 31+ (1-a) )
1
X (1—a) /8 (14+/T—a)/12(1+(1—a)/4)V/3(1— (1— ) /4)2/342/3

Examining both side of (4.13), we apply (2.10), (2.11), (2.12), (4.2), (4.3),
(4.5), (4.6), (4.10), and (4.11) to find that

=4q

+1.

X (=a*)e"2(¢*)p(—q*)
(4.14) X2(—(Z)X2(_q4)905/2(_q2)(p(q4)

Employing the identity

=2q

(4.15) x(@®) = x(—¢*) old’)
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which is easily established from the product representations in (2.1) and (2.3),
we find that (4.14) can be written in the form
5(,2 2
2X(q2)4 =20 §(3)2 +1.
X*(=a)x*(q") X (=X (g)x*(—¢®)
Using the aforementioned representations of y and ¢, and FEuler’s identity
(2.13), we obtain

(0% (0605 _, (a05 (0 ) (6% )%

(—a* %)% (—a*a®)%
Equating the coefficients of ¢" on both sides of this equation, we complete the
proof. O

+ 1.

Remark. Theorem 4.1 is equivalent to Conjecture 3.32 in Sandon and Zanello’s
paper [16].

Example 4.2. Let N = 4 in Theorem 4.1. Then Dg(4) = 2% + (}) + (]) = 32
and Dpr(3) =4+2-4+4 (g) = 16. The relevant partitions are given by

3rtlpy==21427=---=2+1,+1y=---;
3= =3,=2, 1, = =141+ 1yg=---.

Theorem 4.3. Let S denote the set of partitions into six distinct colors, with
the red, blue, green, and pink parts appearing at most once with odd parts or
with parts congruent to 4 modulo 8, and the remaining two colors appearing
at most once with the parts congruent to 2 modulo 4. Let T denote the set
of partitions into nine distinct colors, with the red and blue parts appearing at
most once with odd parts or in multiples of 8, and the remaining seven colors
appearing at most once with parts congruent to 2 modulo 4. Let Dg(N) denote
the number of partitions of N into an odd number of distinct elements of S.
Let Dp(N) be the number of partitions of N into distinct elements of T. Then,
forall N > 1,
Ds(N)=Dr(N —1).

Proof. By elementary algebra, we can establish the identity

{0+ -2 —a0- )} 1+ (1 -a)h)
(4.16) = {(1 FVI—a)+3(1—a) i1+ (1 a)1/4)} 1-vi—a).
Multiplying both sides of the identity (4.16) by

2qu/2(1 - a)3/8

1+ (-1 —Vi-a)

we obtain
2ng/2 1-— a)3/8
(417) f(ﬁ {(1+(1_a)1/4)2 —4(1—(1)3/4}
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2¢232(1 — a)*/8(1 + YT =
_ 9= ( a)?/f(1 + a) JrGqu”/?(l _ 04)5/8.
1+ (1— )/t
Examining first the left-hand side of (4.17), we call upon (2.6), (2.11), (2.12),
(4.1), (4.2), (4.3), (4.5), (4.6), and (4.10) to find that, after considerable sim-

plification,

2qu/2(1 — )38

{(1 (1 — )2 41— a)3/4}

1—+vV1—«
=X (—q));2((—_qq4))x o) {* (¢ (@")e(@®) — ¢*(—0)e* (—g")o(—4*)} -

To evaluate the right-hand side of (4.17), we turn again to (2.10), (2.12), (4.1),
(4.2), (4.4), (4.5), and (4.9) to deduce that

2qu/2(1 — )31+ V1 —-a)
1+ (1—a)t/t
_ 20X (=) (=) (=)™ (e?)
©?(—=a®)¢*?(—¢?)
Using the last two equalities in (4.17), we find that
(4.18)
4 a(_ 4 2
XX (=) (=¢%)
2 q) {£*(@)¢*(a)e(@®) — P*(—9)P* (=g e(—¢%) }
_ 20 (@ (=¢*) (=) (=)™ (¢?)
¢*(—a*)p*2(—¢?)
Dividing both sides of (4.18) by ¢©?(—q)(—¢?) and using (4.15), we can simplify
the last identity and write it in the shape
X(a)x"(@®) f*(=¢%)

XX (g (@®) = x (=o)X (=a)x*(=¢*) = 24 ()
Applying the definitions of x, f, and ¢, in (2.3), (2.2), and (2.1), respectively,
we find that

(—:0*)50(=0" 0% 5 (—0% 415 — (45475 (0" 4°) 5 (6 4" 2
= 2¢(~¢;¢*)% (4% ¢*)% (—¢*; ¢") % + 6g.
Equating the coefficients of ¢ on both sides of the equation above, we finish
the proof. (I

+ 6qu/2(1 — a)5/8

+6q9° (—q)p(—4*).

2

+ 6g9*(—q)p(—q%).

+ 6q.

Remark. Theorem 4.3 is equivalent to Conjecture 3.33 in Sandon and Zanello’s
paper [16].

Example 4.4. Let N =5 in Theorem 4.3. Then Dg(5) =4 + 4(3) +4=32
and Dr(4) =22 + (;) + 7 = 32, with the associated partitions being given by
Br=5,=5,=bp =3+ Lo+ 1p=- =2y +2+1,=---;
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3r+1l, = =214+2=---=21+1,+1p=--- .

Theorem 4.5. Let S denote the set of partitions into fifteen distinct colors,
with the red and blue parts appearing at most once with odd parts, with the
green, orange, and pink parts appearing at most once with parts congruent to 2
modulo 4, with sixz further colors appearing at most once with parts congruent
to 4 modulo 8, and with the remaining six colors appearing at most once with
parts that are multiples of 8. Let T denote the set of partitions into fifteen
distinct colors, with the red and blue parts appearing at most once with odd
parts, with the green, orange, and pink parts appearing at most once with parts
congruent to 2 modulo 4, with four additional colors appearing at most once
with parts congruent to 4 modulo 8, and with the remaining six colors appearing
at most once with parts that are multiples of 8. Let Dg(N) denote the number
of partitions of N into distinct elements of S, and let Dy (N) denote the number
of partitions of N into distinct elements of T. Then, for all N > 1,

Dg(N)=2Dp(N —1).
Proof. Utilizing elementary algebra, we can easily check that
e _ o0 -1 -a)V(1 - VT —a)V/
(141 —a)t/6(1 — /1 —a)l/3
Dividing both sides of the identity (4.19) by 2(1 — a)'/* and performing exten-

sive manipulation, we deduce that

(1-a)V88 (14+vT=a) V2 (1= vT=a) Voo /Z(1 + (1 — a)1/4)

(4.19) 1+ (1-a) +2(1 —a)l/4.

20 S Vo(aa) (L) o) VP (L) P V)
— q
a 1+2(1*04)1/6(04/(1)’1/12(1*06)1/24@/(1)’1/12(1*06)1/48(1+\/1*a)1/12(1*\/1*04)*1/%1/6

1
X )
(1— ) /48(1+ T — ) /12(1 + (1 — a)/4)1/3(1 — (1 — a)1/4)~2/342/3
Examining (4.20), we invoke (2.11), (2.12), (4.3), (4.6), (4.10), and (4.11) to
find that

X(=aeled) 2q
X (=a)x(=a*)e(—q*) X (=x(=a®)x(—a")x*(—=¢®)
Applying (4.15) with ¢ replaced by ¢?, we can rewrite the foregoing equation
in the form

X*(q") 14 2q
X*(—)x(=¢*)x(—q*) X (—x(—=)x(—a*)x*(—¢®)
Using the definition of x from (2.3), and Euler’s identity (2.13), we finally
arrive at

(—4:0)% (=% ) oo (—q*; 4" ) o (a5 ¢%) %

=142¢(—4;0)% (=% ¢*) o (=" ") o (— % ¢*) % .
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Equating the coefficients of ¢ on both sides of the last equation, we finish the
proof. O

Remark. Theorem 4.5 is equivalent to Conjecture 3.35 in Sandon and Zanello’s
paper [16].

Example 4.6. Let N = 4 in Theorem 4.5. Then Dg(4) = 6+22+(3) +3 = 16
and Dp(3) =2+ 32 =8, with the relevant partitions being given by

= =46=3,4+1,= - =2,42,=- =2, 41+ 1= ;
3, =3y =24+1,=---.

Theorem 4.7. Let S denote the set of partitions into four distinct colors, with
the red and blue parts appearing at most once, and with the green and pink parts
appearing at most once with only odd parts. Let T denote the set of partitions
into fifteen distinct colors, with the red and blue parts appearing at most once
with odd parts, with the green, orange, and pink parts appearing at most once
with parts congruent to 2 modulo 4, with four further colors appearing at most
once with parts congruent to 4 modulo 8, and with the remaining six colors
appearing at most once with parts that are multiples of 8. Let Dg(N) denote
the number of partitions of N into distinct elements of S, and let Dp(N) denote
the number of partitions of N into distinct elements of T'. Then, for all N > 1,

Ds(N)=4Dp(N —1).
Proof. Applying elementary algebra, we can easily check that
RSVTR R ) TRl e WA
a /61 —/T—a)/3(1+ 1 —a)l/6

Dividing both sides of the identity (4.21) by (1 — )4 and rearranging the
resulting identity, we arrive at

fa(l—a)/g)
(1= a)7o(a/q) 7

(4.21) 1—(1-

(4.22)

q
(=) 7o(e/a) P (1=a) P a/a) T2 (1—a) P (T I=a) (1= I=a) Vg T
1
X (1 _ a)1/48(1 + /1 — a)1/12(1 + (1 _ a)1/4)1/3(1 _ (1 _ a)1/4)_2/3q2/3 ’

Examining both side of (4.22), we call upon (2.10)-(2.12), (4.10), and (4.11)
to find that,

=1+

X _ . 4q
X2 (—q) X2 (—)x(=¢*)x(—q*)x*(—¢®)
Using the definition of x in (2.3), and Euler’s identity (2.13), we deduce that
(—4 0% ()% =1+ 44(—4;0) 2 (=% ¢*) oo (0" ¢*) e (— %5 ¢°) 2%
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Equating the coefficients of ¢"V on both sides of the last equation, we complete
the proof. 0

Remark. Theorem 4.7 is equivalent to Conjecture 3.36 in Sandon and Zanello’s
paper [16].

Example 4.8. Let N = 4 in Theorem 4.7. Then Dg(4) = 2+42+1+2(3)+1 =
32 and Dr(3) =24 3-2 = 8, with the desired partitions being given by

4, =4p,=3,4+1,="-=2,+2,=2,+1,+1,=- - =1, + 1+ 1,+1,;
3r=3=24+1,=---

Theorem 4.9. Let S denote the set of partitions into fifteen distinct colors,
with the red and blue parts appearing at most once with odd parts, with the
green, orange, and pink parts appearing at most once with parts congruent to 2
modulo 4, with sixz further colors appearing at most once with parts congruent
to 4 modulo 8, and with the remaining four colors appearing at most once with
parts in multiples of 8. Let T denote the set of partitions into four distinct
colors, with the red and blue parts appearing at most once, and with the green
and pink parts appearing at most once with only odd parts. If Dg(N) denotes
the number of partitions of N into distinct elements of S, and if Dp(N) denotes
the number of partitions of N into distinct elements of T, then, for all N > 1,

Ds(N) = %DT(N).
Proof. Utilizing elementary algebra, we can obtain the equation
14+ (1 —a)'/*
oS VT @) /S (1~ VT a)/s
Dividing both sides of the identity (4.23) by (1 — )%, we see that
(4.24)

(4.23) =14+ (1—a)/4

(14 (1= a)N(1 = a)/B(1+ VT=a)/12(1 = VT = a)V/6¢!/6
(1 _ a)1/16(1 + /1 — a)1/4(1 _ a)l/ﬁ(a/q)—1/12(1 _ a)1/24(a/q)_1/12

_ (el a)/g®
0@ (afg

To identify both sides of (4.24) in terms of theta functions, we turn again to
(2.10)—(2.12), (4.3), (4.6), and (4.10) to deduce that

20(¢)x(=¢")  _ x*(@)

(=g )x*(—x(=¢*)  x*(—q)

Using (4.15) with ¢ replaced by ¢2, we can simplify the last identity and find
that

+ 1.

2x2(¢*) _ X(g)
X CEX  x2(—q) b
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Applying the definition (2.3) of x and invoking Euler’s identity (2.13), we find
that

2(—¢;9)3% (=0 0*)oo (—0" 4o (—0" 6% = (4 0)3% (—a: )5 + 1.
Equating the coefficients of ¢’V on both sides of this equation, we finish the
proof. (I

Remark. Theorem 4.9 is equivalent to Conjecture 3.37 in Sandon and Zanello’s
paper [16].

Example 4.10. Let N = 4 in Theorem 4.9. Then Dg(4) = 6422+ (g) +3=16
and Dr(4) =2+ 42 + 1+ 2(}) + 1 = 32; the desired partitions are given by

4y==4g=3, 41, = =2,4+2,=---=2,+ 1,41
dp=dy=3,+1y=- =242, =2, 41,41, = - =1, +1,+1,41,.

Theorem 4.11. Let S denote the set of partitions into eight distinct colors,
with the red, blue, and yellow parts appearing at most once with even parts,
with the green parts appearing at most once with odd parts, with three additional
colors appearing at most once with odd parts in multiples of 5, and with one last
color appearing at most once with parts in multiples of 10. Let T denote the
set of partitions into eight distinct colors, with the red, blue, and yellow parts
appearing at most once with odd parts, with the green parts appearing at most
once with even parts, with one further color appearing at most once with odd
parts in multiples of 5, and with parts in 3 additional colors parts appearing
at most once with parts in multiples of 10. If Dg(N) denotes the number of
partitions of N into distinct elements of S, and if Dp(N) denotes the number
of partitions of N into distinct elements of T, then, for all N > 1,

Ds(N) = Dp(N —1).

Proof. First we recall the parameterizations [7, p. 284, equations (13.4), (13.5)],
[7, p. 285, equations (13.10), (13.11)], and [7, p. 286, equations (13.11)]

<a5)1/85p+m2+5m (ﬂ_5>1/8pm1

Ié; 4m? ’ « 4 ’
((1—ﬁ)5)1/8_p+m+1 ((1—04)5)1/8_5p—m2—5m
l1—a N 4 ’ 1-p N 4m? ’
2
3q1/8 _ PH3mM—5 3y1/8 _ pEm”—3m
() 4m ’ (7 4m ’

where § has degree 5 over o and p = (m? — 2m? + 5m)/2. Indeed, by simple
elementary algebra, we can find that
(4.25)

5 1/8

(2)" - stenprs oy - (2) a0 - aprza - g
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Next, extract the real cube root on each side of (4.25) to obtain the equation

1/24 1/24
(4.26) (%5) - (%5) =231 —a)"/5(1 - B)"/°.

Divide both sides of (4.26) by 22/3(1 — a)'/%(1 — 8)/6 to achieve the resulting
identity
(L=B)V*2(B/*) "
22/3(1 — a)V2(a/q) 724 (1) 2(a/q) =/ (1 — B)V4(B/q°)~1/®
_, {a(1 - a)/g} V12
22/3(1 — a)VB(a/q) =124 (1 = B)VA(B/q®) 1 /8{B(1 = B)/a>} /22
Applying (2.10)—(2.12) from Lemma 2.1 in the last identity, we deduce that
X*(=¢") 4 X*(q) 1
X=X (=?)x*(=¢°) " x(=a)x*(=¢°)x*(¢°)
Applying the definition of x in (2.3), and Euler’s identity (2.13), we obtain the
g-product version of the foregoing equation, namely,

(4 Doe(~ PN (0 o _ (G DG V(0%
(—q'%:¢'%)3 (4% "%
Equate the coefficients of ¢V on both sides of this equation to complete the
proof. (I

+ 1.

Remark. Theorem 4.11 is equivalent to Conjecture 3.40 in Sandon and Zanello’s
paper [16].

Example 4.12. Let N =5 in Theorem 4.11. Then Dg(5) =4+3+3+3=13
and Dr(4) =1+ 3% + 3 = 13, with the desired partitions being given by

By=-=b3=4, +ly=-=3,+2=--- =2, +2,+1,=---;
4g =3, 4+1p=-=2,+ 1, +1, =

5. Proofs of twelve conjectures using modular equations of degree 3

Theorem 5.1. Let S denote the set of partitions into twelve distinct colors,
with the red parts appearing at most once with parts congruent to +1 modulo
6, with five colors appearing at most once with parts congruent to +£2 modulo
6, and with six colors appearing at most once with parts in multiples of 3. Let
T denote the set of partitions into twelve distinct colors, with the red parts
appearing at most once with parts congruent to +2 modulo 6, with five colors
appearing at most once with parts congruent to =1 modulo 6, and with siz
colors appearing at most once with parts in multiples of 3. If Ds(N) denotes
the number of partitions of N into distinct elements of S and if Dr(N) denotes
the number of partitions of N into distinct elements of T, then, for all N > 1,

Dg(N) = Dp(N —1).
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Proof. First we recall the parameterizations [7, p. 232, equations (5.1)]

<ﬂ_3>“8 _m-1 <w)”8 _m+1

a 2 11—« 27

a? 1/8_3—|—m (1-a) 1/8_3—m

B - 2m 1-8 o2m
where 8 has degree 3 over . Indeed, by simple elementary algebra, we can
find that

6.1) (a—g)ws - (5_3)1/8 = 2(1- )i - ),
B Q@
Next, divide both sides of (5.1) by 2(1 —a)/4(1 — 3)'/* to obtain the equation
(LB (B/g*)"/?
2(1 — )V 2(a/q) =124 (1 — )/ (a/q) /3 (1 = B)Y (B /q) >/
{a(t —a)/q}~ /"
~ A=) 72 (alq) (1 = B)VR(5/q7) AL — B (Blq) 5 -
From (2.10)—(2.12) in Lemma 2.1, we find that the foregoing identity can be
written as

x*(=4%) _ x*(9)
XCOX AN () XN ()
Hence, applying the definition of y in (2.3), we obtain the g-product form of
the last identity, namely,

2. .2\4 3. .,3\5
—¢; @)oo (0?4 (=5 q
( )w((_qﬁ, qz;;j( o _ 4= @)oo (=0 ) s (0% ¢) oo (=% )5 + 1.

+ 1.

Equating the coefficients of ¢’V on both sides of this equation, we finish the
proof. (I

Remark. Theorem 5.1 is equivalent to Conjecture 3.34 in Sandon and Zanello’s
paper [16].

Example 5.2. Let N = 4 in Theorem 5.1. Then Dg(4) = 5+ 6 + (g) =21
and Dr(3) =645+ (g) = 21, with the relevant partitions being given by

i=dg=- - =45=364+1, = =2, 4+25="- ;
31=-=34=2+15=---=1;+1g+13=--- .

Theorem 5.3. Let S denote the set of partitions into four distinct colors, with
the red and blue parts appearing at most once without multiples of 4, and the
green and pink parts appearing at most once with parts in multiples of 3, but
not multiples of 4. Let T denote the set of partitions into four distinct colors,
with the red and blue parts appearing at most once without parts congruent to
2 modulo 4, and the green and pink colors appearing at most once with parts in
multiples of 3, but not congruent to 2 modulo 4. Let Dg(N) denote the number
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of partitions of N into an odd number of distinct elements of S, and let Dy(N)
denote the number of partitions of N into distinct elements of T. Then, for all
N >2,

Dg(N)=2Dp(N —2).

Proof. First we recall the parameterizations [7, p. 233, equations (5.2), (5.5)]
(m —1)(3+m)? (m —1)3(3+m)

(5.2) “= 16m3 » P= 16m ’
B (m+1)(3—m)3 B (m+1)3(3 —m)
(5-3) I-a= 16m3 » 1=0= 16m ’

where 8 has degree 3 over a. By simple elementary algebra, we can check that
(5.4)

1/ 1B - Vad=2{1-a) -1 {{(1-a)(1-8))/+(a8) /1)

Next, multiply both sides of (5.4) by 2 and extract the square root on both
sides of the resulting identity to obtain the equation

(655 1+ VI (14 VI B — (- V- @) 21— T B)2
=21 - a)(1 - AP {1 - )1 = BI/* + (ap)/1} .
Rearranging terms and multiplying both sides of (5.5) by (af)'/%, we arrive at
(5.6)
(@)1 + VI =) 2(1+ V1= = 2af) {1 - 0)(1 - B)}**
= (@B)* (1= VI =a)'?(1 = /1= B)"? +2(aB)*{(1 - a)(1 - B}/

Multiply both side of (5.6) by (QB)I/Q{(lfi)(l_ﬂ)}l/g. Hence,
(5.7)
29(ap)"/* 4 ((1 —a)(1 - ﬁ))“‘*
(=)A= pPAQ-VI=a) 20— vI=p2 I\ ap
(ap)'/*
= 2q + 4q.
(- A+ VI (1 V1572

First, from (2.8) and (4.8),

Paf* () _ <<1a><1 ﬂ))”“
) Y ) B N |
Second, from (2.8), (4.1), (4.3), and (4.8),

a2 (=% & (=g")e*(—=¢")
(=" 2 (—=4"?) ¢*(—9)¥*(—4*)

2(1(@6)1/4
{(1—a)(1=p)}/3(1 - VI —a)/2(1 — VT =)}/

(5.9)
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Third, from (2.8), (2.12), (4.1), (4.2), (4.5), and (4.15),
2= ) ( )

* (=) (—a*)x*(¢*)x*(¢°)
4 fA-a)f ( @°)p(=a*)p(—4°)

* (=) (—=®)x* (= a*)x*(—¢°)e(a?)(¢°)

(a6)1/4
{1-a)1 =B+ VI—a)/2(1+ 1= B)1/2
Hence, from (5.7) and (5.8)—(5.10), it suffices to prove that
(5.11)
=02 (=a°) (WQ(—Q4)<P2(—Q12) _ ) _ g =02 (=a°)

=) (=a) \ ¢*(=9)¥* (=) ©*(—0)e*(—a*)x*(a*)x*(¢°)
Applying the definitions of ¢, f, and x from (2.1), (2.2), and (2.3), respectively,
we can convert (5.11) into ¢g-products, namely,

(5.10) 4¢*

+ 4q.

(9% (-0%¢")% (93¢ ¢%)%
(=% M) (=¢":¢")3 (a%4")3(¢"%54"%)3,
_ e COSCGO
(=¢% )3 (=¢% ¢")%
Equating the coefficients of ¢"V on both sides of the last equation, we finish the
proof. O

Remark. Theorem 5.3 is equivalent to Conjecture 3.42 in Sandon and Zanello’s
paper [16].

Example 5.4. Let N =5 in Theorem 5.3. Then Dg(5) =2 +4+2 =8 and
Dr(3) = 4. The partitions that we want are given by

57‘:5b:37‘+17‘+1b:3g+17‘+1b:' =242+ 1, =24 25+ 1y
3,=3,=3,=3,.

Theorem 5.5. Let S denote the set of partitions into five distinct colors, with
the red and blue parts appearing at most once without odd multiples of 3, the
green color appearing at most once with parts congruent to +2 modulo 12, and
the pink and orange colors appearing at most once with odd multiples of 6. Let
T denote the set of partitions into five distinct colors, with the red and blue
parts appearing at most once but not in odd multiples of 3, the green color
appearing at most once with parts congruent to +4 modulo 12, and the pink
and orange colors appearing at most once with parts in multiples of 12. Let
Dgs(N) denote the number of partitions of N into distinct elements of S, and
let Dp(N) denote the number of partitions of N into distinct elements of T.
Then, for all N > 1,

Dg(N) = 2Dy (N —1).
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Proof. Recall the parameterizations for « and g of degree 3 given in (5.2) and
(5.3). By simple elementary algebra, we can check that

(1+vVI—a)(14+/1-8) + 1=vVI—a)(1—/1—5) + 22722

m?+3\° (1—a)y1/8)2
_ — Joal/481/4 49 { } _
() ool =5
Next, extract the square root on both sides of the last identity and rearrange
the resulting identity to obtain the equation

(5.12) (14+VI—a)?20+/1-pY2+(1-Vi—a)/?2(1-/1-p)2
_2a1/4g1/4
@ —a)dy s
N 2{ 1-p } '
Extracting the square root on both sides of (5.12) and rearranging the resulting
identity, we find that
(5.13)
1— 1/16
(1+ /1704)1/4(1+ /175)1/4:(17 /170[)1/4(17 1 ﬂ)l/4+21/2{( Oéﬁ) } '
Dividing both sides of (5.13) by 22 {%}Vls, and rewriting the resulting
identity, we arrive at
(1fa)1/24(a/q)_1/]2zi/4(1 +JI— a)1/4(176)1/24(6/q3)_1/12 1/4(1+ /—1*ﬁ)1/4
2V2(1 = a)1/5(a/q) 1122 (1 = ) I6{B(1 = B)/g?} /1225 (1 — )1/
q
21/2(1 a)/6(a/q) YV 2(1—a) /48 (1+/T—a)V2(1—y/T—a)V6qV/6
1
=BV +VI= )V E(—T= By Vg (31— 5) [} 2
Hence, from (2.10), (2.11), (2.12), (4.2), (4.5), and (4.10), it suffices to prove

that
—*)Vol?)x(=¢°)/e(¢®) 2q

= + 1.

—)Ve(—=2)x2(3)Ve(—¢%)  XP(=a)x(—q")x(—q"?*)x*(¢?)

Using the formula (4.15), we find that

+ 1.

x(@*)x(@®) 2q 1
X(=0x*(@®)  xP(=ox(=a)x(=a)x*(¢®)
Applying the definitions of x from (2.3), we can convert the last equation into
g-products, namely,

(-4 0% (0% oo (0" 000 _ (005 (0" ¢ oe(~471¢ )

(—43:¢%)2, (=435 ¢%)%

o0

+ 1.
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Equating the coefficients of ¢ on both sides of the last equation, we finish the
proof. O

Remark. Theorem 5.5 is equivalent to Conjecture 3.46 in Sandon and Zanello’s
paper [16].
Example 5.6. Let N =5 in Theorem 5.5. Then Dg(5) =2+2%2+ (3)-2 =12
and Dr(4) = 6. The partitions that we want are given by

5T:5b:47‘+1b:' : ':2r+2g+17":' )

4T:417:4g:2r+2b:2r+17‘+1b:2b+1r+1b-
Theorem 5.7. Let S denote the set of partitions into nine distinct colors, with
the red and blue parts appearing at most once with multiples of 6, the green and
pink colors appearing at most once with parts congruent to -1 modulo 6, the
orange color appearing at most once with parts congruent to =2 modulo 6,
and the remaining four colors appearing at most once with parts that are odd
multiples of 3. Let T denote the set of partitions into ten distinct colors, with
the red, blue, green, and pink parts appearing at most once in multiples of 6,
the orange color appearing at most once with parts congruent to +1 modulo 6,
the yellow color appearing at most once with parts congruent to 2 modulo 6,
another two colors appearing at most once with parts congruent to +2 modulo
12, and the remaining two colors appearing at most once with parts that are odd
multiples of 3. Let Dg(N) denote the number of partitions of N into distinct
elements of S, and let D (N) denote the number of partitions of N into distinct
elements of T. Then, for all N > 1,

Dg(N) =2Dr(N —1).

Proof. We again recall the parameterizations for o and § given in (5.2) and
(5.3). By simple elementary algebra, we can find that

A+vVI—a)1—vI—B)
—mt+4m3 +18m2 —12m -9  (m+3)(m —1)y/(m +1)(3 —m)
16m2 dm/m
= a1 {ap(l — @)1 = B)}/* = 224141 —a)(1 - B)}/5.
Extract the square root on both sides of the resulting identity and rearrange
terms to obtain the equation

(5.14)  a'/8BY8 = (14+VI—a)/?(1—/1 = B) 2 +{aB(1—a)(1-B)}/5.
Dividing both sides of (5.14) by {a8(1—a)(1—B)}'/® and rearranging terms,
we arrive at
{a(1—a)/q} > {B(1-B)/¢*} />
(L—a)V2(a/q) V24 (1= B)V(B/q?)/>
_ (=) (/)01 + VI - )
~ T =a) 2o/ (1= B)VE(F /)
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1
(= B+ VI= B/ — V1= B) Vg /a1 — ) s
which can be transformed into

x(@x(¢®) X2(—=¢*)e(q?)
x(—)x(—¢%) 2qx(*q)x(*q?’)xz(*(112)@(*(12) h
by (2.10), (2.11), (2.12), (4.2), (4.5), and (4.10). Applying (4.15), we check
that

X 1

)

x@x(@®) . xX*(a%)
X(—a)x(=¢*) X(=)x(=¢*)x*(—4"?)
Applying the definitions of y from (2.3), we can reformulate the last equation
and deduce that

(—4:0°)2 (=0 0% oo (=03 4°) % (—0°%; ¢%) o
=2¢(—4; Qoo (—*; ¢*) oo (=% ¢*) 20 (—"%: ¢'%) % + 1.

Equating the coefficients of ¢ on both sides of the last equation, we finish the
proof. (I

+ 1.

Remark. Theorem 5.7 is equivalent to Conjecture 3.49 in Sandon and Zanello’s
paper [16].

Example 5.8. Let N =4 in Theorem 5.7. Then Dg(4) =1+4-2+1=10
and Dr(3) = 5. The partitions for this example are given by

Ao=31+1,=314+1,=---=34+1,=- - =2,41,+1,;
33=34=2,+1,=21+1,=25+1,.

Theorem 5.9. Let S denote the set of partitions into ten distinct colors, with
the red, blue, green, and pink parts appearing at most once in multiples of 6,
the orange color appearing at most once with parts congruent to +1 modulo 6,
the yellow color appearing at most once with parts congruent to +£2 modulo 6,
another two colors appearing at most once with parts congruent to =4 modulo
12, and the remaining two colors appearing at most once with parts that are
odd multiples of 3. Let T denote the set of partitions into nine distinct colors,
with the red and blue parts appearing at most once in multiples of 6, the green
and pink colors appearing at most once with parts congruent to £1 modulo 6,
the orange color appearing at most once with parts congruent to +2 modulo 6,
and the remaining four colors appearing at most once with parts that are odd
multiples of 3. Let Dg(N) denote the number of partitions of N into distinct
elements of S, and let Dy (N) denote the number of partitions of N into distinct
elements of T. Then, for all N > 1,

Ds(N) = 5 Dr(N)
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Proof. Consider once again the parameterizations given in (5.2) and (5.3). By
simple elementary algebra, we can check that

1-vV1—-a)(l++/1-0)

—mt+4Am? +18m?2 —12m -9  (m+3)(m—1)y/(m+1)(3—m)
16m? + dm+/m

oMYt {aB(l = a)(1 = B)}V 4 22 BVH(L — )(1 - B)} R

Extract the square root on both sides of the resulting identity to obtain the
equation
(5.15)  (1—vVI—a)2(1+/1—B)Y2 = /88 4 {aB(1—a)(1-B)} /5.
Dividing both sides of (5.15) by {af8(1—a)(1—B)}*/® and rearranging terms,
we arrive at

(1_@1/12(6/(13)—1/6%/2(1 +I=B)V/2

(1=) 2 (afq) /24 (1= )V 2(B/ g )1/

1
Z;/Q(l_6)1/8(1_a)1/24(1+M)1/6(1_M)—l/?;ql/?)
__{a(l—a)/q}"{B(1-B)/¢*} V" 41

(1—a) Y24 (of g/ 2(1=B)V24(B/q®) V2~

which is equivalent to

X*(=a%)e(d°) _ X))
x(ﬂl)x( q )w( q )x( ) x(=®)x(=¢%)
by (2.10), (2.11), (2.12), (4.2), (4.5), and (4.10). Applying (4.15), we arrive at
2x*(¢%) X @)X L1

X(x(=a*)x*(—¢*)  x(=*)x(—4¢°)
Employing the definition of x from (2.3), we can derive a reformulation of the
last equation into g-products, namely,

2(—¢; 0o (— 0% 0°) oo (=0 ") 2 (% 4')%
= (~4:0*)5% (—0*: 4*) oo (=0% 4°) 2 (—4%: %) o + 1.
Equating the coefficients of ¢"V on both sides of the last equation, we finish the
proof. O

Remark. Theorem 5.9 is equivalent to Conjecture 3.50 in Sandon and Zanello’s
paper [16].
Example 5.10. Let N = 4 in Theorem 5.9. Then Dg(4) = 5 and Dr(4) =
1+4-241=10. The partitions that we seek are given by
4y=41=45=35+1,=34+1;
4o=3141,=314+1,=- =344 1= -=2,41,41,.
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Theorem 5.11. Let S denote the set of partitions into ten distinct colors, with
the red, blue, green, and pink parts appearing at most once in multiples of 6,
the orange color appearing at most once with parts congruent to +1 modulo 6,
the yellow color appearing at most once with parts congruent to 2 modulo 6,
another two colors appearing at most once with parts congruent to +4 modulo
12, and the remaining two colors appearing at most once with parts that are odd
multiples of 3. LetT denote the set of partitions into eleven distinct colors, with
the red, blue, green, and pink parts appearing at most once in multiples of 6,
the orange color appearing at most once with parts congruent to +1 modulo 6,
the yellow color appearing at most once with parts congruent to +4 modulo 12,
another two colors appearing at most once with parts that are odd multiples of
3, and the remaining three colors appearing at most once with parts congruent
to £2 modulo 12. Let Dg(N) denote the number of partitions of N into distinct
elements of S, and let D (N) denote the number of partitions of N into distinct
elements of T'. Then, for all N > 1,

Ds(N) = Dr(N — 1),
Proof. Referring to the formulas (5.14) and (5.15), we can check that
(5.16) (1 VI—@) 21+ /1= B2
= (L+V1I-a)?(1 = 1-5)"? +2{af(l - a)(1 - B}/,
where (3 has degree 3 over a. Next, divide both sides of (5.16) by 2{a8(1—

a)(1—pB)}'/® and rearrange terms to obtain the equation

(L= ) 2(8/4%) 021 + VT —B)'/2
2(1 _ a 1/12(a/q) 1/24(1 _ )1/12(6/(13)—1/24
1
A B+ VI a) /51— VI= @) /3gas (1= p)
(- 2(a/q) "o (14 VT =)'
q2(1 _ a)1/12(a/q)—1/24(1 _ ﬁ)1/12(6/q3)—1/24
1

1.
BB T3 (1~ T B) g (- a5
Utilizing (2.10)-(2.12), (4.2), (4.5), and (4.10), we arrive at
X*(=¢%)¢(¢%) _ X*(=¢*)¢(e®) +1

XCOXEEECe(—®)  XCx (P (D)
which can be transformed into
x*(¢%) _ X*(¢*)
XA~ XX (—E(—a)
by (4.15). Applying the definition of x from (2.3), we can convert the last
identity into g-products, namely,

(=43 @)oc(—0°; ¢%) o (—a*; 62 (=% ¢"%) 2,

+1,
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= 4(~4 oo (—0*; 6*)oo (% 412 (—4'% 4% + 1.
Equating the coefficients of ¢ on both sides of the last equation, we finish the
proof. (I

Remark. Theorem 5.11 is equivalent to Conjecture 3.48 in Sandon and Zanello’s
paper [16].

Example 5.12. Let N = 4 in Theorem 5.11. Then Dg(4) =5 and Dr(3) = 5.
The illustrative partitions are then given by

4y:41 :42:33+10:34+10;

31=32=23+1,=24+1,=25+1,.
Theorem 5.13. Let S denote the set of partitions into eight distinct colors,
with the red and blue parts appearing at most once with even parts, the green
and pink parts appearing at most once with parts congruent to +2 modulo 12,
and the remaining four colors in parts appearing at most once with odd multiples
of 3. Let T denote the set of partitions into eight distinct colors, with the red
parts appearing at most once with odd parts, the blue and green parts appearing
at most once with even parts, the orange parts appearing at most once with
odd multiples of 3, and the remaining four colors appearing at most once with
parts in multiples of 12. If Dg(N) denotes the number of partitions of N into
distinct elements of S, and if Dy(N) denotes the number of partitions of N
into distinct elements of T', then, for all N > 2,

Ds(N) =4Dp(N —2).
Proof. Return to (5.2) and (5.3), and use simple elementary algebra to deduce
that
(5.17) —alB(1— )8 = —al/8(1 - B)*/® + B35 (1 — ) /8.
Next, multiply both sides of (5.17) by 81/#(1—3)/8 and add «'/85'/® on both
sides of the resulting equation to obtain the equation
a!/BBYE —{ap(1 - a)(1 - /I
— l/3p1/8 _ (a6)1/8(1 _ B2 +ﬁ1/2(1 _ a)1/8(1 _ BV,

Using (5.14) on the left-hand side of the last identity, we arrive at
(5.18)

(1+ /1 _ a)l/?(l_ /1 _ 6)1/2:a1/8ﬁ1/8(1_ /1 _ ﬁ)+ﬁ1/2(1_a)1/8(1_6)1/8
Divide both sides of (5.18) by 8Y/2(1 — a)¥/8(1 — 8)/8 to deduce that

(1+ V1 —a)/?
=) F 1=+ VT-B)1/
041/8(1 /1= 5)2/3

(- (1 + I B
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Rearranging terms in the last identity, we find that
VA +v1—a)' 2z - 8){B( - B)/¢*}
V(L — )l /8 /z5(1 + T = B)1/2(1 — B)1/12(B/q%)~1/6
_ 2 {a(l —a)/q} ' PH{B(L - B)/¢*} />
=q (1 — a)/12(a/q)"Y/6(1 — B)/2(1 + /1 = B)L/3(1 — /I — B)2/3g
Hence, from (2.10), (2.12), (4.2), (4.5), and (4.10), it suffices to prove that
P IxMe’) 2 x(@)x(d’)

+ 1.

=4q +1,
(=q%)p(a®)x?(—q°) X2 (=¢*)x*(—q'?)
which can be transformed into
20,2\ 4(,3 3
XEOXe) e x(a)x(d) b,

= 4aq
X2 (=¢?)x*(¢%) X2 (=¢?)x*(=¢"?)
by (4.15). Employing above the definition of y from (2.3) and Euler’s identity
(2.13), we can find that

(—¢% ¢*)% (=0 4" % (=¢*: )%
(—a%¢")%,
= 46*(=4: )0 (—0% ¢* )2 (—0°1 V)0 (=01 4™ )5 + 1.
Equate the coefficients of ¢’V on both sides of the last equation to finish the
proof. (I

Remark. Theorem 5.13 is equivalent to Conjecture 3.41 in Sandon and Zanello’s
paper [16].

Example 5.14. Let N = 5 in Theorem 5.13. Then Dg(5) = 4-4 = 16 and
Dr(3) = 4. The partitions that we need are given by

31+2T:...:34+2T:31+29:... :
3r=30=241,=2,+ 1,.

Theorem 5.15. Let S denote the set of partitions into four distinct colors,
with the red, blue, green, and orange parts appearing at most once with parts
either congruent to =1 modulo 6 or congruent to =4 modulo 12. Let T denote
the set of partitions into four distinct colors, with the red, blue, green, and
orange parts appearing at most once with parts either congruent to +1 modulo
6 or congruent to £2 modulo 12. Let Dg(N) denote the number of partitions
of N into an odd number of distinct elements of S, and let Dyp(N) denote the
number of partitions of N into an odd number of distinct elements of T'. Then,
for all N > 3,
Dg(N)=Dp(N —2).

Proof. Recall the parameterizations for o and f of degree 3 given in (5.2) and
(5.3). By simple elementary algebra, we can check that

1-vVI—a)l+I-8)—(1+vVI—a)l-+/1-5)



1020 B. C. BERNDT AND R. R. ZHOU

_ (m—1)(3+m)y/(m+1)(3—m)
2m~/m
o (1=t (1—a)®/H

=m «

- +8a 1/251/2( )1/4
a=p7 A= (=B
1/4

Next, multiply both sides of the last identity by q%, apply the

identity 1 — V1 —a = #, and rearrange the resulting identity to obtain

«
the equation

g1 =)'+ VT=F) 5 o'?(1—a)'/?
(1_a)1/451/2(1+m) m qﬂ1/2(1*,3)1/2
q(l _ 5)1/4041/6(1 + M)l/S(l _ M)Q/B (1 _ a)l/Qﬂl/Q

- (1— ) /481/6(1 — /T —)2/3(1+ VT = B)1/3 (1—B)1/2al/? + 8¢,
which can be rewritten as
(1=8)"3(8/¢*) V5 (1-B)Y5(8/¢*) V3 2(1+v/T=B)z1(1 — a)'/*
(1=a)¥3(a/q)~ Vo (1—a)5(a/q) =321 (1+V1-a)z3(1 - B)/4
A - )P a/g) (1B (B/g*)
25(1 = B)*3(8/a*) /S (1—a)Vo(a/q)~ /3
2 (1=8)3(8/°) Vo (1-a) /21 +V1—a) V3 (1 - VT —a) 3¢*/®
(1—a)V3(a/a) V81— ) R(L+T=B) P (1—T—B) 7¢?
222 (1 — a)*3(a/q)"/025(1 — B)/°(B/4%)*/*
23(1 = B)23(B/q*) /623 (1 — a)V/8(a/q)?/3
Hence, from (2.8), (2.11), (2.12), (4.2), (4.5), (4.8), and (4.10), it suffices to
prove that

+ 8q.

XA (=) (O)* (=) X (=4
)X ()2 (—)92(@®)  FA=)x(—?)
=P =¢Y) =9 (=d?)
q{ —O ) )T (q4>}+8"‘
Using (4.15), we arrive at
X=EXE) A Eoxt (=4

x4(*q)x4(q2) AN (=)
_ qz{x4(—q3)x4(—q4) o (=4?) } L 8.
XH=ax(=¢"?) (=) fH(=qY)
Applying the definitions of f and x from (2.2) and (2.3), respectively, we can
convert the last equation into ¢g-products, namely,

(—¢; 9)a. (=4 q”) (93, (¢% ¢"*)3,

(=% ) (a5 ¢Y)s (35634 (5 a)%




PROOFS OF CONJECTURES OF SANDON AND ZANELLO 1021

_ qz{ (@05 (=0"%d)5 (@ a)5(@*?a?)5

(—¢% ) (-a5 e (@) (a5 ek
Equating the coefficients of ¢"V on both sides of the last equation, we finish the
proof. O

}+8q.

Remark. Theorem 5.15 is equivalent to Conjecture 3.29 in Sandon and Zanello’s
paper [16].

Example 5.16. Let N =5 in Theorem 5.15. Then Dg(5) = Dr(3) = 4. The
partitions that we want are given by

Br="5p=5y="5o;
Lt lp+1y=1p + 14+ 1o=1,4 1o+ 1, =1, +1,+1,.

Theorem 5.17. Let S denote the set of partitions into four distinct colors, with
the red and blue parts appearing at most once with parts not congruent to 0 or
+2 modulo 12, the green parts appearing at most once with parts congruent to
+2 modulo 12, and the orange parts appearing at most once with parts congruent
to £1 modulo 6. LetT denote the set of partitions into four distinct colors, with
the red and blue parts appearing at most once with parts not congruent to 6 or
+4 modulo 12, the green parts appearing at most once with parts congruent to
+4 modulo 12, and the orange parts appearing at most once with parts congruent
to +1 modulo 6. Let Dg(N) denote the number of partitions of N into an
odd number of distinct elements of S, and let Dr(N) denote the number of
partitions of N into distinct elements of T'. Then, for all N > 2,

Dg(N) = Dr(N —2).

Proof. Recall the parameterizations for a and f of degree 3 given in (5.2) and
(5.3). By simple elementary algebra and the equation (5.12), we can find that
(5.19)

A+VI—a) 41+ /1B (1 —VT—a)V* 1~ /1-B)V* = 21/2{( 5)3}1/16.

11—«

Next, applying (5.13) and (5.19), we can also check that
(5.20) (1—vVI—a)*1—/1-B)Y* =1 +VI—a)V4(1+/1-p)Y*
+ 1 {1+ a 1/ 1+ 1 1/4 /1 04)1/4(17 /175)1/4}

mol/2 (1- a)9/1 (aB) 1/4 13.91/2 53/8(1 - 0‘)3/16(@6)1/4
(1— B)3/16 al/8(1— B)1/16

Multiplying both sides of (5.20) by ﬁi /;2(1 Z;(}lg(cz;/)i and rearranging the

resulting identity, we obtain

91/2 1++/1-5 al/8(1 — p)1/16 ) al/8(1 — a)3/8
q(1+\/1—a)1/4(1+M)1/4 53/8(1 _ a)3/16 -m ‘JW
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1-1—-38 1/8(1 _ B)1/16
:21/2q p a( B) + 64,

(I—vI—a)V41—/I=PB)V4 B3/3(1 — o)3/16

which is equivalent to

21/2{a(1—a)/q}_l/s(l—5)1/24(ﬁ/q3)_1/12z§/4(1+ /—1—5)1/4«2%/4(1 _ a)l/lﬁ
(1—a)Y8(a/q)~YVH{B(1-B) /@) Y21z (1 + VT —a)/iz/ (1 - p)1/16
x (1=B)Y#(1+/1-B)V5(1—/1-B) V3¢
212723 {a(1-a)/q} V922 (1 — a) V4 (a/q) /52131 B)V*4(B/q%) V2
- 23274/3(1 _5)1/12([3/(13)1/321/3(1 _a)1/24(a/q)71/1221/6(1 _5)1/12(5/Q3)71/24
o 2Y%{a(l-a)/q) Vo 2 A 4 VT )iz P 1 - )
4 R B) YA (14 T—B)V2(1—/T—B) VoqV221 /5 {B(1—B) /g°} V/**
X 1 —+
22/3(1— B)V2(B/q3)~ Y621/ (1 — a)1/162)*2-1/2(14/T—B)V?

Hence, from (2.9), (2.10), (2.11), (2.12), (4.2), (4.5), (4.8), and (4.10), it
suffices to prove that

X (@)x(=a°)Ve@®)Ve(=a)x*(=4"?) A (=¢*)x*(=9)x(—=¢°)
X=X (@) e(=4®)\/ v (q?) fA=a?)x(=*)x(—¢%)
pw X*(9)vela?)p(=4°)
X(@®)x* (=) v/ o(—a*)(d®)x(—q"?)
Using the formula (4.15), we find that
X @x(@®)x*(=¢")  (=*)x*(=a)x(=¢°)
X(=*)x(@*)x(¢®)  fA(=g"2)x(—¢*)x(—¢*)
2 X*(@)x(¢®
=% x(q?’)x(—qg);QEqG%x(—qm) 04
Applying the definitions of f and x from (2.2) and (2.3), we can rewrite the
last equation in the form

(=% )% ()% (=% ) (6%6°)2%(¢:0%)2 (6% ¢")

(—a'%¢")20 (=% ¢Y) oo (=% 0% e ('%50"2) 2 (675 0% )00 (6% 4%) oo

P (41613 (0% ¢*) oo (—4% ¢") o (=01 ¢'?)
(=% ¢%) 0o (=% a*)Z

Equate the coefficients of ¢"V on both sides of the last equation to complete the
proof. (I

6q.

+ 6q.

= + 64q.

Remark. Theorem 5.17 is equivalent to Conjecture 3.43 in Sandon and Zanello’s
paper [16].
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Example 5.18. Let N = 5 in Theorem 5.17. Then Dg(5) =3+2-(3) =9
and Dr(3) =2+2-341=29. The partitions that we want are given by

5"":5b:50:37“+1r+1g:' RN
3,=3p=2,+1,=2,+1p=---=1,.+1,+1,.

Theorem 5.19. Let S denote the set of partitions into four distinct colors, with
the red and blue parts appearing at most once with parts not congruent to 0 or
+2 modulo 12, the green parts appearing at most once with parts congruent to
+2 modulo 12, and the orange parts appearing at most once with parts congruent
to £1 modulo 6. Let T denote the set of partitions into seven distinct colors,
with the red parts appearing at most once with parts that are not odd multiples
of 6, the blue parts appearing at most once with parts in multiples of 3 but not
odd multiples of 6, the green and orange parts appearing at most once with parts
congruent to £2 modulo 12, and the remaining three colors appearing at most
once with parts congruent to +4 modulo 12. Let Dg(N) denote the number of
partitions of N into an odd number of distinct elements of S, and let Dr(N)
denote the number of partitions of N into distinct elements of T. Then, for all
N >2,
Ds(N)=Dp(N —1).

Proof. Recall the parameterizations for a and f of degree 3 given in (5.2) and
(5.3). By simple elementary algebra, (5.13), and (5.19), we know that

1 (1fﬂ)3 1/16 (1fa)3 1/16
V11— a4 g4 —_— ]\ " F) AV
1+Vi-a)" {1+ v1-5) 21/2{{ I-a } +{ 1-3 } }
Next, we can also check that

(5.21)
1-— (aﬁ)l/zl + (1 _ ﬁ)l/Q _ (m + 1)(3 — m) n (m + 1) (m + 1)(3 _ m)

dm 4\/m

_ {m21/2{7(111?3}3/16+23/2(%3)1/8{(111023}1/16}(1+\/E)1/4(1+ﬂ)l/‘l.

Dividing both sides of (5.21) by (14+/1—a)Y4(1++/T1—pF)"* and rearranging
the resulting identity, we obtain
VDY gy
(1+1—a)¥4 1-p
(a5)1/4 52 B3\Y8 ((1—a)3y /16

vy e R v B e S

A+vI—a) /4 (1+/I=B)V4 a 1-8
1/8 1/16

Divide both sides of the last identity by 271/2¢~1 (%3) {(1:%)3} to find
that

2'/2{a(1—a) /g /8 (1=B)V24(B/q") VP2 (14 VT=B) V12 (1 — )10

(1) V3(a/q)VH{B(1-B)/a*} /212 (1 + VT = a) /425" (1 — p1/as
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BV 1+/1-B)V0(1-/1-8) "¢
212723 a(1—0)/q}V521/2(1 — ) /4(a/q)"V521/3(1— B)V2*(5/q) V"
T 232 43(1— BYVR(B/¢3)V321/3(1— ) V24(a/q) - V22L/S(1— B)V2(3/q5) /2
_ 2{21°(1-B)'*4(8/q*) VY32V {B(1—-B) g’}
T 2V6(1—a)V2(a/q) V2025 2(1— o)/ B(1+ /I o)V 2(1— /1—a) Y6qV/6
1
RV (1 )P (aq) VEITR(1 B4 TRV R(1 TR Vg

Hence, from (2.9), (2.10), (2.11), (2.12), (4.2), (4.5), (4.8), and (4.10), it suffices
to prove that

X @x(=a")Ve@®) Vo= (=4"?)  FP(=*)x*(=g)x(=¢%)

Ve(=a%)veld?) =) (=¢*)x(=¢*)
20x*(=4°)x(¢*)
= 4q.

N =g (—2)

Using (4.15), we find that
P @x(@)x*(=¢"%) =) (—a)x(=¢°)
xX*(—a*)x (QQ)X(QB) (=) (=P)x(—?)
2gx*(—4°)x(¢*)
= 4q.
N =g (=)

Applying the definitions of f and x from (2.2) and (2.3), we can rewrite the
last equation in terms of g-products, namely,

(=% )2 (003 (0% ) (¢%56°)2 (002 (% %)

(=002 (=% 0N oo (=% 0%)oc (4"%0")3 (0% ¢*) o0 (%5 4%) 0

_ 2q(*q;q)oo(*(f;q2)§o(*q4;q4)oo(*q3;q6)oo(*qu;q”)oo
(—a%q%)%

Equate the coefficients of ¢’V on both sides of the last equation to finish the

proof. O

+ 4q.

Remark. Theorem 5.19 is equivalent to Conjecture 3.45 in Sandon and Zanello’s

paper [16].

Example 5.20. Let N = 5 in Theorem 5.19. Then Dg(5) =3+ 2- (g) =9

and Dp(4) =4+2+ (g) = 9. The partitions relevant to us are given by
Br=bp=bo=3,+1,+1g=---;
4,=41=49=43=3,+1,=3p+1,=2,+2,=--- .

Theorem 5.21. Let S denote the set of partitions into seven distinct colors,

with the red parts appearing at most once but not in odd multiples of 6, the

blue parts appearing at most once with multiples of 3, but not odd multiples

of 6, the green and pink colors appearing at most once with parts congruent
to +2 modulo 12, and the remaining three colors appearing at most once with
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parts congruent to £4 modulo 12. Let T' denote the set of partitions into four
distinct colors, with the red and blue parts appearing at most once with parts
not congruent to 6 or £4 modulo 12, the green color appearing at most once
with parts congruent to £4 modulo 12, and the pink color appearing at most
once with parts congruent to =1 modulo 6. Let Dg(N) denote the number of
partitions of N into distinct elements of S, and let Dp(N) denote the number
of partitions of N into distinct elements of T. Then, for all N > 1,

Dg(N) = Dp(N —1).

Proof. Applying Theorems 5.17 and 5.19 directly, we can easily complete the
proof. (I

Remark. Theorem 5.21 is equivalent to Conjecture 3.44 in Sandon and Zanello’s
paper [16].

Example 5.22. Let N = 4 in Theorem 5.21. Then Dg(4) =4+ 2 + (g) =9
and Dr(3) =2+42-3+1=09. The corresponding partitions are given by

4=41=45=43=3,+1, =3+ 1, =2, + 2=+ ;
3,=3,=2,+1,=-=1,+ 1, + 1,

Theorem 5.23. Let S denote the set of partitions into four distinct colors,
with the red and blue parts appearing at most once with parts not congruent to
2 modulo 4, the green parts appearing at most once with parts congruent to +1
modulo 6, and the orange parts appearing at most once with parts congruent to
+4 modulo 12. Let T denote the set of partitions into four distinct colors, with
the red and blue parts appearing at most once with parts that are not multiples of
4, the green parts appearing at most once with parts congruent to =1 modulo 6,
and the orange parts appearing at most once with parts congruent to 2 modulo
12. Let Dg(N) denote the number of partitions of N into distinct elements of
S, and let Dp(N) denote the number of partitions of N into an odd number of
distinct elements of T'. Then, for all N > 1,

Dg(N) = Dr(N).

Proof. Recall the parameterizations for « and g of degree 3 given in (5.2) and
(5.3). By simple elementary algebra, we can check that

a8 (1— )38
)

o)/
Multiply both sides of the equation (5.22) by 21/2% to deduce that

21/2{_(1 — a)3}1/16 - m21/2{(1 *5)3}1/16

(522)  1-(1-a)V(1-8)"" = (@B)/H{

1-p 1—a
1—q)3y3/16 3/8 (1 —q)3y1/16
:721/2{(1_%) } (aﬂ)1/4+21/2%{(1_0é) } (aﬂ)1/4.



1026 B. C. BERNDT AND R. R. ZHOU

Next, applying (5.13) and (5.19), we can also check that
(6529 (VI 0+ y/T B 1 —VI—a)V 41— T B
—V1I—a{l+VI—a)V* 1+ /1-B) +1—-VI—a)V41—/1-B)Y*}

1 — a)3y3/16 1— 1/16
7721/2{(1_0;) } (aﬂ)l/zl 21/251/8{(1_02 } (aﬂ)1/4.

/ /8(1—
Multiplying both sides of (5.23) by af/lsﬁf_lj)él/lf(fﬁ/;f/4
resulting identity, we find that

and rearranging the

51/2 1-Vi-a BUE(L - )16
I=vVI=a)V4(1—yI=B)V* a®/3(1 = a)3/16
y1/2 1+vI—a BAL—pe B —a)t
- 1+vI—a)/4(1+/T=B)V4 a3/3(1 — a)3/16 a3/8(1 — B)1/8 ’

which is equivalent to
222 {a(1-a)/qy V527 (1- BV (1+VI-B) /P (1 - vI-B) ¢/
29/4(1—a)V16(1+/1—a)V4(1—/I—a)¥/2¢/221/6{B(1—B) /g3 }V/24
21/2{(1(1fa)/q}*1/82(1fa)l/s(a/q)*1/4zf’/4T3/4(1+M)3/4z§/4(17/9')1/16
2V0{B(1=5) /@) V22V3 (1= V(B /q?) V122 (1-@)¥1025 21 (14 T=B) V4
2'2(1—a)*(a/q) " /*2(1—a)V¥(a/q) V"
B R O e e R G

Hence, from (2.10), (2.11), (2.12), (4.2), (4.5), and (4.10), it suffices to prove
that

S X @X(=a") _ XX (=) (=) (¢?) X=X’ (=¢?)
) 3

+2

) XX

3= x(@®)  x(@®)x(=a)p/2(¢°
Using the formula (4.15), we find that
Xlox(=¢®) _ X@*(@) _ xX*Eo’(=e) |,
=g x(@®)  x(@)x(@®)  x(=¢*)x(—d¢°)
Applying the definition of x from (2.3), we can rewrite the last equation in the
shape

(—4:4°)3. (=" 4")3
(—a'%¢"%) o0 (=0 ¢%) o
I 1 S G ) S U S U )

(0% 0")oc (0% 0%) e (0% 0"%)oc(@®0%) e~
Equate the coefficients of ¢’V on both sides of the last equation to finish the
proof. (I

2

Remark. Theorem 5.23 is equivalent to Conjecture 3.47 in Sandon and Zanello’s
paper [16].
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Example 5.24. Let N = 5 in Theorem 5.23. Then Dg(5) = 3+3%+2- (g) =18
and Dr(5) =3+2- (g) + (g) -3 = 18. The partitions that we want are given

by

Br=5y=5g=dg+1g=" =3, +1,+1g="-;
Br=5y=5g=3,+1,+1g= =242, +1y="-.
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