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ABSTRACT. In [3] the main theorem was erroneously stated. We needed to assume that
the irrationality measure of 1/ is finite to prove the theorem.

The statement of Theorem 1.2 in [3] should be as follows:

Theorem 1.2.([3]) Let r be a real number satifying 5/6 < r < 7/6. We assume
that the irrationality measure of 1/r is finite. Then

o limsup log |Ji (E;exp(2nry/=1/N))| _ 2A (7 +6(r)/2) — 2\ (7r — 6(r) /2)
N—00 N r

Moreover if r is irrational or r = 1, then

or lim log |JN (E; exp(27rr\/j1/N))| _ 2A(7T7” + 9(r)/2) — 2A(7rr — 9(7")/2)
N—o0 N r ’

and if r # 1 and rational, then

o liminf log ‘JN (E; exp(Zﬂ'r\/—l/N))‘ o
N—oco N

We also need to add the same codition ‘the irrationality measure of 1/r is finite’
to Proporision 7.1.

Remark. It can be proved that p(1/r) = u(r). The author thanks Y. Tachiya for
pointing this out.
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In the following I prove Theorem 1.2 above assuming the finiteness of the irra-

tionality measure of 1/7.

Put B := M and D := w with 6(r) := arccos (cos(27r) — 1/2).
Here arccos takes its value between 0 and w. Note that 0 < B < D < 1 and
g(B) = 0. The following equality may not hold when 1/r has infinite irrationality

measure:

D] ©—0(r)/2+nr

.1 . ‘ 1 :
(1) ngnoo N;logﬂ sin(nrj /N + 7r)| = ;/ﬂ log |2 sin z| dz.

However, the equatity does hold when the irrationality measure of r is finite.
Here the irrationality measure is defined as follows. See for example [2, Defini-
tion 9.6, p. 141].

Definition 1. Let « be a real number. The irrationality measure (or the irra-
tionality exponent) p(«) is defined to be the infimum of p such that there exists a

constant C' > 0 with |a — p’ > — for any rational number P with q > 0.

q qr q
Note that u(a) = 1 when « is rational, and that p(a) > 2 if « is irrational.
Note also that with respect to the Lebesgue measure, almost all real numbers have
irrationallity measure 2 [1, Theorem E.3].
We first prove a couple of lemmas. Put h(z) := log |2sin z|.

Lemma 1. Suppose that 5/6 < r < 1. Then we have
) 1 mr(|B] —1) L 1 mr(|B] +2) B
lim —h <N+7TT f]\}gnoo Nh Ter“ =0.

Proof. Since N/r —1 < |N/r| < N/r, we have

2w _mr (AN T
TN SN \UTF =TTN

SN (AR )
T NSNU7F =TTONC

Since B = N(lT_r) and r < 1, we have

%LBJ+7TT=% {N(i—l)J +m«:% H[J

Since sin z is decreasing for 7/2 < x < 37/2, we have

sin <7r—2]7;r> > sin (7;\’; Qﬂ —1)) > sin (7 - )

and
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and
sin(w+ﬂ)>sin ™ E +2 > sin 7r+@
N N r - N /)
So we have
i (2 s (1Y 21)) > s (%)
sin i sin i " > sin N
and

) <o (7 (2] ) =)

and the required formulas follow since

lim h(rr/N)/N = lim h(2rr/N)/N = 0.
N —o0 N—o00
O

Lemma 2. Suppose that 5/6 < r < 1 and that the irrationality measure of 1/r is
finite. Then we have

1, (wr|B| 1 (mr([B)+1) B
Nlﬂnoozvh< N +W)_N15noozvh< N )=

Proof. Let u be the irrationality measure of 1/r. Then from the definition of the
irrationality measure, for any € > 0 there exists C' > 0 such that

L[N/

r N

c
pu— N/Jt+€.

(2)

So we have

N_{NJ> CN

r r| T Npte’

Since |N/r| > N/r — 1, we have

T 7T \‘NJ Crr
<

T —< — ™ — .
r NHute

N N

Since sin z is decreasing when 7/2 < x < 7, we have

- _CW<-EE<-(_71‘)

s | T Nite < SIn N - s\ ™ N
in (7Y <o (70 I Y]) <s (%)
sin Nite S SIn N r sin N .

and so
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Since 2z/m < sinz < z for 0 < x < 7/2 we have

ilo A <ih WM‘BJ—F T <ilo 2mr
N B\ Nwe ) SN N 7 N %N

and so we have

(3) Jim 1 (”JE[BJ + 777") — 0.

Similarly, for any € > 0 there exists C’ > 0 such that

1 LN/rJ+1‘> c’

r N = Nute

Since |N/r| < N/r, we have

C'rr oo N 1) < mr
B = N R I

Since sinz is decreasing for 7 < x < 37/2, we have

i (e Y s an (7 (1Y 14 > sin (x4 20)

sin | 7w Nite > sin N " > sin (7 N
. C'rr o (mr N .o/mr
mn(W) < Sm(N<L“J —|—1>>'<sm<N).

Since 2z/m < sinz < z for 0 < x < m/2 we have

4c’ B 1
log (NCF::E) < log?2 |sin (M + 7TT‘)

N
Therefore we have

and so

proving the lemma. O

Now we prove (1) assuming the finiteness of p(1/7).

Proof of (1).
Put h(z) :=log|2sin x| and let r is an irrational number with 5/6 < r < 1. We
will show

LB] 7r

(4) lim 1 Zh(ﬂrj/N +7r) = %/ h(z) dx

N—ooco N = P
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and

LD]

. 1 . 1 ©—0(r)/24nr
(5) ngnoo N Z h(mrj/N +7r) = ;/ﬂ h(z) dz
j=1BJ+1

First we prove (4).
Since h(z) is decreasing when 7r < z < 7, we have

ar |B) ’ wr|B|/N+mr
(6) W;h(ﬂm/N +7r) < /m' h(x)dx
and
nr(|B]—1)/N+nrr o [B]—-2
— | /N .
™) /ﬂ T W) de < 3 ; hwrj /N + )

Since |B] = | N/r] — N, we have

o 7r|B] b <
T N mr < .

Now we choose § so that

WT+7WT(L?\J]_1) <W—5<7TT+7TTZ£ZBJ.

Since h(z) < 0 when 7r < z < 7, we have

nr|B]/N+xr T—0
/ h(z)dz < / h(z) dx.

T r

So from (6) we have

1 LB] 1 T—9
N Z h(mrj/N +7r) < ;/ﬁ h(zx)dzx.

j=1 r

Similarly since

T—0 wr(|B|—1)/N+nr
/ h(z)dz < / h(z) dz,

we have
1 T—4 [B]-2
il — N
h(z)dx < N jz:% h(wrj/N + 7r)

T Jrr

643
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from (7).
Therefore we have

L ey %h(mﬂ) +2n <7”"LBJ +7rr> + %h <”<LBJ_1> + m)

™ Sy N N N
1 S mry
< n(Fem)
Jj=1
1 T4
<— h(z) dx
r

From Lemmas 1 and 2 we have

lim 1§h LLE IS DL LAY
NS N = N )T x o
Next we prove (5). We choose J so that

77TT(LBJ +1) <m4+d<mr+ 77TT(LBJ +2).

T+ N N

Since h(x) is increasing when 7 < < w + 7, h(z) < 0 when 7 < & < 77 /6,
and h(z) > 0 when 77/6 < x < 7 + 7r, we have

©—0(r)/2+nr ©—0(r)/2+nr
/ h(z)dx > / h(z) dx
T+4 wr(|B|+1)/N+nr

wr|D]/N+nr
> / h(z) dx
wr(|B]+1)/N+nr

7 L T
s s
j=1B]+1

if N is sufficiently large.
Similarly we have

©—0(r)/2+nr ©—0(r)/2+nr
/ h(z)dz < / h(z) dx
T+6 7r(|B]4+2)/N+nr

nr(|D]+1)+7r
< / h(z) dx
wr(|B|+2)/N+nr

r LbJ+1 )
< W Z h <N +7T7’> .

j=1BJ+3



Erratum to ‘Some Limits of the Colored Jones Polynomials of the Figure-eight Knot’ 645

Therefore we have

1m0/ 1, (mr(|D]+1)
— h(z)dx — —h
) (z)dx N ( N + 71'7’)
1., (#r(|B]+1) 1 (#r(|B]+2
1 S ™y
j=LBJ+1
1 [rof/2emr 1, (7r(lD])
— h(z)d —h|————— .
From Lemmas 1 and 2 we have
LD] . ©—0(r)/2+nr
. 1 wrj 1
I&EHOONZ h(N+7T7“>—W/Tr+6 h(z) dx
j=Bl+1
since h(x) is continuous near m — 0(r) + 7r. a

In a similar way we can prove the formula when 1 < r < 7/6.
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