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ABSTRACT. Let P(z) = a;z’ be a polynomial of degree n and Re a; = a;, Im aj = f3;.

n
j=0

In this paper, we have obtained a zero- free region for polynomials in terms of «; and 3,
and also obtain the bound for number of zeros that can lie in a prescribed region.

1. Introduction

One of the classical result concerning the roots of a polynomial is known in the
literature as the Enestrom-kakeya theorem [1-2, 4-5]. Applying this result to the
polynomial P(kz), k > 0 the following more general result is immediate.

Theorem A. If P(z) =

n )
a;2’ is a polynomial of degree n with

7=0
E'ay > k" tan_1 > k" a,_o > ... > kay > ay,
then P(z) does not vanish in |z| > k.

n .
Concerning the number of zeros of polynomial P(z) = Y a;27 in |2| < 1,
§=0

Mohammad [3] proved the following:

Theorem B. If P(z) = Y a;2? is a polynomial of degree n such that
3=0
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: 1
the number of zeros of P(z) in |z| < 5 does not exceed

1 an
1+ ——log—.
+ log 2 o8 ao

2. Theorems and Proofs

In this direction by relaxing the restrictions on the coefficients of polynomials,
we prove some more general results.

n .
Theorem 2.1. If P(z) = ) a;27 is a polynomial of degree n with complex coeffi-
§=0
cients. If Re a; = aj and Im a; = B;, 7 =0,1,2,...,n and for some A > 1
(2.1) Op < ap_1 <. <A >...>2a1 >ay, 0<k<n,

then the number of zeros of P(z) in |z| < 3, does not exceed

) (lan| = an) + (lao| — @) + 2Aak + 2(A = 1)|ew| +2 3 |5
=0

log 2

1
o8 o]

Proof. Consider the polynomial

F(z)=(1-2)P(z)
=(1-2) (anz" Fan 12" '+ taz+ ao) .

|F(2)] < laol + ) laj — aj-a] + |an|

j=1
n n
< ool + [Bol + lan + 1Bul + Y oy — a1l + > 18 — Bj-1]
j=1 j=1
k—1
< laol + [Bol + |aw| + Bl + ok — ag—1] + Z loj — a1
j=1

n

+ o —ap—1|+ D lago1 —ayl+ 6ol — |84l +2) 18]

j=kt2 =1
k-1

= |ao| + [Bol + |an| + |Bn] + [Aok + ok — Ay — 1] + Z o — a1
=1

n

+ Ak +ag = Ao —agra|+ Y g1 —ag|+[Bo| =Bl +2) 18]
j=k+2 j=1
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< laol + |Bo| + |an| + |8n| + Ao — ag_1| + (X — 1)|ag| + (a1 — o
+ag—ar+ ... tag_1 — ag_2) + [Aag — agr1| + (A= 1)]ag|
+ (pg1 — Qg2 + Qg — gz + oo F o1 — @) + | Bol
n
_lﬁn""QZ'ﬁjl
j=1
< ao| + |Bo| + lan| + |Bn| + Aar — ar—1 + (A — 1)|or| + Ao — g1

+(A = Dlow] — oo + ak—1 + arsr — an + 8ol — |Bal + 2 |31
j=1

< (Jom|—am)+(|ao|—a) +20ax+2(A=1) |k [+2 > 1851
j=0
Which implies that

F(2)] _ (lanl = an) + (laol = ao) +2hax + 200 — Dfew| + 2377 |55]
[F(0)] |aol

Now it is known ([5, pp.171]) that if f(z) is regular, f(0) # % and |f(z)| < M in

|z| <1, then the number of zeros of of f(z) in [z < 1 does not exceed

e M
log2 = [f(O)]

Thus, the number of zeros of F(z) in |z| < § are

L (lan| = an) + (Jao] — ag) + 2hak +2(A — D] + 2357 5]
log 2 & lao|

As the number of zeros of P(z) in |z| < 1 is also equal to the number of zeros F(z)
the theorem follows. ad

If we choose A =1 in Theorem 2.1, we obtain the following:

n .
Corollary 2.2. If P(z) = ) a;2? is a polynomial of degree n with complex coeffi-
§=0
cients. If Re a; = aj and Im a; = B5, j =0,1,2,...,n and for some A > 1
ap<ap 1 <. Soap > >0 >2ap, 0<k<n,

then the number of zeros of P(z) in |z| < % does not exceed

n
) (lan| — an) + (lag] — ap) + 20 + 2 Zo|ﬁj|
J:

log 2

1
o8 o]
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Taking A = 1 and ag > 0 in (2.1), we have

Corollary 2.3. If P(z) = Y a;2’ is a polynomial of degree n with complex coeffi-
§=0
cients. If Re aj = oy and Im a; = B, j=0,1,2,...,n and for some A > 1

ap<ap 1 <. Sap>.. 2o 2>2a >0, 0<k<n,

then the number of zeros of P(z) in |z| < § does not exceed

n
(lon| = an) + 20, +2 3 |5
1 j=0

log 2

I
o8 o]

Along with the above conditions, if we choose 8; = 0 for j = 0,1,2,...,n in
Theorem 2.1, we get the following;:

n .
Corollary 2.4. If P(z) = ) a;%’ is a polynomial of degree n with real coefficients
j=0

such that
anSan—l§~-~Sak2-~-2a12a0>0a ngénu

then the number of zeros of P(z) in |z| < 3 does not exceed

1 log (lan| — an) + 2a;€.
log 2 |ao]

Remark 2.5. For A =1, a9 >0, 8; =0for 5 =0,1,2,...,n and k = n, Theorem
2.1 yields Theorem B.

Next, we have the following:

Theorem 2.6. If P(z) = Y ajz? is a polynomial of degree n with complex coef-
§=0
ficients. If Re a; = oy, Im a; = B, 7 = 0,1,2,...,n and for some A > 1 and
p=>1
oy L1 << Ay > 2> a2 ag,

ﬁngﬁnflgguBkZZBIZBO; 0§k§n7

then the number of zeros of P(2) in |z| < & does not exceed

1
log 2

log (2 =an) +(a0l ~a0) 420\ +u8i) +2A—D)l el +2(4=1) |8l +(Bal ~Bn) (S0l ~Bo)

lao|

Proof. Proceeding on the same lines of proof of Theorem 1, the proof of this result
follows. 0
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n .
Theorem 2.7. Let P(z) = Y a;z? is a polynomial of degree n with complex coef-
3=0
ficients. If a; = o; + i85, and for some K > 1, L >1
Koy, >oap_12>...2pay <op_1 <...< a1 < ag,

LﬁnZﬁn—lzn-EkaSﬁk—lS~-~S61Sﬁ0>07

where ag and By are not zero simultaneously, then the maximum number of zeros
in % <|z] <6,0 < <1 does not exceed

log] (CoTl@0D)+(Bot[Bol)=(p +1) (an + ) + K (ant]an])+L (But|Bnl)
log
log(1/4) lao|

where

My = (ag + |Bo|) + K (an + |an]) + L (Bn + |8nl)
—(p+1) (ax+Bu) + (p— 1) (Joal + [Bul) -
Proof. Consider the polynomial
F(z)=(1—-2)P(2)

=(1-2) (anz" Fan 12" P+ taz+ ao) .
For |z| =1

|[F(2)] < laol + ) laj — aj-a] + |an|
j=1

< lao + [Bol + lan| + 1Bul + > oy — | + > 18 = B

j=1 j=1

< |a0\ + |50| + |an| + ‘5n| + ‘an - anfl‘ + |ang1 — an

A n—1
+> g —ajal+ Y lay—aja| +18a = Baal + |Busr — Bul
J=1 J=A2
i n—1
+> 18 = Bial+ Y 1B — Bl
j=1 42
= |Oé0| + |50| + |an| + |ﬂn| + |Kan + oy — Koy, — an71| + \pa)\
A n—1
+taxi —ax—paa| + Y oy —aj |+ Y oy — o]+ LB,
Jj=1 J=A+2

o
+6n _Lﬁn _ﬁn—1| + |pﬁu +Bu+1 _pﬁu _ﬁul +Z |6] _ﬁj—l‘

j=1
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n—1
+ > 1B = il

J=p+2

= laol + 1ol + || + [Bn] + [Kan — ana| + (K = D]an| + |axis — pay]

A n—1
+(o = Dlaal + Dl =gl + Y oy —aj 1|+ [LBn — Bl
j=1

J=A+2
M n—1
(L= D)IBul + 1Bu = pBul + (= V1Bl + D181 = Bil + Y
Jj=1 J=p+2
185 — Bi-1l

<ol + [Bol + |an] 4 [Bn] + | Kan — a1 + (K = 1)|an| 4 [axy1 — paa|
+p—Dar|+ @ —a1+ a1 —ag + ... +ar_o —ax—1 + ax_1 — @)
tart2 —ant1 taxts —axpe + o Fapo1 —ap—2+ Bo — S
+B1—Ba+ o + Bu2 — Bu—1+ Bu—1— Bu+ But2 — Bus1 + Buss
—But2 + oo + Bu1 — B2 + |LBn — Brn-1| + (L — 1)|Bx]
+1Bus1 = pBul + (p — 118yl
= |ag| + |Bo| + |an| + |Bn] + | Kan — an_1| + Kl|an| — |an| + axy1 — pax
+plan| + o —ax —axp1r + a1+ o — Bu + Bure — Bus1 + Bna1
—Bn—2+ LBy — Brn-1 + Bus1 — pBu + L|Bn| = Bn + plBul — Byl
= |ag| + [Bo| + Klan| + K|an| 4+ ao — ax + plax| — |ax| — pax + Bo — B,
+LBn + LBu| = pBu — 1Bnl + By
= (lao| + a0) + (|80l + Bo) + K (Jan| 4 an) + L(|Bn| + Bn) — (lar] + )
Fp(lax] = ax) = (B + [Bul) + p(18u] = Bu)
= (Jaol + a0) + (18o] + Bo) + K(|an| + an) + L(|Bn| + Bn)
[(p=Dlar| = (p+Dax] + [(p = DIBul = (p+ 1)Bu] = M.
Thus, |F(z)| < My, for |z| = 1.

Also, |F(0)| = |ao| # 0 as ap and Sy are not zeros simultaneously.

Now it is known [5, pp.171] that if f(z) is regular, f(0) # 0 and |f(2)] < M in
|z| < 1; then the number of zeros of f(z) in |z] < d < 1 does not exceed. Applying
this result to F'(z), we get the number of zeros of F'(z) and hence of p(z) in |z| < ¢
does not exceed

mlog[[(lad +ao) + (18] + Bo) + K (lan| + an) + L (|Bul + Br)
+(p=Dfarl = (p+ ) ar] +[(p = 1) [Bul — (p+ 1) Bu]l/ac]
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This proves the one part of the theorem.
Now we show that no zero lie in

|ao|
< —,
Il = M

1
For this we have

F(2) = ap+ (a1 — ao)z + (ag — a1)2* 4+ ... + (ay — ap_1)2" — ap2"

(2.2) F(z) = ap + h(z),
where

h(z) = —anz"™ + (a1 — ag)z + (a2 — a1)2® + ... + (an — ap_1)2",
that is,

n—1
h(z) = —ap2" T 4 (an — an_1)2" + Y _(a; — a;—1)2.
=1

For |z| =1,

n—1

mast[1(2)] < Jau] +]a — a1+ 3 Jay — oy

j=1

n—1 n—1
< (lan| +1Bal) + lan — an—1 + |Bn = Bn—1l + Z loj — 1| + Z 1Bj — Bj-l
j=1 j=1

< (an +1Bnl) + | Kap —an—1 — Kan + an| + |LBn — Brn1 — LBn + Bal

A n—1 A n—1
> g =il + Y lay—aial+ Y18 = Bial+ D> 1B — Bl
j=1 A+1 j=1 J=A+1

S (|an + anD + lKan —Op_1 — Kan + an| + |Lﬂn - ﬁnfl - Lﬁn + 5n|

A n—1 A
+3 oo — oy +laagr —anl+ Y oy — eyl + Y IBj—1 = Bil + [Ba
j=1 J=A+2 J=1

n—1

=B+ D 18 = Bl

J=A+2
= (|an + IBn') + Kan — Qp—1 + (K - 1)|an| + Lﬁn - anl + (L - 1)|Bn| + ap — (g

+op —ag+ . Fan_g —ax—1 Fano1 —ay + |pax + g1 — ax — pan| + axgo
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—xp1taxts — g2t et Q2 —ap3tapo1 — 2+ 8o — 1+ B — B2
Foo+ Bu2 = Bu—1+ Bu—1— B+ 1pBu + Bur1 — pBu — Bul + Burz — Bt
+Bu43 — But2 + oo+ B2 — Buz + Bn-1 — Bn_2
= (lan|+[Bnl) + Kan — an—1 + (K = 1)|own| + LBn — Ba—1 + (L —1)|Bn| + a0 —
+ar —ag+ ... Fax_g —ax_1 — oy + ot — par] + (p— 1)|an] + aryo
—x41t Q43 — g2 e F A2 — Qo3+ Qo1 —an_2+ Bo — B
+601—Po+ o+ Bu—2 — Bu—1+ Bu—1 — Bu + |Bus+1 — pBul + (p — 1)| B4l
+But2 — But1 + Butz — Buye + oo + B2 — Bn—3 + Bn—1 — Bn-2
= (Jan|+ [Bnl) + Kan — a1 + (K = 1)|an| + ag — ax — pax + (p — ]| + an—1
+LBn — Bn-1+ (L= 1)|Bul + Bo — By — pBu + (p — 1)[Bu| + Bn-1
= (ao+|ao|) + K(an +|an|) + L(Bn +[8nl) = (p+ 1) (ax+ Bu) + (p— 1) (Joa| +|Bu])

=M.
Thus,
max |h(z)| < M.

|z|=1

Therefore, by Schwartz lemma

|h(z)] < Mq|z] for |z| < 1.

Now from inequality (4)
F(z) =ag+ h(z)

[F(2)| = lao| — [R(z)]
> lao| = Malz| for [z] <1,
>0,
if
|ao|

< —.
ol < 52

Therefore no zeros of F(z) and hence of P(z) lie in

|ao
< —,
2l < My

This completes the proof of the Theorem 2.7. O

For p =1, in Theorem 2.7 we obtain :
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Corollary 2.8. If P(z) = Y a;27 is a polynomial with complex coefficients. If
=0

j=
a; = a; + i, and for some K >1, L >1

(2.3) Ka,>ap_1>...2ay<a1<...<o <a

and
Lﬁn Z ﬂn—l Z Z ﬁk S S /81 S BOa

where ag and By are not zero simultaneously, then the maximum number of zeros
in % <|z| <9,0< 8 <1 does not exceed

log (a0 + |aol) + (Bo + [Bol) = 2 (ar + Bu) + K (an + |an|) + L (Bn + [Bnl)
log(1/6) |ao

where

My = (a0 + Bo) — 2 (ax + Bu) + K (an + |an]) + L (Bn + |Bal) -
If we choose p =1 and A = ¢ = 0 in Theorem 2.7, we get the following;:
Corollary 2.9. If P(z) = Zn: ajzl is a polynomial with complex coefficients. If
a; = o + i, and for somej?(o >1, L>1
(2.4) Ko, > ap_1>...>
LBn 2 Bn-1 2 ... 2 Po,

where ag and By are not zero simultaneously, then the mazimum number of zeros
in % < |z| <94, 0 < <1 does not exceed

og (|050‘ + |60|) - (ao +50) + K(O‘n + |O‘n|) +L (5n + |ﬁn|)
log(1/9) |ao]

where
M3z = K (ao + |owl) + L (Bo + |Bol) — (a0 + Bo) -

For p=1,a; >0and §; >0, 7=0,1,2,...,n in Theorem 2.7, we have

Corollary 2.10. Let P(z) = Y a;2’ be a polynomial with complex coefficients. If
§j=0
a; = o; + if8; and for some K >1, L >1

Ka,>ap_1>...2a90>0

and
Lﬁn Z ﬁn—l Z Z ﬁO > 07
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where ag and By are not zero simultaneously, then the mazximum number of zeros
in IJ%I <|z| <4, 0 <d <1 does not exceed

1 2( Kayp + LBy)
1og<1/6>1°g{ ao] }

where
M4 =2 (KOLn + Lﬂn) - (Oé() + 50) .
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