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ABSTRACT. In this paper, we consider a thermoviscoelastic equation which has one end
fixed and output feedback control at the other end. We prove the existence of solutions
using the Galerkin method and then investigate the exponential stability of solutions by
using multiplier technique.

1. Introduction

In this paper, we consider the following thermoviscoelastic equation which has
one end fixed and output feedback control at the other end :

L
(1.1)  ug — M(/ [t |2da ) tgy + by — Buge: + g(ug) = 0 in (0, L) x (0,00),
0

(1.2) 0 — kbyy + auze = 01in (0, L) x (0, 00),
u(0,t) = 6(0,t) = 6(L,t) =0 for t > 0,

L
(1.4) —M(/O a2 dz)a (L, ) — Buse(L, 1) = v(t) for ¢ > 0,

(1.5)  wu(z,0) =up(z), u(z,0) =wui(x), O(x,0) =0(x) for x € [0, L],
Uout(t) = ut(Lvt)a

where u = u(z,t) and 0 = 6(z,t) denote the displacement and the temperature,
respectively, a« > 0, 8 > 0, k > 0, M is a function satisfying some conditions,
v : Rt — RT is the boundary control force applied at the free end of thermovis-
coelastic body and uey:(t) stands for the measured signal of the system at time t.
System (1.1)-(1.6) describes the transverse vibration of an extensible Timoshenko
clamped at £ = 0 and supported at x = L by a control force. The advantage of
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the adaptive stabilization is that stabilization and good control performance can be
automatically achieved even in the presence of various types of uncertainty. The
boundary stabilization and boundary controllability for beams were considered by
many authors [5, 3, 7]. The nonlinear boundary stabilization can be found in [1, 4].
Guos [1] considered the adaptive stabilization for a Kirchhoff-type nonlinear beam
under boundary output feedback control. In [2], the exponential stability of a semi-
linear wave equation with variable coefficients under the nonlinear boundary feed-
back was investigated. Park et al. [4] studied the existence and exponential stability
for a Euler-Bernoulli beam equation with memory and boundary output feedback
control term. Moreover, Nakao [6] studied the contact problem in thermoviscoelas-
tic materials. Motivated above papers, we prove the existence and exponential
stability for a thermoviscoelastic equation with boundary output feedback control
term. To this end, we design the following adaptive output feedback controller:

(1.7) v(t) = h(t)us (L, 1),
(1.8) he(t) = rui(L,t), h(0)=ho >0, r> 0.

Then the closed-loop system of (1.1)-(1.6) is given by

L
(1.9) g — M(/ g 22V tts + By — Brimar + g(ug) = 0 im (0, L) x (0,00),
0

(1.10) 6y — kByz + auye = 0 in (0, L) x (0, 00),
(1.11)  u(0,¢t) = 6(0,¢t) = 0(L,t) =0 for t > 0,

(1.12) —M(/OL [ug|2dx)uy (L, t) — Bugs(L,t) = h(t)us(L,t) for t >0,

(1.13)  wu(z,0) = up(x), u(z,0) =wui(z), 0(x,0) = 6by(x) for z € [0, L],
(1.14)  he(t) = ru?(L,t) for t >0, h(0) =hg >0, r > 0.

The energy of the system (1.9)-(1.14) is given by

1 [F 1 [F 1. [r
(1.15) E(t) = f/ |ut|2dx+f/ |9|2dz+7M(/ ug|?da),
2 Jo 2 Jo 2 0

where M(s) = [ M(o)do.

2. Existence of Solutions

Let L?(0,L) be the usual Hilbert space with the inner product (-,-) and the
inner product induced norm || - ||. Throughout this paper, we define

V ={uec H(0,L) : u(0) = 0}.

Let A > 0 be a constant such that ||u||> < A||Vu||? for all u € V.
We state the following hypotheses :
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(Hy) Let (ug,u1,60) € (VNH?0,L)) x V x (H}(0,L) " H?(0,L)) and

L
(2.1) fM(/O | (0)[2d)u (L, 0) — Buge(L,0) = hous (L).

(H2) Let g : R — R be a continuously differential function and there exist positive
constants 1 and pg such that g(s)s > 0 and pifs| < [g(s)| < pas| Vs € R.

(Hs) M € C(][0,00)) N C*(0,00), M(s) >~ for some v > 0 and M (s) < M(s)s.
(H4) We assume that o < 4k and v > % + 8.

Theorem 2.1. Suppose that (Hy), (Hz) and (H3) are satisfied. Then, there exists
a solution to the system (1.9)-(1.14) satisfying

u € L®(0,T;V),u; € L=(0,T;V),uy € L*(0,T;V),
0 € L*(0,T; Hy(0,L)), 6, € L*(0,T; Hy (0, L)).

Proof. We will use the Galerkin method. Let us denote by wy,ws, -+ ,w,, a basis
for VN H?(0, L) and for v1,vq, -+ , vy, a basis for H} (0, L) N H?(0, L). Let us define

u™(z,t) = Z Xim (t)wi(z), 0™ (z,t) = me(t)vi(af)-

We have to find the coefficients y;,, and 7;,, satisfying the system
(ugp, wi) + M(|[uf? 1) (uf win) — a(0™, wiz) + B(ug}, wi)

(2.2) +(g(uf"), wi) + ™ (t)ui” (L, t)wi (L) = 0,
(9?»1’1‘) + ]{3(9;”,’0”) - a(u;nv Uim) =0,

(2.4) hi'(t) = T[Z Xim (L ywi(D)]* = r[uf(L, )%, h™(0) = ho > 0,
(2.5) u™(0) = uf* — up in VN H*0,L), u™(0) =u — uy inV,

0™(0) = 05" — 0 in H} (0, L) N H(0, L).

By standard methods in differential equations, we can prove the existence of a
local solution to (2.2)-(2.6) on some interval [0,%,,], where t,, = oo by using the
first estimate below.

Estimate I. Multiplying Eq. (2.2) by x4, and taking summation on ¢ and
using (2.4), we have

1d

(27) 52 LR )+~ A (0P} + (o), )

+o(07 u) + Blluly| | = 0.
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Now, multiplying Eq. (2.3) by 7},, and summation on ¢, we see that

1d

Z 2 11pm]|2 m2 _ mo,my _
2:5) L o2 4 ko — (o ) =0

Combining (2.7) and (2.8) and by hypothesis (Hz), we derive

1d ., - 1
5 |2+ N2 |2)+ 1167+~ (1)}

a1 + Bllugi|* + k[0 ]2 < 0.

(2.9)

Integrating (2.9) over (0,¢) and using (2.5), (2.6), we get
m Y m m 1 m
(2.10) a1 + M([|ug?|[*) + 16 ||2+;|h Gl

t t t
+u/0 \Iu?|\2d7+ﬂ/0 ||u;’;||2df+k/0 o [2dr

m Y m m 1 m
< lad"|1” + Ml |1*) + 11051 + —Ihg'[* < e,

where and in the sequel, ¢ denotes a generic positive constant.

Estimate II. First of all, we estimate the L?-norms of u}}(0) and 6*(0). Con-
sidering t = 0, w; = uj}(0) and v; = 0*(0) in (2.2) and (2.3), respectively, we
obtain

[Tz ()17 < M (1 (0)]1*)1 iz )] O] + el |65 (0[] [ (0)]]

811wz (O)[|ugy (O)] + [g (g™ ()| (O)1];
167 (O < K167 (0) 11165 (0)]] + axl|625, (0)][]16 (O)]I-

This and (2.5)-(2.6) imply that

(2.11) luti ()] < ¢, and [|07"(0)]| <c.

Now, differentiating (2.2) and (2.3), writing the equations with w; = yj7(¢) and
v; = 07"(t) and adding the results, we obtain

m m m r m m
(2.12) g 12+ Ml 1) + Slu (L, )] + 116; IIQ]

+B[ugiel[* + KI073]°
= —2M ([ [1*) (uy', uifhy) + M (Jug|*) (' wify) Jugh ]

—(g (u" )iy ) — W™ (0 ug (L, )]

[N
SR
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Integrating this over (0,t) and making use of (2.11), (2.5)-(2.6), it follows that
SIEIP S MO P gl + Tl (2, ) + 3l
t t
48 [ lluzlds + [ ods
0 0
t t
13 <o=2 [ AP ads+ [0 ) o) ] s
t t
- [ @ s = [z Ps.
0 0
Using the conditions (Hy) — (H3) and the first estimate (2.10), we see that
t t 5
=2 [ M| s < e [P s

IB ¢ 2 ¢ 2
< —/ [ ds+cﬁ/ ] 2ds,
0 0

t t
| / M ([ P ) [ 2| < e / [ [2ds
and
t t
| / (¢ (Yl ull)ds| < / [l |Pds.
0 0

Adapting these estimates to (2.13) and noting that fot h™(s)|u (L, s)|[*ds > 0,
we have

(2.14) Sl + S M) ]2 + S (L, 01+ S 12
2 2 4 2

/8 t t t
+ [ mlPds v [ iomiPds < cve [ fluPds

0 0 0

t
v [+ il o s
Applying Gronwall’s Lemma, we have

t t
(2.15) [luft][2 + [[um |2 + [ (L. 0)]" + 16712 + / a2 + / 7] 2ds < c.

From (2.10) and (2.15), there exist subsequence of (u) and (6™), still denoted



522 Yong Han Kang

by (u™) and (6™), such that

u™ — u weakly star in L>°(0,T;V),

uy® — uy weakly star in L>°(0,7;V),

uf — uy weakly star in L>°(0,T; L2(2)) N L2(0,T;V),
u™(L,t) — uy(L,t) weakly in L2(0,7),

h™ — h weakly star in L>°(0,T),

hi* — hy weakly star in L>°(0,T),

6™ — 0 weakly in L2(0,T; HL (0, L)),

0 — 6, weakly in L>°(0,T; L?(0, L)) N L?(0,T; H} (0, L)).

(2.16)

Due to the compact embedding V < L?(0, L), we have
ul™ — uy strongly in L?(0,T; L?(0, L)).
Thus, we get from (Hs) that
g(uy") = g(u) ae. inxz € (0,L), t>0.

From the above convergence and the boundedness of (g(u/*)) in L?(0,T'; L2(0, L)),
we conclude by Lion’s lemma that

g(u™) — g(us) weakly in L*(0,T; L*(0, L)).
Moreover, by the Sobolev embedding theorem and (2.16), we see that
h e CH0,T] and h™(t)ul"(L,t) — h(t)us(L,t) weakly in L?(0,T).

From (2.16) and Arzela-Ascoli theorem, there exists a continuous function ¢
such that
|[u™||> = ¢ uniformly in [0, T].

Thus, letting limit m — oo in (2.2) and substituting w; = u, we get

T T T
(2.17)/0 M(¢)\|um||2ds:—/0 (utt,u)ds—a/o (8, w)ds

T T
Sl DI + Flus O = [ (o) u)ds = [ nis)un(L.syu(t.s)ds.

On the other hand, we have

[ vz s = - [ s o [ @ - S ?
T T
(2.18) +§||ug(0)||2—/0 (o) s = [ (L (L),



Thermoviscoelastic equations with output feedback control 523

From (2.17) and (2.18), we derive that

T T
(2.19) limsup/ M (|| [?)] | *ds S/ M ()| |uz||*ds.
0 0

m—r0o0

It follows that +/M(||um]?)||u™|| converges strongly in L2(0,T;L?(0,L)).
Hence we conclude that u™ converges strongly to u, in L%(0,L). Therefore, the
above convergence are sufficient to pass to the limit in (2.2)-(2.6). Then it is a
matter of routine to deduce the existence of global solutions in [0, T]. a

3. Exponential Stability

Having established global existence of solution to (1.9)-(1.14), we focus our
attention on exponential decay that can be obtained for the energy function. We
define the energy F(t) of problem (1.9)-(1.14) by

L L L
(3.1) E(t):%/o |ut(t)|2d:z:+%/0 \0(t)|2dx+%M(/O |um(t)|2d:c).

Then the derivative of the energy is given by

(32)  E'(t) = =Blluat (D" = kl|020)]]* — (g(ue(t), ue(t)) — h(t)[ue (L, £)]* < 0.

Theoream 3.1. Let (u,d) be the solution given by Theorem 2.1 and assume that
(Hy) holds. Then we have

lim E(t) =0, lim h(t) < \/2rE(0) + [h(0)]2.

t—o0 t—o0

We define the perturbed energy by

(3:3) Ec(t) = E(t) + ey(1),
where
(3.4) ¥(t) = (0(1),0(t)) + (ue(t), u(t)).

Then we have the following propositions.

Proposition 3.1. There exists C1 > 0 such that |E.(t) — E(t)| < eC1E(t), YVt >0
and € > 0.

Proof. Using Young inequality and Sobolev embedding theorem, there exists C; > 0
such that |E.(t) — E(t)| < €|y(t)] < eCLE(t). a

Proposition 3.2. There exist positive constants Co, C5 such that

d

(3.5) =

E.(t) € —eCoE(t) + eC3h(t)[u(L, t)]?, Vt>0, €€ (0,e1].
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Proof. Using (1.1), (1.2) and (2.14), Young inequality and Sobolev embedding
theorem, we deduce that
—0(t) = 2(0(0),00(1)) + (u(), uee(t)) + ||ue(t)]]?
= —2k[|0: ()] = 20(0(t), wae () — M ([[ua (O)]*)[us (O] = alu(t), 0z (t))

—Bua(t), uae () — (g(ur(t)), u(t)) = u(L, h(t)ue(L, t) + ||ue(t)]]*
—2k|10= ()11 + al|0)]1* + adlluse (O — M ([luz (6)]1)][ua ()]

2 e O + 21001+ 2tz O + 2 faae ()]
~(gun (1)), (1)) — u(L, OO L, 1) + e ()]
—(2k = Y01 + alOOIP + (@ + D) e — M (1fsa ()] (1)

IN

IA

(3.6) +(%A + B)[[ua (0)]* = u(Ly )h()ur (L, 1) + (1 + Cp)|ue (B)]I*,

where we used

B

[(g(ue (), u(®))] < Callue(®I]* + Zllua (B,

where Cj is a positive constant depending on 3. On the other hand, the assumption
(Hs) gives

ua (D)2 < %M(Ilux(t)llz)\Ium(t)HZ-

Substituting this to (3.6) and keeping in mind (Hy), we obtain

d !
(3.7) (1) < =201 B(t) — 2k — D162 ()] + eal [0(2)]?
e [uae (D)7 + ealue (0)]]* — w(L, Oh(t)ue(L, 1),
where ¢; :1—%(‘)‘7’\—%5) >0,c0=a+cy, c3 :a+§, ca=1+c1+Cs.
Thus, we summarize from (3.1)-(3.3) and (3.7) that

(3.8)%E6(t) - %E(t) + ey
< —2cleE(t) — \H1 = C4€)||Ut(t)”2 - (B - CSE)HU;ct(t)HQ

—{k+ (2k = 3)e — oA} [ (D2 = h()(L = 5) (e (L,£))? + Sh(t) (L, ).

Now, we define

(e Bk
3.9 = {7aiaia2}a
( ) “ i Cq4 C3 62)\
and considering € € [0, 1], then from (3.8) and (3.9), we get

iEE(t) < —cieB(t) + %h(t)(u(L,t))Q, vt > 0.

(3.10) o
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This ends the proof of Proposition 3.2. O

Proof of Theorem 3.1. From Proposition 3.1, we see that
(3.11) (1—€eCh)E(t) < E(t) < (1+eCh)E(t), Vi >0.

By (3.10) and (3.11), we have

d —Cle €
(3.12) aEe(t) < 1+01€E6(t) + ih(t)(u(L7t))2, vt > 0.
Let C. = 155616 and apply Gronwall’s inequality to (3.12), we obtain
t
(3.13) E(t) < e “E(0) +§ / e C (1) (u(L, 7))%dr
0

t
< e OB, (0) + = sup ()] / e U (u(L, 7))2dr, VE> 0.
2 >0 0

Referring to the paper [1], we deduce that

t o5}
/ e C =) (u(L, 7))2%dr < efCét/Q/ (u(L,7))*dr, ¥t > 0.
0 0
By Theorem 2.1 and H}(0,L)N H?(0, L) — L*(0, L), u(L,t) € L*(0, 00) we see
that
t
(3.14) / e O (w(L,7))2dT — 0 ast — oco.
0

From (3.13) and (3.14), we get lim;_, o Ee(t) = 0. Let e = min{ey, ﬁ}, where
(4 is given in Proposition 3.1. Consider € € (0, €y]. Since € < ﬁ and (3.11), we
obtain

1 3
(3.15) SE() < E(t) < SE(t), Yt >0.
Therefore, we have

(3.16) lim E(t) = 0.

t—o00

Now, we consider the Lyapunov functional U(t) = E(t) + h;gf). Then, by (3.2),
we see that

(3.17) Ui(t) < 0.

Therefore we obtain

sup{E(t) + i)

< Ms,
t>0 27“}7 3
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where M3 > 0 is a constant depending on the initial data. From (3.17), we deduce
that
h?(0)

h?(0)
2r '

E(o0) + 2r

< E(0) +

Thus, we have

h(oo) < v/2rE(0) + (h(0))2.

Since h(t) is nondecreasing, we obtain

(3.18) h(t) < /2rE(0) + (h(0))2.
The proof of Theorem 3.1 is completed. O

We can now proceed to state our exponential stability result.

Theorem 3.2 Let (u,0) be the solution of Theorem 2.1, then there exist constants
k>0 and v > 0 depending on the initial data such that

E(t) < ke, Vt>0.

Proof. From (3.12), we have

(3.19) L) < —C.E.(t) + %h(t)(u(L,t))Q, vt > 0.

% =
By integrating over (0,¢) in (3.19) and using (3.18), we obtain

t t
(3.20) E(t) < Ec(0) —CE/ EE(T)dT—‘r%/ h(7)(u(L, 7))*dr
0 0
t . t
< B(0) = C. | Br)ir+ Gbllimom) [ (L) ar
Using Gronwall’s inequality and since [ (u(L,7))?dr < M, we get
(3.21) E(t) < (k1 + E.(0))e= %t vt >0.

For sufficiently small €, using the Proposition 3.1, we get

1 k E.
() < Bt E(0)

3.22 E(t) < . vyt > 0.
( ) ()71—601 - 1—-eC} € -
This completes the proof of Theorem 3.2 by putting x = klltif(}(lo) and v = eC].

d
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