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WEIGHTED ESTIMATES FOR CERTAIN ROUGH
OPERATORS WITH APPLICATIONS TO
VECTOR VALUED INEQUALITIES

FENG L1u AND QINGYING XUE

ABSTRACT. Under certain rather weak size conditions assumed on the
kernels, some weighted norm inequalities for singular integral operators,
related maximal operators, maximal truncated singular integral opera-
tors and Marcinkiewicz integral operators in nonisotropic setting will be
shown. These weighted norm inequalities will enable us to obtain some
vector valued inequalities for the above operators.

1. Introduction

Over the last several years an active topic of research is to investigate the
weighted norm inequalities for various of integral operators, such as Hardy-
Littlewood maximal operator, rough singular integral operators and so on. A
classic example was due to Fefferman and Stein [14], who showed that

/H(Mf(x))pu(x)dx <Cp - |f ()P Mu(x)dz,

holds for all 1 < p < oo and any weight function u. Here M is the usual
Hardy-Littlewood maximal operator on R™. As an immediate application of
the above weighted inequality, the following vector valued inequality for M is

valid:
1/p
|(>@an)r) <G (X 150)
j€z Lo®m) JEL

The primary motivation of this paper is to establish certain weighted norm
inequalities for singular integral operators, related maximal operators and trun-
cated singular integral operators as well as Marcinkiewicz integral operators in
nonisotropic setting when their integral kernels are given by Q € L?(X) and

1/p
1<p<g<oo.
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1036 F. LIU AND Q. XUE

h e A,(Ry) for some ¢, € (1,00]. The above weighted norm inequalities will
enable us to obtain some vector valued inequalities for the above operators.

We now recall some notations and background. Let n > 2 and R™ be the
n-dimensional Euclidean space with a non-isotropic dilation. Precisely, let P
be an n x n real matrix whose eigenvalues have positive real parts and let
a = tracP. Define a dilation group {4;};~0 on R" by A4; = t© = exp((logt)P).
There is a non-negative function r on R™ associated with {A;}+~¢. The function
r is continuous on R™ and infinitely differentiable in R™ \ {0}; furthermore it
satisfies:

(a) r(Awx) = tr(x) for all t > 0 and = € R™;

(b) r(x +y) < C(r(z) +r(y)) for some C > 0;

(c)if ¥ ={x e R"|r(z) =1}, then ¥ = {§ € R"| (B0, 0) = 1} for a positive
symmetric matrix B, where (-, -) denotes the inner product in R™; And then,
the Lebesgue measure can be written as do = t*~'dodt, that is,

x)dx = - 0t Yo
- f(z)d /0 /Zf(A )t do(9)dt

for appropriate functions f, where do is a C*° measure on X..
(d) there are positive constants ¢y, ca, cs3, 4, @1, a2, 81 and B such that

alz|® <r(z) < eolz|* if r(z) > 1,

cslz|P < r(z) < eqlx)?? if r(z) < 1

See [20,24] for more details. Let Q be a locally integrable function and homo-
geneous of degree 0 with respect to the dilation group {A;}, that is, Q(A:x) =
O(zx) for x # 0. Assume that

(1) / Q(0)do () = 0.
b
We consider a singular integral operator Tj, o by
Q(y")h(r
) (a(y))dy’
r(y)

where y' = A, (,y-1y, f € S(R") (the Schwartz class on R™) and h € A;(Ry).
Here A, (R4) (v > 1) denotes the collection of measurable functions h on R} :=
(0, 00) satisfying

Thaf(x) :=p.v. - flz—vy)

1 /B 1/y
h =8 — h(t)|"dt .
Ihlla, e = sup (5 [ norar) " < o

It is easy to check that L*(R;) = A (Ry) and A, (R}) € A4, (Ry) for
any 1 < 75 < 71 < oo, which is a proper inclusion. In addition, we also
consider the related maximal functions, maximal truncated singular integrals
and Marcinkiewicz integrals. To be precise, we define the maximal functions
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M}, and maximal truncated singular integral operator Ty, o, by

Myaf()=swo [ |5~ )lIw)h(r)dy
t>0 r(y)<t

[ e P

r(y)
The parametric Marcinkiewicz integral operator MMy, o , is defined as

Bonaf(e)= ([ fi o 70 e o %)

te r(y)a—r t
where o = 7 + i (1, ¥ € R with 7 > 0).
When A; = tE with E being the identity matrix and r(z) = |z|, then ¥
reduces to the unit sphere in R™ denoted by S"~! and we denote T}, o = Th .

Tff,nf(fﬂ) = sup
e>0

When h = 1, the operator Th@ recovers the classical singular integral operator
Tq, which was initiated in the seminal work of Calderén and Zygmund [6]. A
celebrated work was due to Calderén and Zygmund [7] who established the
LP boundedness for Tq, with 1 < p < oo if Q € Llog L(S"~') by introducing
the “method of rotations”. A discovery that the Calderén-Zygmund rotation
method is no longer to be available if the operator T, h,q is also rough in the
radial direction was given by R. Fefferman [13] who proved that T}MQ is bounded
on LP(R") for all p € (1,00) if Q € Lip,(S*~!) for some a > 0 and h €
L>(R;). Later on, J. Namazi [19] improved Fefferman’s result to the case
Q € L9(S™ 1) for some ¢ > 1. Subsequently, J. Duoandikoetxea and J. L.
Rubio de Francia [11] used the Littlewood-Paley theory to improve the above
radial kernel condition h € L>®(Ry) to the case h € Ay(R,). Since then, the
above results have been improved and extended by many authors (see [2,12]).
For the nonisotropic singular integrals, we can consult [5,20-22,24], among
others. Particularly, Sato [22] proved the following result.

Theorem A ([22]). Let Q € LYU(X) satisfy (1) and h € Ay(Ry) for some
q,v € (1,2]. Then

1 Theflle@e) < Cpla—1)7 (v = 1) HAllay @) 190l Lags) 1| o ny
for all p € (1,00), where the constant C, > 0 is independent of h,$, q,.

Here L1(X) for ¢ > 1 denote as the space of all those functions €2 on ¥ which
satisfy 2, = (fy 19200)[%do(6))/1 < .

When A; = tE with E being the identity matrix and r(xz) = |z| (the Eu-
clidean norm), then 9, o, reduces to the classic parametric Marcinkiewicz
integral operator, which was initiated in the seminal work of E. M. Stein [23]
for p = h = 1 and has been studied by many authors (see [1, 3,8, 10,25, 26]).
We can consult [18] for the nonisotropic Marcinkiewicz integral operators.

The primary purpose of this paper is to establish some weighted norm in-
equalities for the operators Ty q, T o, Mp,o and My, o , when their integral
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kernels are given by 2 € L4(X) and h € A (R4) for some ¢,7 € (1,00]. Our
main results can be formulated as follows:
Theorem 1.1. Let Q € LUX) satisfy (1) and h € Ay(Ry) for some ¢,y €
(1, 00].

(i) Let p € [2,00). Then for any nonnegative measurable function u on R™
and s > 1, the following inequality holds:

(2) 1Th.0fllzew) < ChogrmsllfllLe v, nzz v
(i) Let 1 < p < 2 and {t;}ren be a sequence of positive numbers satisfying

2 1 1 1
=2, — == 2(1——), k=1,2,....
P ol o 2 2
Then for any nonnegative measurable function u on R™ and any fixed k € N

and s > ty, the following inequality holds:

(3) | Th.ofllLe@w) < Choampsllfllze v, vz uinvza)-

Here M denotes the Hardy-Littlewood maximal operator with respect to the func-
tion 7(-). For s > 1, Mgu = (Mu®)"/, MZ(u) = (M°u®)'/s, M%f(z) =
SUppez ||0k| * f(2)|, where |G| is defined by

f@donl@) = [ F(oy) W@

Rn 2k =1 <y (y)<2k r(y)>
Theorem 1.2. Let Q € LU(X) satisfy (1) and h € Ay(Ry) for some g,y €
(1, 00].
(i) Let p € [2,00). Then for any nonnegative measurable function u on R™
and s > 1, the following inequality holds:

(4) [MnofllLew) < Cho.qmpsl e mzurmza).-

(ii) Let p € (1,2) and {tr}r be given as in (ii) of Theorem 1.1. Then for any
nonnegative measurable function u on R™ and any fixred k € N and s > t, the
following inequality holds:

(5) [MnofllLew) < Cho.qmpslflLe . mzurmza).-

Here M* denotes the Hardy-Littlewood mazimal operator M iterated k times
for all k € N and M2u = (M2u®)1/>.

Theorem 1.3. Let Q € LU(X) satisfy (1) and h € Ay (Ry) for some ¢,y €
(1, 00].

(i) Let p € [2,00). Then for any nonnegative measurable function u on R™
and s > 1, the following inequality holds:

(6) 1Th o fllLe ) < Cho,qy.p.s | FllLe v 0o M, ut M)

(ii) Let p € (1,2) and {tr}r be given as in (ii) of Theorem 1.1. Then for any
nonnegative measurable function u on R™ and any fized k € N and s > ty, the
following inequality holds:

(7) 175 o fllLe ) < Cho,qy.p.s | FllLe (v 0o My wt M) -
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Theorem 1.4. Let Q € LY(X) satisfy (1) and h € A,(Ry) for some ¢, €
(1,00]. Then for any nonnegative measurable function u on R"™, s > 1 and
p € (1,00), the following inequality holds:

(8) ||9ﬁh7ﬂ,9f||LP(u) < Ch,ﬂ7q,"/,g,p,8|

As applications of Theorems 1.1-1.4, we can get the following vector valued
inequalities for the above operators, which are listed as follows:

Corollary 1.5. Let Q € LY(X) satisfy (1) and h € A, (Ry.) for some q,v €
(1,00]. Then for 1 < p,p < oo, the following inequality holds:

N 1/P N 1/P
© (X Tasil?) | (> 1) |
JEL JEZ
Corollary 1.6. Let Q € LU(X) satisfy (1) and h € A,(R4) for some ¢, v €

(1,00]. Then for 1 < p <p < oo, the following inequality holds:

w0 (S manl) | (Su7)"]

JEL
The same results hold for the operator My o and My q.,.

Remark 1.7. It was shown in [22] that both T} o, and My o are bounded on
LP(R™) if h, Q satisfy the conditions of Theorem 1.1. The same conclusion also
holds for My, o, (see [18]).

Remark 1.8. Our main results are new even in the special case h(t) = 1.

Fllze o n,w)-

< Ch,ﬂ,qmp,ﬁ

L (R") L (R")

< Ch.q7.p.0 Le(R7)

Lr(R")

The rest of this paper is organized as follows. Section 2 contains some
preliminary notations and lemmas, which are the basis of our proofs. In Section
3 we shall prove Theorems 1.1-1.4. The proofs of Corollaries 1.5 and 1.6 will
be presented in Section 4. It should be pointed out that the main idea in
the proofs of our main results is a combination of ideas and arguments from
[15,17,18,22]. The main tools of our proofs are the weighted Littlewood-Paley
theory followed from [15] and some iteration arguments, which are originated
from [11] and developed in [15,17].

Throughout this note, for any p € (1,00), let p’ denote the dual exponent to
p defined as 1/p+1/p’ = 1. For any function f, we define f by f(x) = f(—x).
For f € LP(u), we set

e = ([ 1@utoys) ™"

2. Some notations and lemmas

Following the notation in [22], let P* denote the adjoint of the matrix P.
Then A} = exp((logt)P*). We can define a non-negative function s from {A;}
exactly in the same way as we define r from {A;}. It was shown in [24] that

(11) difg]* < s(§) < dof€]™, if s(§) = 1
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(12) d3l€]” < s(§) < dal¢|”, f0<s(§) <1,

where d; (j =1,2,3,4), ax, by (k = 1,2) are positive constants. From (11) and
(12) we have that there exist two positive constants C7, Cy such that

(13) €] < Ci(s(§)Y ™ + 5(6)YP),

(14) €)1 < Ca(s(€) ™M 4 5(8) 7).

For k € Z, we define the measures oy, and |oy| respectively by

(15) or(z) = /zk (st exp(—2miy - x)Q(y;)(Zgra(y))dy,
(16) |‘/7k\|(x) = /zk - exp(—2miy - I)Wdy

To estimate some measures, we need the following estimate of oscillatory
integral, which follows from [22, Corollary 4.2].

Lemma 2.1. ([22]) Let L be the degree of the minimal polynomial of P and
U € CY([a,b]) with 0 < a < b. Then for &, n € R™\ {0}, there exists a constant
C > 0 independent of €, n and VU such that

b
| / exp(in - A€)W(t)dt| < Cln- PE[™/*(sup [w(0)] + / |W/(8)]dt).
a t€la,b]

Applying Lemma 2.1, we have:

Lemma 2.2. Let Q satisfy (1). Suppose that Q@ € LI(E) for some q € (1,00)
and h € Ay(Ry) for some v € (1,00). Then for all k € Z, there exists a
constant C' > 0 independent of h,$2,q,~y such that

(17) max {|7x(£)], —[oklO)]} < Cllblla, 2 19| Loy | Azeg M/ 77D,

(18) max {|7%(&)], ||o4](€)]} < Cllhlla, ) 192] Loy min{1, |Ag €|~/ Ga 7 L)Y,

Proof. By a change of variables and Hoélder’s inequality, we get

" = [ [ oo/,

2 )
< Olhlla, @1 Lacs)-
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By a change of variables, (1) and Holder’s inequality, one has

EnG; |_‘/2k / (exp(—2ri€ - Ayf) — 1)0(0)do(0) LY )du’

<c/ /m e - Aublda(6)h(u)]
Y duN 1/
)

2k
< Ollhla, e / | [ 100)s- aiasto)] %

Y dun 1/
<l o (| [ 100013 aviaato)] )

< CHh||A7(R+)||QHLQ(E | A5€l,
which together with (19) implies that

(20) TR ()] < CllAllay @ |9 Lacs) | A5eE] /A7)
Similarly, we can get
(21) okl (€) = [ox](0)] < ClIPl A, @) 19| oy | Agag] /47 E).

Combining (21) with (20) yields (17).
On the other hand, by a change of variables and Holder’s inequality,

ok (€
—‘/le/exp —2mit - A,0)Q(6)do(6) (“)du‘

_/ /exp( 2m§ A,0)Q(0)do (0 ’|h du
2k-1 1)y

< Clhlla, @) / | [ expl2it - 4,0)00)da0)

max{0,1—2
< C|hlla, (RHHQHM{ '

2" 2 1/ max{2,7"}
x(/ /exp(72m§~Au9)Q(0)do(0) di‘) o
2 by u

k—1

(22)

¥ du)l/v’

u

Invoking Lemma 2.1 and using Holder’s inequality, we have

/;k / exp(—2mi€ - A,0)Q (g)dg(g)‘zdg

k—1 u

(23) = /1/2 //ZXZ exp(—2mi AL & - (60 — w))0)Q(w)do(0)do(w) —

//sz‘//zexp —2mi A% - Ay (0 — w)>du

)Q(w)|do(6)do(w)
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= C//E N |45, - P(0 — w))|~|Q(0)Qw) |do (0)do (w)

’ 1/q/
< C||Q||%q(2)<// |P* A€ (6 —w)| dg(e)da(w))
DIP SN
< CJQUFa sy Azl

for any 0 < € < min{1/(2¢’), 1/L}, where the last inequality follows from [11, p.
553] (see also [22, p. 418]). In light of (22) and (23) we would have

0 (GO < Cllhllay |l ze Az 3 mxa1D),

Similarly, we have

@) [Tl©)] < Cllhlla, o) [l | A3 E[ 7/ 12000
Combining (25) with (24) and (19) implies (18). O

The following result is an application of iteration argument followed from
[11], which will play a key role in the proofs of our main results.

Lemma 2.3. Let h, Q be given as in Lemma 2.2. Then, for all p € (1,00), it
holds that

(26) 1M fllo®n) < ChggpllfllLewn)-
Proof. Let 1 be a nonnegative C§°(R™) function such that supp(¢) C {x €
R™ : s(z) < 1} and ¢(t) = 1 when s(z) < 1/2. For k € Z, we define the
function ¢y, (x) = 27V (Ay-rx). It is clear that ¢y (z) = ¢(A}.z). Define
the measures {vy }r by
(27) V(&) = lowl(€) — vr(&)ox[(0).
Applying Lemma 2.2 and (13)-(14), we get
A < ClMa, 2| oo

% ((ka(g))l/@q’w’aw) + (ka(g))l/@q’v/bw));

[76(§)] < Cllhlla, @) za(s) » »
x min {1, (2Fs(¢)) 1/ 07 a2l) 4 (2kg(g)) T/ B by

where C' > 0 is independent of h, €, q,v. Moreover, it is easy to verify that

(28)

(29)

(30) M7 f < G (f) + loxl (O)M] ],
(31) MY f < M f + [og] (O)MIf],

where M" f = supyez ||ve| * f| and G, (f) = (Xyez [vi * f1?)'/?. Applying the
LP boundedness of M, we get
(32) M S| r@ny < Cllfllze@n)

for all p € (1,00). A standard iteration argument from [11] together with
(28)-(32) may yield (26). The details are omitted. O
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3. Proofs of Theorems 1.1-1.4

This section is devote to proving Theorems 1.1-1.4. In what follows, we fix
a nonnegative measurable function u on R".

Proof of Theorem 1.1. We split the proof into two steps:
Step 1: Proof of part (i). Let {0}, be defined as in (15). We define the
maximal operator M? by

M? f(x) = sup ||Gx| * f(z)
kEZ

)

where
2)dl6y) (= /f 2)djoy|(x).
R’Vl

One can easily verify that

(33) M f(x) = M° f(x);
(34) Thaf(x) =Y op*f(x
kez

Let ¥ € C((1/4,1)) such that 0 < ¥ < 1 and >, ., (¥(2%s(¢)))® =
for every £ € R™. Define the Fourier multiplier operators {Si}r by Sif(z)

Oy, * f(x), where @k(g) = W(2ks (f)) It was proved in [15] that

1

(35) [(S1ser?) ™)., < ol
kEZ
and
1/2
36) | 51840, = o (2187 0,

for all p € (1,00) and w € A, (the Muckenhoupt weight class).
We can write

Tth ZZ +k Uk*f )

(37) ke€Z jeZ
= Z ST on @) =D Tif(x
JEL kEL JEL
Applying Lemma 2.2, we get from (13) and (14) that
(38)  [5R(E)] < Cra((2Fs(€))M/ U e h) 4 (285(6)) /a0 1),

(39)  [FR(©)] < Chamin {1, (2"s(£)) /02D (285(¢)) 7/ (=D},
By (38), (39) and Plancherel’s theorem, we have
(40) low * Sjppwll L2y < Cho2 P |w] 2y

for some §; > 0 and any arbitrary function w on R™. Here é; depends on
4,7, L.
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Fix s > 1. One may get that
ok * Sjrwl L2 (us) )
@) < UonllOalin) ([ lorl < 10ual ¥ lwP @ (a)ar)
< Ch,QHw||L2(MM6us)~ -

An interpolation of L2-spaces with change of measure ([4, Theorem 5.4.1])
between (40) and (41) implies that

(42) low. * Sjrwll L2y < Cn,02 Ol fw]| L2, arz)-

Note that MsMZu € A;. By (42) with w = Sj11 f and (36),

T fll 2wy = H > S ok f’

kez L2(u) e
<O llow #8200t I3 )
(43) kez

4 1/2

< Crp2 0=l (S 1502) |

< Cha | %' i+ f] L2(M, M)
< Ch)Q2—51(1—1/8)‘J|||fHL2(MSM;;u).

We now prove that

(44) 15 fll Loy <

for all p € (2,00). Note that ||ok|| < Cllh||a (=)- By Lemma 2.3 and
the arguments similar to those used in getting [17, (3.25)], we obtain

(45) H(Z|0k*gk|2>1/2‘ (Z|gk| ) ‘

for all p € (2,00) and any s > 1. It was noted that v < Myu and Myu € A,
(see [9]). By (35), (36), (45) and the fact MZu < MgMZu € Ay,

1T oy = | 85

keZ

< |3 St

keZ

< Cp”(Z o * Sj2+kf|2)l/2‘
kEZ 1o
(S 1s2r?) |

kez
Fllze v, mon, )

SM,u)

LP(u) Lp(MZu)

LP (u)

LP(Mgu)

Lr(Msu)

< Ch7Q,s,p

L2 (M%M,u)
< Ch,s,p]

for all p € (2,00). This proves (44). By an interpolation between (43) and (44)
(see [4, Corollary 5.5.4]) and the fact that u < Mgu, we have

(46) 1T fll oy < Chgosp2 " VN Fll ot aront )
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for some ¢ > 0. Combining (46) with (37) yields (2) and completes the proof
of part (i).

Step 2: Proof of part (ii). We now prove (3). Let {¢;}r be given as in
(ii) of Theorem 1.1. To prove (3), it suffices to show that

(47) ITh.ofllLeirey < Chuamps | f Lo (mareusmzuyise

for any fixed k € N, all s > t; and p € (1,2). Let {vt}x be given as in (27).
By Minkowski’s inequality,

Gof = (Z ‘Vk . Z‘S?Hcf’z)l/z

(48) kEeZ JEZ

<> (ZW *Sj>+kf\2)1/2 = > G,f.

JEZ ke JET

It is clear that

(49) vk * fllLe@ny < Cllblla, @) 120 Lo | fllLo @n);

(50) [ * fllry < CllFlleraerwy-

An interpolation between (49) and (50) gives us that

(51) vk * fllr ) < Chollfllor(ura) < Challfllor amow)

for all p € (1,2). From (51) we get

(52) H(k%m < 5?)" < G| (1)

kEZ
for all p € (1,2). On the other hand, we get from (26), (30) and (31) that

(53) MY fll Lo @y < Chall flle@n)

for all p € (1,00). From (53) we get

Lr(MM? )

(54) Hsup|yk*fk|H < Ch7QHSup|fk|
kez Lp(R™ kezZ

)
for all p € (1,2). An interpolation between (52) and (54) yields that

/ /
6 (1t ) sy < el (S 16) ]
keZ kez

for all p € (1,2), where ¢; = 2/p. By Substituting u'* for u in (55),

o0 (Shen) ], <cral(Sine)

keZ

L (R™)

Le((MM?u)t/t1)

Le(My, M7, u)
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Since My, M{ u € Ay, we get by the weighted Littlewood-Paley theory and (56)
that

1G5 e = | (e = $20) |

kezZ Lr(u)
1/2
0 < Chal| (X I85sP)
= YhQ ;Z| J+kf| Lp(Mtll\/Iflu)
< Chal fllpe o, vy w

for all p € (1,2). By substituting u'/* for u in (57),
(58) 1G5 fllLorreay < CNFll e marowyion)

for all p € (1,2). On the other hand, by (28), (29) and the arguments as in
getting (42), we have

(59) [ % Sjarwllz2(uy < Cha2 Y| L2 a, aroa)

for some d > 0, any function w and any s > 1. By (59) with w = SJQ-Jrkf and
(35), we obtain

165l = | (3 e = $20) |

kezZ L2(w)
1/2
< ( Vg * SS f 7 u )
(60) ke% ” Jj+k HL2( )
, 1/2
—82(1—=1/8)|j] 2 2
< Cpa2™” H(Z ST 4 S ) ‘ L2 (M. M)
ez :
< Cr 272N £ 2, ) -
Take s = t,. By substituting u'/** for u in (60),
(61) 1G5 fll 2quiry < Ch 2”20 1/0ll £l 2 (vnezayr/eny-
By an interpolation between (61) and (58), we obtain
(62) IG5 Fll Lo urriny < Cho2” 2B £l o aanrow)

for all p € (1,2]. Combining (62) with (48) yields that
(63) 1GufllLe iy < ChanpllfllLr(aarrwyiin)
for all p € (1,2]. By the well-known Fefferman-Stein inequality for M,
(64) IMfll ey < Cpll fllLe v
for all p € (1,00). It follows from (63), (64), (30) and (19) that
M f| Loy S NG Fllperrey + 1okl (OIMIFIN Lo /o)

(65) < Ch 0,070 (I fll Lo anrzwyrreny + 11l o autreny)
< Ch,Q,q,%p||fHLP((MMﬂu+Mu)1/t1)
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for all p € (1, 2]. Inequalities (65) together with (31), (19) and (64) imply that

sup |y * H < ||M¥ p(ul/t
Ll Y L1t PR

< Ch,Q,qmp||fHLP((MMﬂu+Mu)1/t1)

wl/t1

(66)

for all p € (1,2]. An interpolation between (52) and (66) yields that

(e i)™

(67) keZ

< Chana| (S152) "]

kEZ

Lp(ul/fQ)

Lp((MM?u+Mu)t/t2)

for all p € (1,2], where £ = L + 2(1 — ). Inequality (67) together with the

to t1 E
arguments similar to those used in deriving (65) yields that

(68) ”MUfHLP(ul/t?) < Ch,Q,q,'y,p||f||Lr((MMffu+Mu)1/t2)

for all p € (1, 2]. By using the above argument repeatedly, there exists a strictly
decreasing sequence {tx}ren by the recursion formula

2 1 1 1
= -, 7:*4‘8(1—*)7 k=12,...
p tk+1 tr 2 Lk

such that

(69) ||MafHLP(u1/tk) < Ch,Q,qmp||f||Lp((MMf'u+Mu)1/‘k)

for all p € (1,2] and all k € N. It follows from (69), (19) and (31) that
(70) ||Maf||LP(u1/tk) < Ch,Q,qrv-,p||fHLz>((MMf‘fu+M2u)1/tk)

for all p € (1,2] and all k € N. Then (47) follows from (70) and the lemma in
[27, p. 1574]. O

Proof of Theorem 1.2. We spit the proof into two parts:
Step 1: Proof of part (i). One can easily check that

(71) My of(x) < CM? f(a).
Hence, inequality (4) reduces to the following
(72) M fllLe(w) < Cha,q7p 1 e, Mzurmza)

for all p € [2,00) and s > 1. By the arguments similar to those used in deriving
(45),

@ (S ar) ., <l (i)™

keZ keZ

Lr(MZu)
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for all p € (2,00) and any s > 1. An application of the weighted Littlewood-
Paley theory together with (73) and the fact that MsMYu € A; implies that

1G5l = | (e 520s2)

kEZ

74 i
(74) < C'h@H(Z |S]3+kf|2> ‘
keZ
< Cnallfllr i mow)

LP(u)

Lr(MsMZPu)

for all p € (2,00) and any s > 1. An interpolation between (60) and (74) (see
[4, Corollary 5.5.4]) implies that

(75) G fllLey < Cha2™ 2 CY DU £l v, v
for all p € [2,00) and any s > 1. Inequality (75) together with (48) yields that

1Gw fllLe(w) < Ch,a,q,7,5.0l fllLe a7
for all p € [2,00) and s > 1. Above inequality together with (19) and (31)
yields that
(76) 1Go fllLr ) < Cho,gy.spllflle . moutmza)
for all p € [2,00) and s > 1. Combining (30) with (19), (64) and (76) yields
that
M fllo ) S NGuflloe) + CIIMIfIlLew) < Cho.g.7.50]

for all p € [2,00) and s > 1. This proves (72).
Step 2: Proof of part (ii). Fix k¥ € N. Substitute u'* for u in (70) and
by Holder’s inequality, one finds

Flle (. M7 urMzu)

(77) HM”JCHL”(u) < C}%Qaq{Y:P||f”LP((MM5utk+M2utk)1/‘k)
< Chﬂ,qms,p||fHLP(MSMgu+M§u)

for all p € (1,2] and s > t,. Combining (77) with (71) yields (5). This
completes the proof of Theorem 1.2. O

Proof of Theorem 1.3. We divide the proof into two steps:
Step 1: Proof of part (i). We write

(78) Ty of (@) < M7Ifl(@) +sup| Yoy f()].
kez ! STY

Hence, to prove (6), by (72), (78) and the fact that « < Mgu for all s > 1, it
suffices to show that

E [su I, 5 S
(79) sup ;Uk*f L S 11l o (M, M2 M ut- M3 w)
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for all p € [2,00) and any s > 1. It is easy to see that
sup ‘ Z o * f(z ‘
k

= sup ‘1/% «Thof (@) —vex Y o5 f(x)

j=—o00
o0

FE— ) Y oy £
Jj=k+1
k

<sup |y * Thaf(x)| + sup ’1/% * Z oj * f(x)‘
kEZ keZ

j=—o0
oo

+sup’(5—¢k)* Z Uj*f(l")‘

kEZ j=k+1
=L f(z) + I f(z) + I3 f (2),

where v, is given as in (27) and J is the Dirac-Delta.
For I f, we get from (2) and (64) that

(81) 11 fll Loy < IM(Th,0 )l e (w)
< Cp”Th,Qf”LP(Mu) < Oh,Q,q,’y,s,p”f||LP(MSM§’Mu)

for all p € [2,00) and s > 1.
For I f, we can write

I f(z) = = sup ‘ Zwk * Op—j * (55)‘ < Ziu];z) [ oy f(x)| = Y H;f(x)
j=0 "€ =0

It follows that
oo

(82) 2 f ey < D IH; fll o)
5=0

for all p € (1,00). By (64) and (72), we obtain

1 H fll 2wy < (IMM|f[| 2o ()
(83) < CplIM| f]|l e (M)
< Ch 007,50 fllLe (v, MM w30

for all p € [2,00) and s > 1. By (38) and Plancherel’s theorem,

1/2
W ey < [| (D0 1w+ onmy x £12) |

L2(R")
keZ
R 1/2
T OPIf()
(34) < (X Loy IS OPIF O

(/R D 155 ()P xq2rse) <1y (€ )|2d§)1/2

" kez
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< O™ sup Do((24s(8) /0 )
EER yen

" 1/2
+ (255D E M Dy o<y ) I llaaen)
< O I,

for some ¢ > 0, where in the last inequality we have used the properties of
lacunary sequence. On the other hand, by (83) with p = 2 and substitute u*
for w in (83), we get

(85) 1 fllz2us) < Chog,7,50ll fll L2012 Mows 4 M300)

for s > 1. By interpolating between (84) and (85), we get

(86)  1H;flz20) < Cnsranan? "IN st ans, sty
for s > 1. Substitute s? for s in (86), we have

(87) 1H; fllz2(w) < Chcigirsw2” Y29 £l 2t aro v vz

for s > 1. An interpolation between (83) and (87) (see [4, Corollary 5.5.4])
yields

(88) IH; £l o) < Chiigrys w2 P £l o v, ho Mo M2

for all p € [2,00) and s > 1, where ¢(p,s) > 0. Inequality (88) together with
(82) yields that

(89) ||I2f||LP(u) < Ch’Q,qms,p

for all p € [2,00) and s > 1.
Finally we estimate I3f. It is easy to see that

| fll e (v Mo M ut MBw)

Lif(z —sup‘Z(s i) * gy *x fa )’

<Zsup|(5 i) * opyj * f(a \—ZJf

1 kEZ

It follows that
(90) M3 fllr ) < Z 15 £l 2o )
j=1

for all p € (1,00). By the argument similar to those used in deriving (83),

(91) ||ij||LT’(u) < Ch,Q,q,%s7p|

for all p € [2,00) and s > 1.

Fll Lo (v MM, M3 w)
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On the other hand, by (39) and the Plancherel theorem,

19 5o .
(g ),
~ 1/2
(T, o, T EOEE)”
) : (chZZz_ioo /{21<s<5><2i+1} |m(£)|2|f(£)|2d5)1/2
k ) . . 1/2
- C<kze;i—§:oo 2_:]%_1) /{2—i§s(£)§2—i+1} |f(£)|2d£) .
- Ch?QQCj(m%;QCi /{2k-i<s<£><2k—i+1} fera)

< Cho2” | fll L2 @ny-

By (91), (92) and the arguments similar to those used to derive (88),

(93) 1T £ e ) < Chitigrs w2 ™ P | 1l Lo (Mo Mo Mt M3 w)

for all p € [2,00) and s > 1, where 7(p, s) > 0. Combining (93) with (90) yields
that

(94) I3 fllr () < Ch.o.qy.50l Fll Lo Mo o Moutr M3 )

for all p € [2,00) and s > 1. (80) together with (81), (89) and (94) yields (79).
Step 2: Proof of part (ii). By (77) and (78), to prove (7), it suffices to
prove that

oo
95)  [sup[Donxa]|| < Croamsnlflian e
kez ! i L (u)
for all p € (1,2), any fixed k¥ € N and s > ti. For I f, we get from (64) and

(3) that

M1 fllzrw) < ClIM(Thof)llLeu)

96
(96) < CpllThafllrviu) < Ch,o,q0,5.0 1 fllr 1, 0704 M20)

for any fixed positive integer k, s > t;, and p € (1, 2].
For I f, by (64) and (77) we have

15 fllze )y < CIMME fll Lo (w)

97 !
7) < Cpl|M? fll o (M) < Ch,02,q,7,5,0 1 f Il e (Mo 07wt 20

for any fixed k € N, all s > ¢, and p € (1,2]. An interpolation between (87)
and (97) (see [4, Corollary 5.5.4]) yields that

(98) IH; fll o (w) < Chsrgmysn? PN fll Lo, ao M, usniza)
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for any fixed positive integer k, all s > ¢, and p € (1,2]. Here (p,s) > 0.
Inequality (98) together with (82) yields that

(99) 2 fllLr ) < Chg.a7.50

for any fixed positive integer k, all s > t; and p € (1, 2].
For I5f. by (68) and (82) we have

H']ijLp(u) < C’||MM‘7f||L,,(u)
< OP”MUfHLT’(MU) < Ch797q7W757P||f||LT’(MSM§7'u+M§u)

LP(MsMZMgu+M3u)
Hil

(100)

for any fixed positive integer k, all s > t; and p € (1,2]. By interpolating
between (100) and (93) (see [4, Corollary 5.5.4]),

(101) 15 Il () < Chcrgiyssp2” P\ £l o (v Mo M, wt M)

for any fixed positive integer k, all s > t; and p € (1,2]. Here d(p,s) > 0. We
get from (101) and (90) that

(102) M3 fllee () < Ch.q7.50

for any fixed positive integer k, all s > t; and p € (1,2]. Then (95) follows
from (80), (96), (89) and (102). O

| 1l e (M, M5 M, ut M3 w)

Proof of Theorem 1.4. We define two families of measures {74:}rez and
{17kt } ez respectively by

1 Q(a")h(r(z))
x)dti¢(z) = 7/ T)——F———=dx
”f( ) k7t( ) (2kt) 2k—1t<r(z) <2kt f( ) e

an

Q(z)h(r(z
P oy 2l 2))

(2 t) k=l (x) <2kt ()

We also define the maximal operators M7 and M7 respectively by

M f(x )*Sup sup ||7,| * f(2)| and M7 f(z) = sup sup ||7x| % f ()],
kEZ te(1,2] kEZ te(1,2]

dx.

where

F@l@) = [ fadn@)
One can easily checthhat
(103) M7 f(x) < 2M°|fl(x), M f(x) < 2M°||(x).
Invoking Lemma 2.3, we get from (103) that
(104) IM7 fllze@ny < Choan 1 fllLeen

for all p € (1,00). By the arguments similar to those used to derive[18, Lemma
2.3],

(105) max { |72 (€)], |[7.e](€) — 7] (0)]}
< O”hHAW(]R+)||QHLG(2)|A;H§|1/(4Q 7L,
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(106) max { [T ()], [[r,1(6)] } »
< Cl[hlla, ) |2 gy min 1, | Az €]/ 07 B},

By (13), (14), (105) and (106), we get

Tt (O] < CllAll o, @) 2] o)

(107) ((2k (6))1/(4q'\/ a1 L) + (2k (5))1/(4q/'~/b1L));

Tkt (E)] < Cllhlla, @) 9] Lacs)

(108) x min {1, (2*s(€))" 1/(4q'y/asL) 4 (9 (5))—1/(4(/7/172@}7

where C' > 0 is independent of h, 2, ¢,y. An argument similar to those used in
deriving [16, (3.2)] yields that

1

— Z/ e F@P ) = L),

In what follows, we fix a nonnegative measurable function v on R™. We
divide the proof into two steps:

Step 1: Prove (8) for the case p € [2,00). Let S be given as in the
proof of Theorem 1.1. By Minkowski’s inequality, it holds that

M) = (2/12];5+k<m*f>< o[ )"

(109) My q,0f(x)

(110) keZ it
<3 Z/ S rie = N)P2) =347
JEL k€L

By (104) and the arguments similar to those used in deriving (45),

(111) Z/ |Tkt*9k| - /2‘ (Z|9k|) ‘

keZ

for all 2 < p < 0o and any s > 1. By (35), (36), (111) and the fact M7 u <
Miju € Ay, one finds

||Ajf||Lp(u)H(Z/12|ka*5+kf2dt) ‘
kez
(Z| 2 ) |

B Chaﬂ,qmp,s||f||LP(MSMju)

<C h,$2,q,7,p,s

LP(u) Lr(MIu)

Lr(u)

112
( ) < Ch,ﬂ,qmp’s

Lr(MIu)

for all 2 < p < co and any s > 1. On the other hand, fix t € [1,2], by (107),
(108) and Plancherel’s theorem, we have

(113) 75, % Sjrw| 2Ry < Chg.gn2” 2 Jw]| p2(rn)
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for some d3 > 0 and any arbitrary function w on R™. Here d3 depends on
q,7, L. One can easily check that

17,8 % Sjtrwl| L2 (us)
(114) < (7t 14kl £ @my) 2 N Tkt ] # 14k ] [ || £ s
< Ch9,0. \w||L2(M*us)

for any s > 1. By (113), (114) and the interpolation of L?-spaces with change
of measure ([4, Theorem 5.4.1]), we obtain

2763(171/5

(115) (175, * Sjuwl L2y < Cho,g7.s w2, w7

for any s > 1. By (115) with w = Sj44f and (35), we obtain

2 dt
1458y = [ 3 [ 183« f@) PG (oo

kEZ

2 3 2 dt
:/1 /]R” Z|Sj+k7'k,t * f(z)] u(gg)dz?

keZ

2 dt
<CX [ ] ines Stad@Puasy

keZ
< Chqygry,s2 20071/l / > 185k f (@) PM M u(x)da
]:R’Vl k Z
S Ch,Q,q,7752_263(1_1/S)‘jl ||f||%2(MSM:u)
It follows that

(116) 45 fll2() < Chisrgms2” 2OV Fll 2, a7 )

for any s > 1. An interpolation between (116) and (112) (see [4, Corollary
5.5.4]) yields that

(117) IT5 £l Lo ) < Chogugrps2” P PETNN| £l ot a7 a)

for 2 < p < oo and s > 1. Here S(p, q,7,s) > 0 depends only on p, ¢, v and s.
Combining (117) with (103), (109) and (110) yields (8).

Step 2: Prove (8) for the case p € (1,2). We want to show that for
any 1 < p < 2 and s > 1, there exists a constant a(p, ¢,7v) > 0 independent of
7 such that

(118) 145 1o ) < Charns2™ PV Loz -
Fix ¢t € [1,2]. It is clear that

(119) 17kt 5 fll oo @n) < Chq [ fl Lo ey
(120) 7wt * fllzr )y < CIfllorarmu)-
An interpolation between (119) and (120) implies that
(121) ||Tk,t * fHLP(u) < Ch9.q7.p

| fllLe (a7
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for all 1 < p < 2. Combining (121) with (103) yields that

1/p
H ( Z |7k, e * kaZ[)‘p([Lz],t*ldt)) ‘
keZ

1/p
< Oh,Q,qu,pH( Z |fk|p>
keZ

for all 1 < p < 2. We get from (104) that

LP(u
(122) )

Lo (M%)

123 Hsup sup |7t * fr ’ < Ch.0.q.7, ”sup fx ’
(123) keZte[l,Q]‘ ' | Lr(R™) e k€Z| | Lr(R™)
for all 1 < p < 2. By interpolating between (122) and (123),
) 1/2
H(Z |7k, * kaL2([1,2],t*1dt)> ‘ Lot/

(124) her 1/2

< )

< Cnsvacnal (S IAE) sy

kEZ

for all 1 < p < 2, where t; = 2/p. Substitute u’* for u in (124), we obtain

) 1/2
H(Z\\Tk,t *fk:”L?([l,Q],t*ldt)) ‘
keZ

< Anans| (5 15) "]

Since Mthflu € Ay, by the weighted Littlewood-Paley theory and (125),
5 ) 1/2
145 o = || (D2 Irwe * S2fBeuagesany) |

keZ 12
(D 183001) |

kEZ
< Ch,Q,qmp”fHLp(MtlMflu)

for all 1 < p < 2. Using (116) with s = #; and (103), we get
(127) A5 fllz2 ) < Ch,q,2 %1/ ”fHL?(Mth{’lu)'

An interpolation between (126) and (127) implies that for any p € (1,2), s €

LpP(u
(125) )

Ly (M7 u)

e (u)
(126)

<C
= “Yh,Q,q,7.p Lo (M, )

(1,2), there exist ¢ € (1,2) and 6 € [0, 1] such that s = %, zlv = g + 1;9 and
(128) 145 fll o) < Chgmp2” * PPV Fll ot ez )

where a(p,q,v) > 0. Note that MgMTu < CM;M;u for t > s by Holder’s
inequality. This together with (128) yields that

(129) HAJ’fHLP(u) < Ch,qupZ_a(p’qm‘jl”f”Lp(Mth’u)

forall 1 <p<2andt>1. Then (8) follows from (109), (110) and (129). This
completes the proof of Theorem 1.4. (I
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4. Proofs of Corollaries 1.5 and 1.6

In this section we shall prove Corollaries 1.5 and 1.6. To prove our main
results, we need the following proposition.

Proposition 4.1. Let 1 < p < 0o and sqg > 1. Assume that T is a linear or
sublinear operator such that

(130) ITfllzrw) < Cpossoll fllLe ()

for all s > sy and any nonnegative measurable function u on R™, where for a
fized s > sg, the operator Hs is a bounded operator from L"(R™) to itself for
all v € (s,00). Then for any q € (p, ::501) the following inequality holds:

150 (), =l (S10) ]

Proof. Fix q € (p, £*;) and write r = ﬁ. Let {f;} € LY(R",¢") and fix
s € (sg,7). By assumption (130) and Hélder’s inequality, one has

H(Z |Tfj|p> La(R")
S A S LT

geLT(RN),
920, llgll rgny<1 JEZ

Cro s X [ B @FH) @)
Z|fj\p‘
JEZL

La(Rn)

IN

92019l rgny<1 JEZ

< Cppsr s / 1H(9) | 2 e

ge LT (RN, Lq/p(]Rn)
g>0, HyllLT(mm)<1
oo () e
which gives (131) and completes the proof. O

Proofs of Corollaries 1.5 and 1.6. By Lemma 2.3 and (32), we have
(132) MM Mou+ Mul rgny < Chggerllellor @

forany 1 < s < oo and r > s. By (132), Remark 1.7, Proposition 4.1, Theorems
1.1-1.4 and the arguments similar to those used to derive [17, Corollaries 1.3-
1.5], we can get the conclusions of Corollaries 1.5 and 1.6. The details are
omitted. (]

References

[1] H. Al-Qassem and Y. Pan, On certain estimates for Marcinkiewicz integrals and extrapo-
lation, Collect. Math. 60 (2009), no. 2, 123-145. https://doi.org/10.1007/BF03191206


https://doi.org/10.1007/BF03191206

2]

(3]

(4

[5]

[7]

(8]

[9]
(10]

(11]

(12]
(13]
(14]

(15]

(16]

(17]

(18]

(19]
20]
(21]
(22]

23]

WEIGHTED ESTIMATES FOR CERTAIN ROUGH OPERATORS 1057

, Singular integrals with rough kernels in Llog L(S™~1), J. London Math. Soc.
(2) 66 (2002), no. 1, 153-174. https://doi.org/10.1112/50024610702003241

A. Al-Salman, H. Al-Qassem, L. C. Cheng, and Y. Pan, LP bounds for the function of
Marcinkiewicz, Math. Res. Lett. 9 (2002), no. 5-6, 697-700. https://doi.org/10.4310/
MRL.2002.v9.nb.all

J. Bergh and J. Lofstrom, Interpolation spaces. An introduction, Springer-Verlag, Berlin,
1976.

A. P. Calderén and A. Torchinsky, Parabolic mazimal functions associated with a
distribution, Advances in Math. 16 (1975), 1-64. https://doi.org/10.1016/0001-
8708(75)90099-7

A. P. Calderén and A. Zygmund, On the existence of certain singular integrals, Acta
Math. 88 (1952), 85-139. https://doi.org/10.1007/BF02392130

, On singular integrals, Amer. J. Math. 78 (1956), 289-309. https://doi.org/
10.2307/2372517

Y. Chen and Y. Ding, The parabolic Littlewood-Paley operator with Hardy space kernels,
Canad. Math. Bull. 52 (2009), no. 4, 521-534. https://doi.org/10.4153/CMB-2009~
053-8

R. R. Coifman and R. Rochberg, Another characterization of BMO, Proc. Amer. Math.
Soc. 79 (1980), no. 2, 249-254. https://doi.org/10.2307/2043245

Y. Ding, D. Fan, and Y. Pan, On the LP boundedness of Marcinkiewicz integrals, Michi-
gan Math. J. 50 (2002), no. 1, 17-26. https://doi.org/10.1307/mmj/1022636747

J. Duoandikoetxea and J. L. Rubio de Francia, Mazimal and singular integral operators
via Fourier transform estimates, Invent. Math. 84 (1986), no. 3, 541-561. https://doi.
org/10.1007/BF01388746

D. Fan and Y. Pan, Singular integral operators with rough kernels supported by subva-
rieties, Amer. J. Math. 119 (1997), no. 4, 799-839.

R. Fefferman, A note on singular integrals, Proc. Amer. Math. Soc. 74 (1979), no. 2,
266-270. https://doi.org/10.2307/2043145

C. Fefferman and E. M. Stein, Some mazimal inequalities, Amer. J. Math. 93 (1971),
107-115. https://doi.org/10.2307/2373450

S. Hofmann, Weighted norm inequalities and vector valued inequalities for certain rough
operators, Indiana Univ. Math. J. 42 (1993), no. 1, 1-14. https://doi.org/10.1512/
iumj.1993.42.42001

F. Liu, Integral operators of Marcinkiewicz type on Triebel-Lizorkin spaces, Math.
Nachr. 290 (2017), no. 1, 75-96. https://doi.org/10.1002/mana.201500374

F. Liu and D. Fan, Weighted estimates for rough singular integrals with applications to
angular integrability, Pacific J. Math. 301 (2019), no. 1, 267-295. https://doi.org/10.
2140/pjm.2019.301.267

F. Liu and S. Mao, LP bounds for nonisotropic Marcinkiewicz integrals associated to
surfaces, J. Aust. Math. Soc. 99 (2015), no. 3, 380-398. https://doi.org/10.1017/
S1446788715000191

J. Namazi, A singular integral, Proc. Amer. Math. Soc. 96 (1986), no. 3, 421-424.
https://doi.org/10.2307/2046587

N. M. Riviére, On singular integrals, Bull. Amer. Math. Soc. 75 (1969), 843-847. https:
//doi.org/10.1090/S0002-9904-1969-12321-9

, Singular integrals and multiplier operators, Ark. Mat. 9 (1971), 243-278. https:
//doi.org/10.1007/BF02383650

S. Sato, Estimates for singular integrals along surfaces of revolution, J. Aust. Math.
Soc. 86 (2009), no. 3, 413-430. https://doi.org/10.1017/S1446788708000773

E. M. Stein, On the functions of Littlewood-Paley, Lusin, and Marcinkiewicz, Trans.
Amer. Math. Soc. 88 (1958), 430-466. https://doi.org/10.2307/1993226



https://doi.org/10.1112/S0024610702003241
https://doi.org/10.4310/MRL.2002.v9.n5.a11
https://doi.org/10.4310/MRL.2002.v9.n5.a11
https://doi.org/10.1016/0001-8708(75)90099-7
https://doi.org/10.1016/0001-8708(75)90099-7
https://doi.org/10.1007/BF02392130
https://doi.org/10.2307/2372517
https://doi.org/10.2307/2372517
https://doi.org/10.4153/CMB-2009-053-8
https://doi.org/10.4153/CMB-2009-053-8
https://doi.org/10.2307/2043245
https://doi.org/10.1307/mmj/1022636747
https://doi.org/10.1007/BF01388746
https://doi.org/10.1007/BF01388746
https://doi.org/10.2307/2043145
https://doi.org/10.2307/2373450
https://doi.org/10.1512/iumj.1993.42.42001
https://doi.org/10.1512/iumj.1993.42.42001
https://doi.org/10.1002/mana.201500374
https://doi.org/10.2140/pjm.2019.301.267
https://doi.org/10.2140/pjm.2019.301.267
https://doi.org/10.1017/S1446788715000191
https://doi.org/10.1017/S1446788715000191
https://doi.org/10.2307/2046587
https://doi.org/10.1090/S0002-9904-1969-12321-9
https://doi.org/10.1090/S0002-9904-1969-12321-9
https://doi.org/10.1007/BF02383650
https://doi.org/10.1007/BF02383650
https://doi.org/10.1017/S1446788708000773
https://doi.org/10.2307/1993226

1058 F. LIU AND Q. XUE

[24] E. M. Stein and S. Wainger, Problems in harmonic analysis related to curvature, Bull.
Amer. Math. Soc. 84 (1978), no. 6, 1239-1295. https://doi.org/10.1090/S0002-9904~
1978-14554-6

[25] T. Walsh, On the function of Marcinkiewicz, Studia Math. 44 (1972), 203-217. (errata
insert). https://doi.org/10.4064/sm-44-3-203-217

[26] Q. Y. Xue, Y. Ding, and K. Yabuta, Parabolic Littlewood-Paley g-function with rough
kernel, Acta Math. Sin. (Engl. Ser.) 24 (2008), no. 12, 2049-2060. https://doi.org/
10.1007/s10114-008-6338-6

[27] C. Zhang, Weighted estimates for certain rough singular integrals, J. Korean Math. Soc.
45 (2008), no. 6, 1561-1576. https://doi.org/10.4134/JKMS.2008.45.6. 1661

FeNG Liu

COLLEGE OF MATHEMATICS AND SYSTEM SCIENCE
SHANDONG UNIVERSITY OF SCIENCE AND TECHNOLOGY
QINGDAO 266590, P. R. CHINA

Email address: FLiu@sdust.edu.cn

QINGYING XUE

SCHOOL OF MATHEMATICAL SCIENCES

BEJING NORMAL UNIVERSITY

LABORATORY OF MATHEMATICS AND COMPLEX SYSTEMS
MINISTRY OF EDUCATION

BEwING 100875, P. R. CHINA

Email address: qyxue@bnu.edu.cn


https://doi.org/10.1090/S0002-9904-1978-14554-6
https://doi.org/10.1090/S0002-9904-1978-14554-6
https://doi.org/10.4064/sm-44-3-203-217
https://doi.org/10.1007/s10114-008-6338-6
https://doi.org/10.1007/s10114-008-6338-6
https://doi.org/10.4134/JKMS.2008.45.6.1561

