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Abstract. In this paper, we consider a thermoviscoelastic equation which has one end

fixed and output feedback control at the other end. We prove the existence of solutions

using the Galerkin method and then investigate the exponential stability of solutions by

using multiplier technique.

1. Introduction

In this paper, we consider the following thermoviscoelastic equation which has
one end fixed and output feedback control at the other end :

utt −M(

∫ L

0

|ux|2dx)uxx + αθx − βuxxt + g(ut) = 0 in (0, L)× (0,∞),(1.1)

θt − kθxx + αuxt = 0 in (0, L)× (0,∞),(1.2)

u(0, t) = θ(0, t) = θ(L, t) = 0 for t > 0,(1.3)

−M(

∫ L

0

|ux|2dx)ux(L, t)− βuxt(L, t) = v(t) for t ≥ 0,(1.4)

u(x, 0) = u0(x), ut(x, 0) = u1(x), θ(x, 0) = θ0(x) for x ∈ [0, L],(1.5)

uout(t) = ut(L, t),(1.6)

where u = u(x, t) and θ = θ(x, t) denote the displacement and the temperature,
respectively, α > 0, β > 0, k > 0, M is a function satisfying some conditions,
v : R+ → R+ is the boundary control force applied at the free end of thermovis-
coelastic body and uout(t) stands for the measured signal of the system at time t.
System (1.1)-(1.6) describes the transverse vibration of an extensible Timoshenko
clamped at x = 0 and supported at x = L by a control force. The advantage of
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the adaptive stabilization is that stabilization and good control performance can be
automatically achieved even in the presence of various types of uncertainty. The
boundary stabilization and boundary controllability for beams were considered by
many authors [5, 3, 7]. The nonlinear boundary stabilization can be found in [1, 4].
Guos [1] considered the adaptive stabilization for a Kirchhoff-type nonlinear beam
under boundary output feedback control. In [2], the exponential stability of a semi-
linear wave equation with variable coefficients under the nonlinear boundary feed-
back was investigated. Park et al. [4] studied the existence and exponential stability
for a Euler-Bernoulli beam equation with memory and boundary output feedback
control term. Moreover, Nakao [6] studied the contact problem in thermoviscoelas-
tic materials. Motivated above papers, we prove the existence and exponential
stability for a thermoviscoelastic equation with boundary output feedback control
term. To this end, we design the following adaptive output feedback controller:

v(t) = h(t)ut(L, t),(1.7)

ht(t) = ru2t (L, t), h(0) = h0 > 0, r > 0.(1.8)

Then the closed-loop system of (1.1)-(1.6) is given by

utt −M(

∫ L

0

|ux|2dx)uxx + αθx − βuxxt + g(ut) = 0 in (0, L)× (0,∞),(1.9)

θt − kθxx + αuxt = 0 in (0, L)× (0,∞),(1.10)

u(0, t) = θ(0, t) = θ(L, t) = 0 for t > 0,(1.11)

−M(

∫ L

0

|ux|2dx)ux(L, t)− βuxt(L, t) = h(t)ut(L, t) for t ≥ 0,(1.12)

u(x, 0) = u0(x), ut(x, 0) = u1(x), θ(x, 0) = θ0(x) for x ∈ [0, L],(1.13)

ht(t) = ru2t (L, t) for t ≥ 0, h(0) = h0 > 0, r > 0.(1.14)

The energy of the system (1.9)-(1.14) is given by

(1.15) E(t) =
1

2

∫ L

0

|ut|2dx+
1

2

∫ L

0

|θ|2dx+
1

2
M̂(

∫ L

0

|ux|2dx),

where M̂(s) =
∫ s

0
M(σ)dσ.

2. Existence of Solutions

Let L2(0, L) be the usual Hilbert space with the inner product (·, ·) and the
inner product induced norm || · ||. Throughout this paper, we define

V = {u ∈ H1(0, L) : u(0) = 0}.

Let λ > 0 be a constant such that ||u||2 ≤ λ||∇u||2 for all u ∈ V.
We state the following hypotheses :
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(H1) Let (u0, u1, θ0) ∈ (V ∩H2(0, L))× V × (H1
0 (0, L) ∩H2(0, L)) and

(2.1) −M(

∫ L

0

|ux(0)|2dx)ux(L, 0)− βuxt(L, 0) = h0u1(L).

(H2) Let g : R → R be a continuously differential function and there exist positive
constants µ1 and µ2 such that g(s)s ≥ 0 and µ1|s| ≤ |g(s)| ≤ µ2|s| ∀s ∈ R.
(H3) M ∈ C([0,∞)) ∩ C1(0,∞), M(s) ≥ γ for some γ > 0 and M̂(s) ≤M(s)s.
(H4) We assume that α < 4k and γ > αλ

2 + β.

Theorem 2.1. Suppose that (H1), (H2) and (H3) are satisfied. Then, there exists
a solution to the system (1.9)-(1.14) satisfying

u ∈ L∞(0, T ;V ), ut ∈ L∞(0, T ;V ), utt ∈ L2(0, T ;V ),

θ ∈ L2(0, T ;H1
0 (0, L)), θt ∈ L2(0, T ;H1

0 (0, L)).

Proof. We will use the Galerkin method. Let us denote by w1, w2, · · · , wm a basis
for V ∩H2(0, L) and for v1, v2, · · · , vm a basis for H1

0 (0, L)∩H2(0, L). Let us define

um(x, t) =
m∑
i=1

χim(t)wi(x), θ
m(x, t) =

m∑
i=1

ηim(t)vi(x).

We have to find the coefficients χim and ηim satisfying the system

(umtt , wi) +M(||umx ||2)(umx , wix)− α(θm, wix) + β(umxt, wix)

+(g(umt ), wi) + hm(t)umt (L, t)wi(L) = 0,(2.2)

(θmt , vi) + k(θmx , vix)− α(umt , vix) = 0,(2.3)

hmt (t) = r[

m∑
i=1

χ′
im(L, t)wi(L)]

2 = r[umt (L, t)]2, hm(0) = h0 > 0,(2.4)

um(0) = um0 → u0 in V ∩H2(0, L), umt (0) = um1 → u1 in V,(2.5)

θm(0) = θm0 → θ0 in H1
0 (0, L) ∩H2(0, L).(2.6)

By standard methods in differential equations, we can prove the existence of a
local solution to (2.2)-(2.6) on some interval [0, tm], where tm = ∞ by using the
first estimate below.

Estimate I. Multiplying Eq. (2.2) by χ′
im and taking summation on i and

using (2.4), we have

1

2

d

dt
{||umt ||2 + M̂(||umx ||2) + 1

r
|hm(t)|2}+ (g(umt ), umt )(2.7)

+α(θmx , u
m
t ) + β||umxt||2 = 0.
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Now, multiplying Eq. (2.3) by η′im and summation on i, we see that

(2.8)
1

2

d

dt
||θm||2 + k||θmx ||2 − α(θmx , u

m
t ) = 0.

Combining (2.7) and (2.8) and by hypothesis (H2), we derive

1

2

d

dt
{||umt ||2 + M̂(||umx ||2) + ||θm||2 + 1

r
|hm(t)|2}(2.9)

+µ||umt ||2 + β||umxt||2 + k||θmx ||2 ≤ 0.

Integrating (2.9) over (0, t) and using (2.5), (2.6), we get

||umt ||2 + M̂(||umx ||2) + ||θm||2 + 1

r
|hm(t)|2(2.10)

+µ

∫ t

0

||umt ||2dτ + β

∫ t

0

||umxt||2dτ + k

∫ t

0

||θmx ||2dτ

≤ ||um1 ||2 + M̂(||um0x||2) + ||θm0 ||2 + 1

r
|hm0 |2 ≤ c,

where and in the sequel, c denotes a generic positive constant.

Estimate II. First of all, we estimate the L2-norms of umtt (0) and θ
m
t (0). Con-

sidering t = 0, wi = umtt (0) and vi = θmt (0) in (2.2) and (2.3), respectively, we
obtain

||umtt (0)||2 ≤M(||umx (0)||2)||umxx(0)||||umtt (0)||+ α||θmx (0)||||umtt (0)||
+β||umxxt(0)||||umtt (0)||+ ||g(umt (0))||||umtt (0)||,

||θmt (0)||2 ≤ k||θmxx(0)||||θmt (0)||+ α||θmxx(0)||||θmt (0)||.

This and (2.5)-(2.6) imply that

(2.11) ||umtt (0)|| ≤ c, and ||θmt (0)|| ≤ c.

Now, differentiating (2.2) and (2.3), writing the equations with wi = ymtt (t) and
vi = θmt (t) and adding the results, we obtain

1

2

d

dt

[
||umtt ||2 +M(||umx ||2)||umxt||2 +

r

2
|umt (L, t)|4 + ||θmt ||2

]
(2.12)

+β||umxtt||2 + k||θmxt||2

= −2M ′(||umx ||2)(umx , umxtt) +M ′(||umx ||2)(umx , umxt)||umxt||2

−(g′(umt )umtt , u
m
tt )− hm(t)|umtt (L, t)|2.
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Integrating this over (0, t) and making use of (2.11), (2.5)-(2.6), it follows that

1

2
||umtt ||2 +

1

2
M(||umx ||2)||umxt||2 +

r

4
|umt (L, t)|4 + 1

2
||θmt ||2

+β

∫ t

0

||umxtt||2ds+ k

∫ t

0

||θmxt||2ds

≤ c− 2

∫ t

0

M ′(||umx ||2)(umx , umxtt)ds+
∫ t

0

M ′(||umx ||2)(umx , umxt)||umxt||2ds(2.13)

−
∫ t

0

(g′(umt )umtt , u
m
tt )ds−

∫ t

0

hm(s)|umtt (L, s)|2ds.

Using the conditions (H2)− (H3) and the first estimate (2.10), we see that

| − 2

∫ t

0

M ′(||umx ||2)(umx , umxtt)ds| ≤ c

∫ t

0

||umxt||2||umxtt||2ds

≤ β

2

∫ t

0

||umxtt||2ds+ Cβ

∫ t

0

||umxt||2ds,

|
∫ t

0

M ′(||umx ||2)(umx , umxt)||umxt||2ds| ≤ c

∫ t

0

||umxt||||umxt||2ds

and

|
∫ t

0

(g′(umt )umtt , u
m
tt )ds| ≤ c

∫ t

0

||umtt ||2ds.

Adapting these estimates to (2.13) and noting that
∫ t

0
hm(s)|umtt (L, s)|2ds > 0,

we have

1

2
||umtt ||2 +

1

2
M(||umx ||2)||umxt||2 +

r

4
|umt (L, t)|4 + 1

2
||θmt ||2(2.14)

+
β

2

∫ t

0

||umxtt||2ds+ k

∫ t

0

||θmxt||2ds ≤ c+ c

∫ t

0

||umtt ||2ds

+c

∫ t

0

(1 + ||umxt||)||umxt||2ds.

Applying Gronwall’s Lemma, we have

||umtt ||2 + ||umxt||2 + |umt (L, t)|4 + ||θmt ||2 +
∫ t

0

||umxtt||2ds+
∫ t

0

||θmxt||2ds ≤ c.(2.15)

From (2.10) and (2.15), there exist subsequence of (um) and (θm), still denoted
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by (um) and (θm), such that

um → u weakly star in L∞(0, T ;V ),
umt → ut weakly star in L∞(0, T ;V ),
umtt → utt weakly star in L∞(0, T ;L2(Ω)) ∩ L2(0, T ;V ),
umt (L, t) → ut(L, t) weakly in L2(0, T ),
hm → h weakly star in L∞(0, T ),
hmt → ht weakly star in L∞(0, T ),
θm → θ weakly in L2(0, T ;H1

0 (0, L)),
θmt → θt weakly in L∞(0, T ;L2(0, L)) ∩ L2(0, T ;H1

0 (0, L)).

(2.16)

Due to the compact embedding V ↪→ L2(0, L), we have

umt → ut strongly in L2(0, T ;L2(0, L)).

Thus, we get from (H2) that

g(umt ) → g(ut) a.e. in x ∈ (0, L), t > 0.

From the above convergence and the boundedness of (g(umt )) in L2(0, T ;L2(0, L)),
we conclude by Lion’s lemma that

g(umt ) → g(ut) weakly in L2(0, T ;L2(0, L)).

Moreover, by the Sobolev embedding theorem and (2.16), we see that

h ∈ C1[0, T ] and hm(t)umt (L, t) → h(t)ut(L, t) weakly in L2(0, T ).

From (2.16) and Arzela-Ascoli theorem, there exists a continuous function ϕ
such that

||umx ||2 → ϕ uniformly in [0, T ].

Thus, letting limit m→ ∞ in (2.2) and substituting wi = u, we get∫ T

0

M(ϕ)||ux||2ds = −
∫ T

0

(utt, u)ds− α

∫ T

0

(θx, u)ds(2.17)

−β
2
||ux(T )||2 +

β

2
||ux(0)||2 −

∫ T

0

(g(ut), u)ds−
∫ T

0

h(s)ut(L, s)u(L, s)ds.

On the other hand, we have∫ T

0

M(||umx ||2)||umx ||2ds = −
∫ T

0

(umtt , u
m)ds− α

∫ T

0

(θmx , u
m)ds− β

2
||umx (T )||2

+
β

2
||umx (0)||2 −

∫ T

0

(g(umt ), um)ds−
∫ T

0

hm(s)umt (L, s)um(L, s)ds.(2.18)
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From (2.17) and (2.18), we derive that

lim sup
m→∞

∫ T

0

M(||umx ||2)||umx ||2ds ≤
∫ T

0

M(ϕ)||ux||2ds.(2.19)

It follows that
√
M(||umx ||2)||umx || converges strongly in L2(0, T ;L2(0, L)).

Hence we conclude that umx converges strongly to ux in L2(0, L). Therefore, the
above convergence are sufficient to pass to the limit in (2.2)-(2.6). Then it is a
matter of routine to deduce the existence of global solutions in [0, T ]. 2

3. Exponential Stability

Having established global existence of solution to (1.9)-(1.14), we focus our
attention on exponential decay that can be obtained for the energy function. We
define the energy E(t) of problem (1.9)-(1.14) by

(3.1) E(t) =
1

2

∫ L

0

|ut(t)|2dx+
1

2

∫ L

0

|θ(t)|2dx+
1

2
M̂

(∫ L

0

|ux(t)|2dx
)
.

Then the derivative of the energy is given by

(3.2) E′(t) = −β||uxt(t)||2 − k||θx(t)||2 − (g(ut(t), ut(t))− h(t)[ut(L, t)]
2 ≤ 0.

Theoream 3.1. Let (u, θ) be the solution given by Theorem 2.1 and assume that
(H4) holds. Then we have

lim
t→∞

E(t) = 0, lim
t→∞

h(t) ≤
√
2rE(0) + [h(0)]2.

We define the perturbed energy by

(3.3) Eϵ(t) = E(t) + ϵψ(t),

where

(3.4) ψ(t) = (θ(t), θ(t)) + (ut(t), u(t)).

Then we have the following propositions.

Proposition 3.1. There exists C1 > 0 such that |Eϵ(t)− E(t)| ≤ ϵC1E(t), ∀t ≥ 0
and ϵ > 0.

Proof. Using Young inequality and Sobolev embedding theorem, there exists C1 > 0
such that |Eϵ(t)− E(t)| ≤ ϵ|ψ(t)| ≤ ϵC1E(t). 2

Proposition 3.2. There exist positive constants C2, C3 such that

(3.5)
d

dt
Eϵ(t) ≤ −ϵC2E(t) + ϵC3h(t)[u(L, t)]

2, ∀t ≥ 0, ϵ ∈ (0, ϵ1].
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Proof. Using (1.1), (1.2) and (2.14), Young inequality and Sobolev embedding

theorem, we deduce that

d

dt
ψ(t) = 2(θ(t), θt(t)) + (u(t), utt(t)) + ||ut(t)||2

= −2k||θx(t)||2 − 2α(θ(t), uxt(t))−M(||ux(t)||2)||ux(t)||2 − α(u(t), θx(t))

−β(ux(t), uxt(t))− (g(ut(t)), u(t))− u(L, t)h(t)ut(L, t) + ||ut(t)||2

≤ −2k||θx(t)||2 + α||θ(t)||2 + α||uxt(t)||2 −M(||ux(t)||2)||ux(t)||2

+
αλ

2
||ux(t)||2 +

α

2
||θx(t)||2 +

β

2
||ux(t)||2 +

β

2
||uxt(t)||2

−(g(ut(t)), u(t))− u(L, t)h(t)ut(L, t) + ||ut(t)||2

≤ −(2k − α

2
)||θx(t)||2 + α||θ(t)||2 + (α+

β

2
)||uxt(t)||2 −M(||ux(t)||2)||ux(t)||2

+(
αλ

2
+ β)||ux(t)||2 − u(L, t)h(t)ut(L, t) + (1 + Cβ)||ut(t)||2,(3.6)

where we used

|(g(ut(t)), u(t))| ≤ Cβ ||ut(t)||2 +
β

2
||ux(t)||2,

where Cβ is a positive constant depending on β. On the other hand, the assumption
(H3) gives

||ux(t)||2 ≤ 1

γ
M(||ux(t)||2)||ux(t)||2.

Substituting this to (3.6) and keeping in mind (H4), we obtain

d

dt
ψ(t) ≤ −2c1E(t)− (2k − α

2
)||θx(t)||2 + c2||θ(t)||2(3.7)

+c3||uxt(t)||2 + c4||ut(t)||2 − u(L, t)h(t)ut(L, t),

where c1 = 1− 1
γ (

αλ
2 + β) > 0, c2 = α+ c1, c3 = α+ β

2 , c4 = 1 + c1 + Cβ .

Thus, we summarize from (3.1)-(3.3) and (3.7) that

d

dt
Eϵ(t) =

d

dt
E(t) + ϵ

d

dt
ψ(t)(3.8)

≤ −2c1ϵE(t)− (µ1 − c4ϵ)||ut(t)||2 − (β − c3ϵ)||uxt(t)||2

−{k + (2k − α

2
)ϵ− c2λϵ}||θx(t)||2 − h(t)(1− ϵ

2
)(ut(L, t))

2 +
ϵ

2
h(t)(u(L, t))2.

Now, we define

(3.9) ϵ1 = min
{µ1

c4
,
β

c3
,
k

c2λ
, 2
}
,

and considering ϵ ∈ [0, ϵ1], then from (3.8) and (3.9), we get

d

dt
Eϵ(t) ≤ −c1ϵE(t) +

ϵ

2
h(t)(u(L, t))2, ∀t ≥ 0.(3.10)
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This ends the proof of Proposition 3.2. 2

Proof of Theorem 3.1. From Proposition 3.1, we see that

(3.11) (1− ϵC1)E(t) ≤ Eϵ(t) ≤ (1 + ϵC1)E(t), ∀t ≥ 0.

By (3.10) and (3.11), we have

(3.12)
d

dt
Eϵ(t) ≤

−C1ϵ

1 + C1ϵ
Eϵ(t) +

ϵ

2
h(t)(u(L, t))2, ∀t ≥ 0.

Let Cϵ =
C1ϵ

1+C1ϵ
and apply Gronwall’s inequality to (3.12), we obtain

Eϵ(t) ≤ e−CϵtEϵ(0) +
ϵ

2

∫ t

0

e−Cϵ(t−τ)h(τ)(u(L, τ))2dτ(3.13)

≤ e−CϵtEϵ(0) +
ϵ

2
sup
t≥0

|h(t)|
∫ t

0

e−Cϵ(t−τ)(u(L, τ))2dτ, ∀t ≥ 0.

Referring to the paper [1], we deduce that∫ t

0

e−Cϵ(t−τ)(u(L, τ))2dτ ≤ e−Cϵt/2

∫ ∞

0

(u(L, τ))2dτ, ∀t ≥ 0.

By Theorem 2.1 and H1
0 (0, L)∩H2(0, L) ↪→ L2(0, L), u(L, t) ∈ L2(0,∞) we see

that

(3.14)

∫ t

0

e−Cϵ(t−τ)(u(L, τ))2dτ → 0 as t→ ∞.

From (3.13) and (3.14), we get limt→∞Eϵ(t) = 0. Let ϵ0 = min{ϵ1, 1
2C1

}, where
C1 is given in Proposition 3.1. Consider ϵ ∈ (0, ϵ0]. Since ϵ ≤ 1

2C1
and (3.11), we

obtain

(3.15)
1

2
E(t) ≤ Eϵ(t) ≤

3

2
E(t), ∀t ≥ 0.

Therefore, we have

(3.16) lim
t→∞

E(t) = 0.

Now, we consider the Lyapunov functional U(t) = E(t) + h2(t)
2r . Then, by (3.2),

we see that

(3.17) Ut(t) ≤ 0.

Therefore we obtain

sup
t≥0

{E(t) +
h2(t)

2r
} ≤M3,
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where M3 > 0 is a constant depending on the initial data. From (3.17), we deduce
that

E(∞) +
h2(∞)

2r
≤ E(0) +

h2(0)

2r
.

Thus, we have
h(∞) ≤

√
2rE(0) + (h(0))2.

Since h(t) is nondecreasing, we obtain

(3.18) h(t) ≤
√
2rE(0) + (h(0))2.

The proof of Theorem 3.1 is completed. 2

We can now proceed to state our exponential stability result.

Theorem 3.2 Let (u, θ) be the solution of Theorem 2.1, then there exist constants
κ > 0 and ν > 0 depending on the initial data such that

E(t) ≤ κe−νt, ∀t ≥ 0.

Proof. From (3.12), we have

(3.19)
d

dt
Eϵ(t) ≤ −CϵEϵ(t) +

ϵ

2
h(t)(u(L, t))2, ∀t ≥ 0.

By integrating over (0, t) in (3.19) and using (3.18), we obtain

Eϵ(t) ≤ Eϵ(0)− Cϵ

∫ t

0

Eϵ(τ)dτ +
ϵ

2

∫ t

0

h(τ)(u(L, τ))2dτ(3.20)

≤ Eϵ(0)− Cϵ

∫ t

0

Eϵ(τ)dτ +
ϵ

2
||h||L∞(0,∞)

∫ t

0

(u(L, τ))2dτ.

Using Gronwall’s inequality and since
∫∞
0

(u(L, τ))2dτ ≤M, we get

(3.21) Eϵ(t) ≤ (k1 + Eϵ(0))e
−Cϵt, ∀t ≥ 0.

For sufficiently small ϵ, using the Proposition 3.1, we get

(3.22) E(t) ≤ 1

1− ϵC1
Eϵ(t) ≤

k1 + Eϵ(0)

1− ϵC1
e−νt, ∀t ≥ 0.

This completes the proof of Theorem 3.2 by putting κ = k1+Eϵ(0)
1−ϵC1

and ν = ϵC1.
2



Thermoviscoelastic equations with output feedback control 527

References

[1] Bao-Zhu Guo, Wei Guo, Adaptive stabilization for a Kirchhoff-type nonlinear beam
under boundary output feedback control, Nonlinear Analysis, 66(2007), 427-441

[2] Bao-Zhu Guo, Zhi-Chao Shao, On exponential stability of a semilinear wave equation
with variable coefficients under the nonlinear boundary feedback, Nonlinear Analysis,
71(2009), 5961-5978

[3] J. E. Lagnese, G. Leugering, Uniform stabilization of a nonlinear beam by nonlinear
boundary feedback, Journal of Differential Equations, 91(1991), 355-388

[4] J. Y. Park, Y. H. Kang, J. A. Kim, Existence and exponential stability for a Euler-
Bernoulli beam equation with memory and boundary output feedback control term,
Acta Applicandae Mathematicae, 104(2008), 287-301

[5] M. Fekan, Free vibrations of beams on bearings with nonlinear elastic responses, Jour-
nal of Differential Equations, 154(1999), 55-72

[6] M. Nakao, J. E. M. Rivera, The contact problem in thermoviscoelastic materials,
Journal of Mathematical Analysis and Applications, 264(2001), 522-545

[7] T. F. Ma, Existence results for a model of nonlinear beam on elastic bearings, Applied
Mathematics Letters, 13(2000), 11-15


