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ABSTRACT. This paper is concerned with integral type boundary value problems of second
order singular differential equations with quasi-Laplacian on whole lines. Sufficient con-
ditions to guarantee the existence and non-existence of positive solutions are established.
The emphasis is put on the non-linear term [®(p(t)z’(¢))]’ involved with the nonnegative
singular function p and the singular nonlinearity term f in differential equations. Two
examples are given to illustrate the main results.

1. Introduction

Nonlocal boundary value problems for ordinary differential equations (ODESs)
was initiated by I'in and Moiseev [14]. Since then, more general nonlocal bound-
ary value problems (BVPs) were studied by several authors, see the text books
[1, 11, 13], the papers [21], and the survey papers [16, 17] and the references cited
there. In recent years, the study on existence of positive solutions of nonlocal
boundary value problems for second order ordinary differential equations on whole
real lines seem to be developed [2, 4, 3, 5, 6, 22].

Differential equations governed by nonlinear differential operators have been
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widely studied. In this setting the most investigated operator is the classical
p—Laplacian, that is ®,(z) = |z[P~22 with p > 1, which, in recent years, has been
generalized to other types of differential operators, that preserve the monotonicity
of the p—Laplacian, but are not homogeneous. These more general operators, which
are usually referred to as ®—Laplacian (or quasi-Laplacian), are involved in some
models, e.g. in non-Newtonian fluid theory, diffusion of flows in porous media, non-
linear elasticity and theory of capillary surfaces. The related nonlinear differential

equation has the form
[@(z")) = f(t,z,2'), t € R,

where ® : R — R is an increasing homeomorphism such that ®(0) = 0. More
recently, equations involving other types of differential operators have been studied
from a different point of view arising from other types of models, e.g. reaction
diffusion equations with non-constant diffusivity and porous media equations.

In recent years, the existence of solutions of boundary value problems of the
differential equations governed by nonlinear differential operators has been studied
by many authors, see [9, 10, 12, 6, 8, 18, 19] and the references therein. Calamai
[7], Cupini, Marcelli and Papalini [9, 10], Marcelli [18, 19], liu [15] and Marcelli and
Papalini [20] discussed the solvability of some strongly nonlinear boundary value
problem.

Motivated by mentioned papers, we consider the following boundary value prob-
lem for second order singular differential equation on the whole line

[@(p®)x' ()] + f(t,x(t),2'(t)) =0, a.e.,t € R,

+oo
W o Jim (1) =8 Tm_p(0a'(1) = [ g(s,2(s), ' (3))ds

+o00
. . / _ /
7 m_a(t) +0, T p()r'(t) = [ A(s,2(s), ' (5)ds

where
(a) «>0,v>0,8>0,0 >0 are constants with

+oo

1
o:a5+a7/—ds+6'y>0,
p(s)

— 00

(b) f,g,h defined on R X [0,+00) X R are nonnegative Caratheodory functions,

(c) p € C°R,[0,00)) with p(t) > 0 for all t # 0 (may be singular at ¢t = 0)
satisfying
+o00

J ﬁds < +o00.

(d) @ is an odd increasing continuous function and ® maps R onto itself and
there is an increasing function v : [0,4+00) — [0,+00) such that ®(xy) >
v(2)®(y), =,y > 0.
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Remark 1.1. If @ satisfies (d), the inverse function of @ is denoted by ®~! : R — R
and the inverse function of v denoted by v=1 : [0, +00) — [0, +00), then ®~! and
v~ satisfy that ®~!(zy) < v=1(2)® " 1(y), =,y > 0.

Remark 1.2. One dimensional p—Laplacian operator ®,(s) = |s|P~2s with p > 1
satisfies (d). One sees that the inverse function of @ is ®,'(x) = ®y(z) with ¢

satisfying %—l—% =1land v(s) = ®p(s) and v~ (s) = &, !(s). The following function

m
O(s) = > ¢;i®p,(8), Pm >Pm—1>-->p1>1,¢,>0,i=1,2,---,m satisfies (d)
i=1

with v(s) = min{sPmT1 P11} for s > 0.

The purpose is to establish sufficient conditions for the existence and non-
existence of positive solutions of BVP(1.1). The results in this paper generalize
and improve some known ones since f in (1.1) is singular at ¢ = 0 and the p-
Laplacian term [®(p(¢)2’'(t))]’ involved with the nonnegative function p that may
be singular at ¢ = 0 and may satisfy p(0) = 0, p(—1) = 0 and p(1) = 0. Differ-
ent from [22, 6, 2, 3, 7, 4, 8], the existence and non-existence results on positive
solutions are obtained in this paper.

The main features of our paper are as follows. Firstly, compared with [12], we
establish the existence results of solutions of second order singular differential equa-
tion on the whole line with quasi-Laplacian operator. Secondly, we investigate the

existence of positive solutions by a different method and imposing growth condi-
“+oo
tions on f, g, h. Thirdly, compared with [15], we consider the case [ ﬁds < +oo

“+o0
in this paper while [

—00
in (1.1) generalize the corresponding ones in [15]. One sees that it is easy to define
a nonlinear operator 7 in [12, 15] while in this paper the operator T is defined
skillfully.

The remainder of this paper is organized as follows: the preliminary results are
given in Section 2, the existence result of positive solutions of BVP(1.1) is proved
in Section 3. Finally the non-existence results on positive solutions of BVP(1.1)
are presented in Section 4. Two examples are given to illustrate the main results
in Section 5.

1

S(syds = +00 considered in [15]. The boundary conditions

2. Preliminary Results

In this section, we present some background definitions in Banach spaces see
[11] and state an important fixed point theorem see Theorem 2.2.11 in [13]. The
preliminary results are given too.

Definition 2.1. Let X be a real Banach space. The nonempty convex closed subset
P of X is called a cone in X if ax € P for all x € Pand a > 0 and x € X and
—x € X imply z = 0.

Definition 2.2. An operator T': X — X is completely continuous if it is continuous
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and maps bounded sets into relatively compact sets.

Definition 2.3. F'is called a Carathédory function, that is

i) t—= f (t,x, ﬁt)) is measurable on R for any z,y € R,

(i) (z,y) = f (t, z, ﬁ) is continuous on R? for a.e. t € R,

(ili) for each r > 0, there exists nonnegative function ¢, € L'(R) such that
lul, [o| < implies ’f (t,:z:, ﬁ)] < é(1), ae. t€R.

Lemma 2.1.([11],[13]) Let X be a real Banach space, P be a cone of X, Q1,0
be two nonempty bounded open sets of P with 0 € Q1 C Q1 C Qy. Suppose that
T : Q9 — K is a completely continuous operator, and

(E1) Tz # Az for all A € [0,1) and z € 0O, Tax # Az for all X € (1,4+00) and
x € 00y;

or

(E2) Tz # Mx for all A € (1,+00) and © € 0, Tx # Az for all A € [0,1) and
x € 892

Then T has at least one fived points x € Qo \ Q.

Choose
r €€ C°R), pr' € C°(R)
and there exist the limits
X=qz:R—R: lim z(t), lm x(¢)
t——o0 t—+4o0

. , . ,
Jim p(t)2'(t), lim p(t)a’(1)

For x € X, define the norm of = by ||z|| = max {sup |z(t)|, sup p(t)|x’(t)|}. One
teR teR

can prove that X is a Banach space with the norm ||z|| for z € X.

Let o be defined in (a). Denote
+o0 +oo
v [ glr,z(r),a'(r)dr —a [ h(r,z(r),2'(r))dr

A(): ’
g

“+o0
A= - / F(s,(5),2/(s))ds + @ (~Ap), Az =@ (~Ap).
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Lemma 2.2. Suppose that (a)-(d) hold and x € X. Then there exists a unique
A, € [Ay, Ao such that

ad®1(A,) + Owjfoo p(ls) o1 (Aw + +foof(r, z(r), J;’(r))dr) ds

(2.1) +By0! <Am + jfoof (r,a(r), x’(r))dr>

oo +o00
+y [ g(ra(r),a'(¢))dr —a [ h(r,z(r),2’(t))dr = 0.

—00 — 0o

Furthermore, it holds that
(2.2)

+ oo +oo
400 v [ g(rx(r),s’ (r))dr+o [ h(r,z(r),s’ (r))dr
A < [ Fls,a(s),2/(s))ds + B | —= =

o

Proof. Since x € X and f, g, h are Carathéodory functions, we have ||z|| < r < +o0,
and

+oo +oo +oo
7f fryz(r), o' (r)dr, [ g(r,z(r),2'(r))dr, 7] h(r,z(r), o' (r))dr

—0o0

converge. Let

+oo +oo
G(c) = ad® (c) + cwif p(ls)(I)_l (c+ Ik f(r,m(r),x’(r))dr) ds

+8ye! (c + jfoof (r x(r), I’(T))dr>

“+oo “+o0
—&—7_] g(ryx(r), ' (t))dr —a [ h(r,z(r),2'(t))dr.

—00
It is easy to see from (a) that G(c) is strictly increasing on R. We find that

—+o0

G (A1) < b1 (B(~Ap)) +ay [ 581 ((~Ag)) ds + Sr2 (B(—Ag))

— 00

+oo 400
JHY_I g(r,;c(r),x/(t))dr —« f h(T, Cﬂ(T),l'/(t))dT =0.

— 00
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Similarly we find that

G (Az) = a0~ (B(—Ao)) + a7 | 7507 (B(—Ao)) ds + 510" (B(~A0))

+o0 +oo
+y [ g(r,z(r),2'(t))dr — ozif h(r,z(r),z'(t))dr = 0.

— 00

Hence there exists a unique A, € [A1, As] such that (2.1) holds. It is easy to see

that (2.2) holds. The proof is complete. O
. -k 1 4+oo 1 -1

Fix k > 0. Denote pn = [~ Sy ds (2 I 7o) s) . Let

pP— {x cx . =(t)>0forallteR, ter[riiﬁk]x(t) > ufggm(t) } _

From (a), we have either @ > 0 or v > 0. Define the operator T on X by
t

+o0
(2.3) (Tz)(t)=B, + [ p(ls)q)_l (Am + [ f(r,x(r),a:’(r))dr) ds,

where A, satisfies (2.1) and
(2.4)

+o0 +o0
N g(hr(v’)x’(t))dwﬁé’l(Am+7f f(m(r),x'(r))dr)

[0

for a > 0,
B, =

+oo +oo +oo
7] h(s,x(s),m'(s))dsf'yij ﬁ<1>71<141+j f(r,m(r),x'(r))dr)d576<1>71(Az)

v

for o = 0.

Lemma 2.3. Suppose that (a)-(d) hold. Then
(i) T: P — X is well defined,
(i) it holds that

[@(p()(T) (1) + f(t,x(t),2'(t)) =0, € R,

+oo
s 4 O TR0 =8 Tm 0T (©)= [ gl (o), ()ds

ol tl}rﬁloo(Tx) (t) + 6t_13TOO p(t)(Tx) (t) = jfooh(s, x(s),x'(s))ds,

(iii) T: P — P is completely continuous;

(iv) = € X is a positive solution of BVP(1.1) if and only if x is a fived point of
T in P.



Existence and Non-Existence of Positive Solutions 1003

Proof. (i) For x € P C X, by Lemma 2.2, both A, and B, are uniquely determined
respectively. So Tz is defined. We need to prove Tz € X. Form (2.3), Tx € C°(R)
and there exist the limits

Jim (Ta)(t) = By,

+oo
75_li_srpoo(T:lc)() B, —l—_Zo m@ A, +/frm (r), ' (r))dr | ds.
Furthermore,
+oo
26) o0 =7 (A [ flralr)a (o)

It is easy to see that then t — p(¢)(Tx)'(t) is continuous on R. Then p(Tx)
C°(R). Furthermore, there exist the limits

t——o0

+oo
lim p(t)(Tx)'(t) = &~* Ax+/f(r,x(r),x’(r))dr ,

! -1
Jim_p(6)(Te) (1) = @7 (4,).
It follows that Tx € X. Hence T : P — X is well defined.
(ii) From (2.3), (2.1) and (2.4), we get (2.5) easily.
(iii) First, we prove that T': P — P is well defined.
From (i), for x € P, we have Tz € X. From (ii), since f, g and h are nonnega-
tive, then

[@(p(t)(Tx) (1)) = = f(t,2(t),2'(t)) <O, t € R,
2.7) a lim (Tz)(t) - B lim p(t)(Tz)(t) >0,
t_lggoo(Taf)(t) + 5;@% p(t)(Tz)'(t) > 0.

Then p(t)(Tx)'(t) is decreasing on R. If p(t)(Tx) (t) > 0 for all t € R, then Tx is
increasing on R. Hence

a, lim (Tz)(t) > g, lim p(t)(Tz) (t) > 0.

——00

Then t_l}m (Tz)(t) > 0. Since Tz is increasing, then (T'z)(t) > 0 for all t € R. If
—o0

p(t)(Tx)'(t) <0 for all t € R, then Tz is decreasing on R. Hence

v im (T)(t) = =6 lim p(t)(T)'(t) = 0

Then lim (T )(t) > 0. Since Tz is decreasing, then (Tx)(t) > 0 for all t € R. If
there exmtb To € R such that p(79)(Tx) (19) = 0, then

[@(p(t)(Tx)' ()] = = f(t,2(t), 2" (1)) <0
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implies that p(t)(Tx)(t) is decreasing on R. Hence p(t)(T'z)'(¢t) > 0 for all t €
(—o0, 70] and p(t)(Tz)'(t) < 0 for all ¢ € [79, +00). Thus

a lim (Tx)(t) > B, lim p(t)(Tx)'(t) >0

——00

unphes hm (T'z)(t) > 0. Similarly we get

— 00

v lim (Tx)(t) > —6 lim p(t)(Tz) (t) > 0.

t—+oc0 t—+o0

Then , ligrn (T'z)(t) > 0. Since Tx(t) is increasing on (—oo, 7p] and decreasing on
—+o0

[10, +00), then (Tx)(t) > 0 for all t € R. From above discussion, we see
(2.8) (Tz)(t) > 0 for all t € R.

Now, we prove that (Tz)(t) is concave with respect to
¢
/ 1
p(s)
— 00

+oo
It is easy to see that 7 € C <R, (0, J p(ls)ds>> and

dr 1
Thus
(2.9) d(Tx) _ d(Tx) dr _ d(Tx)L

It follows that

o(wrt52) -o(422)

Since %W = —f(t,z(t),2/(t)) < 0and & > 0, we get that A2 (p()(T2) ()]

dr
+o0 +oo
<0on (0, [ —ids |. Then ( 2) is decreasing with respect to T € (0, i p(ls) ds

p(s)

— 00

—+oo

Hence (T'z)(t) is concave with respect to 7€ | 0, [
— 00

1
F o) ds)

We need to prove that

(2.10) ter[riiak] (Tz)(t) > piélg(Tx)(t).
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Since % > 0 for all ¢ € R, there exists the inverse function of 7 = 7(¢). Denote the
inverse function of 7 = 7(¢) by ¢t = t(7).

Case 1. there exists 79 € R such that sup(T'z)(t) = (T'x)(70). One sees
teR

,min, (T2)() = min {(T2)(~F), (T)(k)}

Denote

If min{(Tx)(—k), (Tz)(k)} = (Tz)(k) = (Tz)(t(r(k))), note 7(—k) < 1, then for
t € [—k, k], one has
(Tz)(t) = (Tx)(t(7(k)))

_ r(+o0)—r(k)+7(ro) __ T(k)r(+o0) 7 (k)
*(T“””)<t( TG0 Hr(ro) - TFe)—r(=R+7(ro) T r(+oo>+T<m>T(TO)>>'

Noting that 7(4+00) > 7(k) and (Tz)(t) is concave with respect to 7, then, for
t € [k, K],

r(o0)—r (k) (7o) (] (+00)
(Ta)(t) > "R (1) (¢ (s o))

+ s (To) (t(7(70)))

k
= p(l‘s)ds = (T'z)(70)
> 27{0 ﬁde
—k
= p(ls)ds?%(Tx)(To) = ufgg(Tx)(t)-
e 27 p(ls)ds

Similarly, if min{(Tz)(=k), (Tz)(k)} = (Tz)(=k) = (Tz)(t(r(=k))), note 7(—k) <
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1, for t € [—k, k], one has
(Tz)(t) = (Tz)(t(7(—k)))

— T(+00)+7(r0) =7 (=k) T(+o0)T(—kK) T(=k)
= (T) (t <7(+<>0)+T(TE)—T(—’€) 7(+00)+7(70) T(+00)+T(TO)T(TO)))

7(400)+7(10)—7(—k) 7(—k)7T(+00)
> et (L%) (t(r(+oo>+r<ro>fr<fk>))

+ 2B (T) (t (7 (1))

7(+00)+7(70)
—k
> _f ﬁdsﬁ(Tm)(m) > psup,ep(Tx)(t).
ROk

Hence (2.10) holds.
Case 2. sup(Tz)(t) = (Tz)(t) or lim (Tz)(t)). Choose 19 € R. By the

lim
teR t——oo t——+oo
same methods used in Case 1, we get

anin, (T2)(1) > p(Tz) (o).

Let 19 — —o00. We get

ter[rygk](T@(t) > dim (Tz)(t) = ufgg(Tw)(t) or p, lim (T)(t)).
So (2.10) holds. From (2.8) and (2.10), we see Tx € P. Hence T : P — P is well
defined.

Now we prove that T is completely continuous. The following five steps are
needed (Steps 1-2 imply that T': X — X is continuous and Steps 3-5 imply that T
maps bounded sets into relatively compact sets).

Step 1. we prove that the function A, : X — R is continuous in z.

Let {z,} € X with z,, — x9 as n — oo. Let {4, }(n = 1,2,...,m) be
constants decided by equation

+oo +oo
1
b1 (A,,) + oy / 5 A / F(r, 2a(r), 2 (r))dr | ds

“+o00
B / F(ry 2 (r), 2 (r)dr

—+o0 —+o0

+7/g(r,xn(r),x;(t))dr—a / h(r,z,(r), 2, (t))dr = 0,

— 00 — 00
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corresponding to z,(n = 0,1,2,...). Since z,, — xy as n — 00, there exists an

M > 0 such that |z,|| < M(n = 0,1,2,---

functions means there exists ¢p; € L*(R) such that

(2.11)

Then

(2.12)

Let

So

n

N

F(tan(t), @ (1) = £ (Loat), S 0(0),

g(t, zn(t), 27,(1)) < dm(t),t € R,

h(t, z,(t), 2, (1)) < op(t),t € R.

o0

). The fact f,g,h are Carathédory

(t)) < éu(t),t € R,

ffr:rn) 7"<f¢M )dr < oo,

o)

—0o0

o0

[ g(r,zn(r),z,(r))dr < 770 dar(r)dr < oo,

_f h(r,xp(r), z, (r))dr < __70 o (r)dr < .

+o0 too
0 f g(T,xn(T),"E%(T))dT—CK f h(rvxn(r)vx;(r))dr

) —o0
AO,n =

g

oo

/frfrn (r), 2, (r))dr + (= Ag,n), (—Ao,n)]

7¢M dr—@(““/w ) @(”ja7m¢M<s)ds>],

which means that {4, } is uniformly bounded. It follows that

—+oo

— 00

—+o0

< / %dsfb’l (2 7¢M(T)dr+¢> (7;”1

— 00

/ ﬁ ! (Azn+ :/mﬂr,xn(r),xn'(r»dr) ds

+oo
/ ¢M(8)ds>) :
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Suppose that {A4,,} does not converge to A;,. Then there exist two subse-
quences {Axnk(”} and {A%k @} of {A,, } with Ay, 0 2eand A, o) = ¢y as
k — oo, but ¢; # co. By the construction of 4, , (n=1,2,...), we have

+oo “+o0
045<I>*1(Axnk<1>) +ay [ p(ls)(I)*l (Axnk.(l) + [ f(r xnk(l)(r),xnk(l)/(r))dr> ds
S

+oo
+67(I>_1 (Axnk(l) + f f(’l", Ty, (1)(T)’x7bk(1)/(r))dr>

+o0 +oo
v [ (@, V@) a0, V' @))dr — o [ h(r, ., O @), 2, O (t))dr = 0.

— 00 — 00

Let k — oo, using Lebesgue’s dominated convergence theorem, the above equality
implies

+oo

+oo
-1 Lo c r,xo(r), zh(r))dr | ds
a6 <C1>+a7£ 0 1+S/f<, o(r).h(r)dr | d
+o0
9707 et [ Flran(r), w(r)ar
+oo - +oo
+’y/g(r,x0(r),x6(t))drfoz/h(r,mg(r),xlo(t))dr:().

Since {4y, } is unique with respect to zg, we get ¢; = A,,. Similarly, co = A,,.
Thus ¢; = ¢z, a contradiction. So, for any =, — zo, one has A, — A,,, which
means A, : X — X is continuous.

Step 2. we show that T is continuous on X. Since A, is continuous, then B,
is continuous too. From the continuity of A, and B,, f is a Caratheodory function,
the result follows.

Step 3. we show that 7" is maps bounded subsets into bounded sets. Given a
bounded set D C X. Then, there exists M > 0 such that D C {x € X : ||| < M}.
Then there exists ¢a; € L(R) such that (2.19) and (2.20) hold by replacing z,, by
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x. Similarly we have

[eS) 400
|4z < /¢M(r)d7a+¢<7_ga /qu(s)ds) < 00,

T ot atr) @i+ gt (Az + T st x'(r))dr)
|BT| _ %) - [
f o (r)dr + SO~ (2 J oml(r d7"+q><7+a f dn(s ))
< )
Therefore,
/ 1
(Ta)0)] = Bx+_4p( (A +/m (1)d )ds
+foo¢M(r)dr+B<I>_1 <2 | oum(r dr+¢><7+a f dar(s ))
S — 00
+oo 1 [e%¢] “ + “+o00
—1 Y «
—1—4 @dstb (24 ¢M(T)dr—|—<1>< . 4 (;SM(s)ds))
= Ml-

On the other hand, we have

pMI(Tz) ()] =

(A+/fw »du)
(/W drw(vw/w ))

()] = max {sup (Ta) 0 sup o) (T (0] < .

IN

Then

So, {T'D} is bounded.
Step 4. we prove that both {Tx : z € D} and {p(Tz)" : © € D} are equi-
continuous on each finite subinterval on R.
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Let D C {x € X : ||z|| < M}. For any K > 0, t1,t2 € [-K, K]with t; < {9
and x € X | since f, g, h are Caratheodory functions, then there exists ¢»; € L'(R)
such that (2.11) and (2.12) hold by replacing x,, by «. Then

g

+o0 oo 400
Am—&-/f(r,a?(r)w'(r))dr §2/¢M(r)d7“+<1> rta /¢M(s)ds =:7.

Since ®~1(s) is uniformly continuous on [—7, 7], then for each € > 0 there exists u >
0 such that |s; — sa| < p with s1,s0 € [—7, 7] implies that |®~1(s1) — &~ 1(s2)| < €.
Since

[B(p(t2)(Ta) (1)) — Blplt2) (T (t2))] = | [ £ 00), ()

to
< /¢M (r)dr — 0 uniformly as t; — ¢,

ty

Then there exists o > 0 such that |tz — t1] < o implies that |®(p(t1)(Tz) (t1)) —
D(p(te)(Tx) (t2))| < p. Thus |t; — t2] < o implies that

(2.13) p(t)(Tx)' (t1) — p(t2)(Tx)'(t2)| =
|27 H(@(p(t1)(T) (t1))) — D7H(D(p(t2) (T) (t2)))] <.

On the other hand, we have

to

b

[(Tx)(ty) — (Tz)(t2)| g/ p(s)dsqu
) +oo
2 / Op(r)dr + @ 7 1— a / o (s)ds — 0 uniformly as t; — ts.

Then there exists oo > 0 such that |t; — 2| < oo implies
(2.14) [(Tx)(t1) — (Tz)(t2)| < e.

Then (2.11) and (2.12) imply both {Tx : ¢ € D} and {p(Tx) : x € D} are
equi-continuous on [—K, K]. So both {Tx : x € D} and {p(Tz)" : © € D} are
equi-continuous on each finite subinterval on R.

Step 5. we show that both {Tz : x € D} and {p(Tx)" : € D} are equicon-
vergent at +0o0 and —oo respectively.
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Since

1D (p(t)(T)' (¢ Al—/frx dr</q§M Jr — 0

uniformly as ¢ — co, we get similarly that
lp(t)(Tz) (t) — @ 1(A,)| — 0 uniformly as t — oo.

In fact, for any € > 0, there exists o7 > 0 such that |s; — s3] < o7 implies that
|®1(s1) — @ *(s2)| < §. So there exists Ty > 0 such that ¢ > T; . implies that
| (p(t)(Tz)’ ( )) — Az| < o1. Hence

Ip(O)(T2) (1) = @7 (A,)] = @7 ((p(t) (T2) (1)) ) = 7' (A0)] < 5t > T

Then
lp(t1)(Tx) (t1) — p(t2)(Tz)' (t2)| <€, t1,t2 > T
On the other hand, we have

(Tz)(t) — By — ECI)_ Ay + / flryz(r), 2’ (r))dr | ds

—00
+ oo

1 -1 r T+o
< t/p(s)dsq) 2_/ G (r)dr + @ . _/ o (s)ds

— 0 uniformly as t — 4oc0.

Then there exists T3 > 0 such that
(Tz)(t1) — (Tx)(t2)| <€, t>The.

Hence {p(Tz) : z € D} and {Tz : x € D} are equiconvergent at +oo.

Similarly we can prove that both {Tz : x € D} and {p(Tx) : x € D} are
equiconvergent at —oo. The details are omitted.

From Steps 3-5, we see tht T' maps bounded sets into relatively compact sets.

Therefore, the operator T : P — P is completely continuous. The proof of (iii)
is complete.

(iv) Tt is easy to see that = € X is a positive solution of BVP(1.1) if and only
if x is a fixed point of T in P. The proof of (iv) is complete. Thus the proof of
Lemma 2.3 is ended. O

3. Existence of Positive Solutions

In this section we establish existence result on positive solutions of BVP(1.1).
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For ease expression, for nonnegative function ¢ € L'(R) and nonnegative con-
stants Ly, Lo and a, b, denote

0
p(ls) o1 ([ ¢(r)dr) ds
My = max v - y | Y

“—o

|
=

-1

0 -1 +oo
q>—1(_f d)(r)dr) <1>—1(0f d)(r)dr)

Wy = max v| —— 2~ v —— ;
1

b

Y B e 4 1y T v TR o TP 1 e
By Loas|e 2 [ ¢(mdr+® (L [ pg(rdr+ 2 [ ép(rydr )| |+L T eg(rydr
Ep = min e e i e

at e

Lo

v +o0 + oo +oo
@*1<2 s ¢»(r>dr+<1>(g [ eg(rdr+e ) ¢h<r>dr)>
—oo —oo

— oo

if @« > 0 and
b
v +oo +oo +oo +oo ’
<g+2j Sy ds <1>*1<2 J ¢(r)dr+¢><g J ¢g(r)dr>)+% J én(r)dr
FEy = min - - - e
v “+oo L2 “+oo
@*1(27f ¢(r)dr+<1>(%7f ¢g(r)dr>)
if a =0.

Theorem 3.1. Suppose that (a)-(d) hold and there exist nonnegative function
O, bg, On € LI(R) and nonnegative constants Ly, Lo and a,b such that L1 < Ly and

a<band

tau L) Z MO¢(t)7 te [_kvk]vu € [ILLCL, Cl],U € [_LhLl};
tau L) 2 WO¢(t)» te Rvu € [O,G],’U € [_leLl]a

S E0¢(t)» te Rvu € [O,b],’U € [7L27L2]a

)
g (b 25) < =ik @o(t), ¢ € Rou € [0,8],v € [~Ls, La],
)

md)h(t), t e R7U S [O,bLU S [—LQ,LQ].
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If Ey > max{Moy, Wy}, then BVP(1.1) has at least one positive solution x satisfying

(3.1) o < supax(t) < b, 0 < sup p(t)|a'(1)] < Lo
teR teR
or
(3.2) 0 <supx(t) <b, Ly <supp(t)|z'(t)| < Lo.
teR teR

Proof. Let X, P and the operator T be defined in section 2. By (2.3) (the definition
of T), (2.1) and (2.8), then (2.10) holds. By Lemma 2.3, T : P — P is completely
continuous. x is a positive solution of BVP(1.1) if and only if x is a fixed point the
T in P. By (d) and Remark 1.1, we have

3 (uv) < v (W) (v), & (uv) > o (v)

—_— 0.
v (1 /u)’ o=

Define

{(w) =supa(t), t€ R, n(z) =supp(t) 2 (1)), t € R,
M ={zxeP:{x)<a, nz)<Li}, Qe={zreP:&x)<b, n(x) < Ls}.

It is easy to see that £ and 7 are continuous functionals and €2; and {25 are bounded
nonempty open subsets of P and

§(x), n(z) <|lz|| = max{£(x),n(x)}.
To apply (E1) in Lemma 2.1, we do the following two steps:
Step 1. We prove that
(3.3) Tz # Az for all A € [0,1) and x € 0.

Let

Sub-step 1.1. For z € C;, we prove that £(Tz) > a.
In fact, x € C implies that

pa < z(t) <a, te[—kk], —L1 < p(t)x'(t) < Ly.
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Then we get

We consider three cases:

Case 1. p(t)(Tz)'(t) > 0 for all t € R. In this case, we have from (2.8) (T'z)(t) > 0
for all t € R. Then B, > 0 and A, > 0. So

¢§(Tx)

I
o8}
)

+
\
Pe*
/
D>
+
\
&h
%

%2
H
=
=
)
~
&

Y

vV
“\
T =
» - N
£ \
&h
=
E%
S
N——
QU
[V

Vv

—k

/lc % ot / qS(r)Modr) ds
i -1 /0 (;S(r)Modr) ds
L (f (r )

| p(s) w1/ Mo)

v
\ ?T\O k
)
”u?

v

Y
S

Case 2. p(t)(Tz)'(t) < 0 for all ¢ € R. In this case, we have from (2.8) (T'x)(t)

( >0
for all t € R. Furthermore we have tlggl (Tz)(t) > 0 and t_l}r_n p(t)(Tx)'(t) < 0.
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Then

&(Tz) = sup(Tx)(t)

teR [t—+0o0
+oo ;
1 1 ! — r.xolr x/’r r S
_t/P(S)(I) (tilmoop(t)(Tx) (t) 4 f(r x(r), ())d>d]
+oo s
LI r,z(r), ' (r))dr | ds
> igg[t/’@q) ( _éfh ), <>>d)d]

vV 1V
o\?r ?T\k-
s hs)
Ols ?;\ -
N— N—
A A
L L
) w
=
=3 =
8 8
> —
= -
8_ VH
> —
= -
S~— ~
s =
= =
SN——— ~—
& Y
©® »

k
> /i >
= ) a2
Case 3. there exists 79 € R such that p(7)(T'z) (79) = 0. In this case we have

i > i > 0.
t_l}r_noo(Ta:) (t) > 0 and t_13+moo(Tx)(t) > 0. Then

o1 —ff(r,x(r),x’(r))dr) , t> 10,
o(1) (T (1) =
o1 {f(r,x(r),x’(r))dr) Lt < 1.

So

i (T) (1) - T Lot <— i f(r,;v(r)m’(r))dr) ds, t > 70,

7o

lim (Tz)(t) +7jt1 p(ls)@_l (?f(r,x(r),x’(r))dr) ds, t < 7p.

t——o0

- [ e (— f itr. sv(r),w'(r))dr) ds, t > m,
t o

Y

ft oL <Tf(r,x(r),x/(r))dr) ds, t < 9.

S
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If 79 > 0, then

§(T)

v

o)
2|~
S~—

[S)

L
~—
w0

\5‘
=
3
=2

=
:—/

a\
©
N—
SN—

IS

3

~

QL

[V

W
‘H

e

—
Vo)

=

Y
| | |
= —o = T—oc R~
2|~
KA
L
/N
m\o
Kﬁ-
=
I
=
v&\
=
=
3
~
QL
®

If T0 < O7 then

§(Tx)

vV v Vv
— ﬁ |
> - +
/c;a\‘ — = \8
= @ RS
< e ="
— 'L KX
L L
< = - >
= = !
2 3 —
= B =
Y = =3
3 — -
— L 8
=% —~ =
) = ol
8
Vv = i
S 3 )
N————— =
= S
\_/
Q.
[V2)

Sub-step 1.2. For z € Dy, we prove that n(Tz) > L.
In fact, x € D; implies that

0<z(t)<a, =L <p(t)z'(t) < L1, t € R.
Then we get

p(t)x’(t)
p(t)

Fta(t). 2 (5) = f (t,x@), ) > Wog(t). € R

We consider three cases:

Case 1. p(t)(Tz)'(t) > 0 for all t € R. In this case, we have
Jim  ®(p(t)(Tw)'(t)) = 0. Then
—+o00

t——+oo

+oo
p(t)(Tx) (t) = @ ( lim p(t)(T)'(t) + / f(w‘(r),x’(r))dr) :
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So
n(Tz) = iggp(t)\(T:v)’(t)l
+oo

2 supd (t/f(r (r) »’B'(T))dr)
+oo +oo

= ¢! (/ flr,z(r) x’(r))dr) > ¢! (/ gb(r)WOdr)
_:c O o

o1 (f (b(?")d?“) o1 <f ¢(r)dr>
W) C v iAW)
> L.

Case 2. p(t)(Tz)'(t) <0 for all ¢ € R. In this case, we have
, lim ®(p(t)(Tz)'(t)) < 0. Furthermore we have
——00

t——o0

p(t)(T)'(t) = @ ( lim @ (p(t)(Tx)'(t)) — / f(T,x(T),:r/(T))dr) :

n(Tz) = fg}gp(t)l(T:v)’(t)l

= sup
teR

“+o0
o1 / f(r,:z:(r),x’(r))dr)

+00
ot /gb(T)WOdr)
o1 (Zfood)(r)dr)

+o0
> ot /fb(r)Wodr) > )
0

> L.

et ( lim ®(p(t)(Tx) (t)) — / f(r,x(r),x’(r)>dr)

t——o0

%

vV

Case 3. there exists 79 € R such that p(79)(Tz)'(79) = 0. In this case we have



1018 Yuji Liu and Pinghua Yang

lim (Tz)(t) > 0and lim (Tz)(t) > 0. Then

t——o0 t——+oo

If T0 > O7 then

W(Tz) = supp(t)|(Tx) () > supd~? / £ 2(r), 2/ (7)) dr

vV
S,
L
o~
\ o
Kﬁ
—~
=
=2
=
:—/
R\
©
S~—
S—
oW
3
~

%
S
—
=N
2
=z
U
3
\%
by

If 79 <0, then

%
R}
J'T

K

-
I
~

—

=3

8

—

=

}/

8

—

=

S~—

u

3

v

v
]
L
=
=
=
=3
:—/
g\
©
N—
N—
QU
3

+oo
> o1 (/ (Z)(’I’)W()d’r > L,

Now we prove (3.25). It is easy to see that
0 CCLUDy, 905 CCyU Ds.

If Tx = A\x for some A € [0,1) and x € 98, then either x € Cy or x € D;.

If x € Cy, we get from Sub-step 1.1 that £(Tx) > a. On the other hand, we
have £(Tx) = X(x) < &(x) = a, a contradiction.

If x € Dy, from Sub-step 1.2, we have n(T'z) > L;. On the other hand, we have
n(Tx) = An(z) < n(z) = L1, a contradiction too.

From above discussion, (3.3) holds.
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Step 2. We prove that

(3.4) Tx # Mx for all A € (1,400) and z € 9.
By (d), we have ®(uv) < 1/(1(71);) for u > 0,0 > 0 and 1(11/1}) < v=(v) for
v > 0. For x € C5, one has
0<a(t) <b, —Ly <p(t)a'(t) < Ly, t € R.
For o > 0, then we get
1y p(t)a’(t)
Ft.a0.0'0) = 1 (120, "0 < Bvoto).1 € R
oy p(t)a'(t) 1
ott.o(t). ') =g (10, 2050 ) < soee v
oy p(t)a'(t) 1
h(t,z(t),2'(t)) = h (t,m(t), o) ) < V*l(l/Eo)(bh(t)’t €R

Then, we have

§(Tx) = sup(Tz)(t)

IN
—
Q™

\-é—
v&.
~
M
/
£
8
‘ +
\
kﬁ
=
8
=
=
)
~

IN

+o0 +o0
B 1 1
(a +_ZO p(s)d8> D (2_4 f(ryz(r), 2’ (r))dr

+o0 +oo
'yif g(r,x(r),x’(r))dr—i—aif h(r,x(r), ' (r))dr

+&

g

“+o0

+é / g(r,z(r), 2 (r))dr

— 00

+oo
Oy [ L) e
: (a+/p(8)d)@

— 00
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T (Y ey
+;Zm¢g(r)Mdr

< (3 [ )
o3 fosres o))

/ 0y (r)drv " (Ep)

< (ﬂ / )@1(2/¢ dr+q>(7/¢g yar + & /qsh ))

v (Fo) + é / qbg(r)dry_l(Eo) <b.

For x € Dy, we have

n(Tz) = supp(t)|(Tz)'(t)]

teR
+o00
o1 (Ax—k/f(r,x(r),x'(r))dr)

2/frx

= sup
teR

IN

Vﬁl(Eo) < LQ.

IN
l\D
\
%
&
=
_|_
&
A

|2
\
-
!Q
&
)
_|_
\
-
y
\3
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Similarly we can prove that £(Tz) < b and n(Tx) < Ly for all z € Dy if @ = 0.

In fact, if T2 = Az for some A € (1,+00) and = € s, then either x € Cy or
S DQ.

If x € Cs, we get from above discussion that £(Tx) < b. On the other hand, we
have £(Tz) = X(x) > &(z) = b, a contradiction.

If © € Dy, from above discussion, we have n(T'z) < Ly. On the other hand, we
have n(Tz) = An(x) > n(x) = La, a contradiction too.

From above discussion, (3.4) holds.

It follows from (3.3), (3.4) and (E1) in Lemma 2.1 that T has at least one
fixed point € Qg \ Q1. So BVP(1.1) has at least one positive solution z such
that x € Q5 \ ©; and that z satisfies (3.1) and (3.2). The proof of Theorem 3.1 is
complete. O

Theorem 3.2. Suppose that (a)-(d) hold and there exist nonnegative function
b, Py, dn € LY(R) and Ly > Ly >0 and a > b > 0 such that

f (t,u,pé) > Mog(t), t € [~k K], u € [ua,a],v € [~Ly, Ly];
f(t,u,p(“t> > Woo(t), t € Ryu € [0,al,v € [~Ly, L),

f <t,u, pé) Eod(t), t € Ryu € [0,b],v € [~La, Ly,
g(t,u,pz’t) (1/E0)¢ (t), t € Ryu € [0,b],v € [~ Ly, Ly,
h ( pz’t)) < ﬁm(t), teRue0,b),0€ Ly, L.

If By > max{My, Wy}, then BVP(1.8) has at least one positive solution x satisfying

(3.5) b <supz(t) <a, 0<supp(t)|z'(t)| < L,
teR teR
or
(3.6) 0 <supz(t) <a, Ly <supp(t)|z'(t)] < L.
teR teR

Proof. Let X, P and the nonlinear operator T' be defined in Section 2. Using (E2)
in Lemma 2.1. The proof is similar to the proof of Theorem 3.1 and is omitted. O
4. Non-Existence of Positive Solutions

Now we establish non-existence results on positive solutions of BVP(1.1).

Theorem 4.1. Let Q@ = R x [0,4+00) X R. Suppose that (a)-(d) hold and there
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exists a function ¢ € L'(R) such that

£ (o 5t5)
SUD Gm(ly < L

(t,u,v)€Q

(4.1)
9(tus5ty) h(tu 50
sup — s <1 osup ——f2 <1

() €D (1) |v] (t0,0)€Q &(t)|v]

If
“+o0 “+o0
+o0 v [ o(r)dr+a [ ¢(r)dr
(4.2) 2/¢(s)dsds—|—(l> == — <1,
o

then BVP(1.1) does not admit positive solutions.
Proof. From (4.1), we have

7 (B 5 ) < 6(Jol), (tu,0) € R x [0,+50) x R,
g (b 585) S @], (4uv) € R x [0,4+00) x R,
h (t,u, m) < ()|v], (t,u,v) € R x [0, +00) x R.
Assume that z is a positive fixed point of 7. We have
[t 2(t),2'(t) < o) (p(t)2' (1) < o(t)2([|pz"[0), t € R,
g (t,x(t),z'(t) < o(t)p(t)|2' ()] < ¢(t)[lp2’[0, t € R,

h(t,x(t), ' (8) < o(t)p(t)|2' ()] < o(t)lp2' [0, t € R.

Then (2.2) implies that

oo +oo
+oo v+f g(r.x(r),’' (r))dr+o [ h(rz(r),z (r))dr
Azl < [ f(s,z(s),2/(s))ds + @ | —= —oo

o

+oo T omydr+a | o(ryar
< ®(|[pz'llo) [ P(s)dsds + @ [ —= — @ (||p2'[]o) -

o
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It follows that

+oo
o'l = o) lo =sup | @ { Ac+ [ fratr).a'))ar
€
t
+oo +o00
+o0 v [ ¢(r)dr+a [ ¢(r)dr
< a0 | 2 / 6(s)dsds + @ | —= oo
o
< lp"llo
which is a contradiction. The proof is complete. O

Theorem 4.2. Let Q = R x [0,400) X R. Suppose that (a)-(d) hold and there
exists a function ¢ € L*(R) such that

L f(egty)
(4.3) et e = b
If
NI 0 (0
(4.4) 4 min Ofp(s)q)_ (of qS(r)dr) ds,_fk oL ({ qS(r)dr) dsp >1,

then BVP(1.1) does not admit positive solutions.
Proof. From (4.3), we have

f (t,u, ﬁ) > ()P (u), (t,u,v) € R x [0,+00) X R.

Suppose that z is a positive solution of BVP(1.1). Then z(t) = (T'z)(¢t) for all
t € R. We have

f (L a(t), 2/ (1) = oD (1)), ¢ € R.

We consider three cases:

Case 1. p(t)a’(t) > 0 for all t € R. In this case, we have z(t) > 0 for all ¢t € R.
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Then B, > 0 and A, > 0. Using (4.4). So

lzlly = alz) = a(Ta)
“+o0
= i 1 r,x T T S
. 4pm@ @1+/f (r),x <w>d

> /,0 (/frw dr)ds
> Zp(ls ot /frm dr)ds
> /:p(ls ot /gb dr)ds

k

> {m;¢1 /¢ mmmw)

k

1
> u/@q; (/¢ dr)d8||$||0>||33|07

which is a contradiction.

Case 2. p(t)z'(t) <0 for all ¢ € R. In this case, we have v, lir+n z(t) > 0 and
—r+0o0
. lim p(t)z'(t) < 0. Using (4.32). Then
——00
[|z[lo = a(2) = a(Tz) = supyep(Tx)(t) =

sup L lim (Ta)(r) - j/ocp(ls)@ (f Tim_p(t)(T / 2 (r ) s]
fg}g [+/OOK)(1!9)<I>_1 (/S f(r,x(r),x’(r))dr) ds]

/kp(s ot (/S f(r,x(r),x'(r))dr) ds

Zk k

k S
|
M_{ @@ (/k ¢(r)dr) ds||zllo > [|z[lo,

Y

v
‘H

~—

Y
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which is a contradiction.

Case 3. there exists 79 € R such that p(79)z’(70) = 0. In this case we have
lim x>0 and tli&n x > 0. Using (4.32). Then
—+00

t——o0

ot (‘jf(ﬁﬂ?"),x’(r))dr) ,t> 70,

(02 (1) = )
o1 (tf f(r,x(r),x’(r))dr) , t <70

So

t——+oo

—
~
5

~

—~
~

~—

Il
~+

lim (Tz)(t) — +foo p(ls)ib_l (— j f(r,x(r),x’(r))dr) ds, t > 19,

lim; oo (Tz) ()

+
—
)
wl
9
N

J f(r,x(r),x/(r))dr) ds, t < 719.

70

-7 oL (— [ £, a(), x/<r>>dr> ds, t > 7o,

v

[ e (7 f(nx(r),x'(r))dr) ds, £ < 7o,

S

If 79 > 0, then

llzllo = a(z)

V
g ~—oc
‘H
A
L
[y
—
3
=2
—
=
H\
—
=
=
3
jsW
&

vV
w\o
=
o
N~—
A
L
~//
— 7
=
3
=

=3
:_/

R\
©
~—

S~—"
QU
=
N——
Q
V)

%
=
—
-
3
=
2
U
3
U
&
EX
=

which is a contradiction.
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If 79 <0, then
+oo

-/t
/(1 (/ )2 ) ds
(o

|
2
=
|v

1EZI

ot —/f(r,x(r),a:’(r))dr ds

Y

dr | ds||z||o

IV
=
o — .
/ﬂH

> ||5L‘||07
which is a contradiction.

From above discussion, we know that BVP(1.1) has no positive solution. The
proof is completed. O

5. Examples

In this section, we present two examples to illustrate the main theorems.

Example 5.1. Consider the following boundary value problem of second order
differential equation on the whole line

[(ﬁx’(f))g + ‘ﬁx’(t)}/ + [t x(),2'(1) =0, teR,

+2

5.1 i _ e
(5.1) t_l)lr_noo x(t) t_l}moo 2 a'(t) =0,
1 7et / p—
t~1>1£noo .’E(t) + t—lginoo t z (t) 07
where

f (o t5) = o) folu.v),

&, [t >1

¢(t):{ %7 |t|§1’

fo :]0,+00) x R — [0, +00) is continuous.

Then BVP(5.1) has at least one positive solutions if there exist sufficiently small
a > 0,L; > 0 and sufficiently large b > 0, L > 0 such that

fo (u,v) > My, u € [e"ta,a],v € [~Ly, L1];
fO (U,U) > WO7 AS [O,G],U € [_LhLlL

fo (u,v) < Ey, u € [0,b],v € [~La, La].
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2

Proof. Corresponding to BVP(1.1), we have p(t) = % (that is singular at ¢t = 0),
P(s)=s3+s, a=B=v=05=1. Then
/3Bl 12+ s /3Bl r12— & s
= 3

7' (s)

9

v(s) = min{s*, s},

—1 _ 878217 _ 1 1
v (8)_{5 s<1, =max{s7,s}, ¢ < L'(R),

1
4
)

g(t,u,v) = h(t,u,v) =0,

+oo 5
o=2+ [ |sle=*ds=3>0,

Choose k =1 and we get
—k “+o0
= / ids 2 / ids =e L
J o \* ) o)

By direct computation, we have
—1 1

0 0
S p(ls)é’l (f (j)(r)dr) ds
MO = max v —k 2 , v
a

<I>*1< fo ¢(7’)dr>

Ly ’

-1 -1

1 <+fm¢(r)dr>
N )

W() = max 1% v
Ly

Ey=minq v = b oo 14 +LOZ
<1+7f ﬁds)@*lej ¢(r)dT> <1>*1<27f qs(r)dr)

One sees that Ey > max{My, Wy} for sufficiently small @ > 0, L; > 0 and sufficiently
large b > 0, Ly > 0. Then the growth assumptions imposed on fy and Theorem 3.1
implies that BVP(5.1) has at least one positive solution z.

Example 5.2. Consider the following boundary value problem of second order
differential equation on the whole line
t2 2 !
Ga'(t) + G2 ()| + f(t2@),2'(t) =0, tER,
2
(5.2) lim a(t) — lim &-a/(t) =0,

t——o0 t——o0

+2
1 1 76 ! =
t—lgrnoo l’(t) + t—lg-&-moo t z (t) O’
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where

f(t,u,v) = o(t) (; + iarctanu) (e;t lv|* + - U|> , ¢ € LYR)

Il

or
3 1
ft,u,v) = ¢(t) <2 + = arctanv> (u* +u), ¢ <€ LY(R).
T
Then BVP(5.2) has no positive solution if f r)dr is sufficiently small or

400 0

(5.3) min 0/[)(1 /qS dr ds/% / ar | ds§ > 2,

Proof. Corresponding to BVP(1.1), we have we have p(t) = % (that is singular at
t=0), ®(s) =|s[s+s,a=8=vy=38§=1. Then

o0={ S

v(s) = min{s3, s},

v=i(s) = { 52 Lo~ max{s?, s},
g(t,u,v) = h(t,u,v) =0,

+oo 5
o=2+ [ |sle=*ds=3>0,

Case 1. It is easy to see that

(b 5t)
5.4 sup  Zoeion < L
(54) b o PO
If
400 2 +oo
4 8
(5.5) 2 / srydr |+ / 6(s)ds < 1,

Then Theorem 4.1 implies that BVP(5.2) does not admit positive solutions.



(5.6)
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Case 2. It is easy to see that

(w5t )
e G R

—k

k
1
s [ p(g)dsml {of

— 3 min { +0foc p(ls)fb_l ((jj ¢5(r)dr> ds,fjo p(ls)¢’_1 (S}) (b(r)dr) ds} as k — +o0.

Hence If (5.3) holds, then we can choose k > 0 such that (4.4) holds. Then Theorem
4.2 implies that BVP(5.2) does not admit positive solutions.
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