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UNIQUENESS OF TOPOLOGICAL SOLUTIONS FOR
THE GUDNASON MODEL

S00JUNG KIM AND YOUNGAE LEE

ABSTRACT. In this paper, we consider the Gudnason model of NV = 2
supersymmetric field theory, where the gauge field dynamics is governed
by two Chern-Simons terms. Recently, it was shown by Han et al. that
for a prescribed configuration of vortex points, there exist at least two
distinct solutions for the Gudnason model in a flat two-torus, where a
sufficient condition was obtained for the existence. Furthermore, one
of these solutions has the asymptotic behavior of topological type. In
this paper, we prove that such doubly periodic topological solutions are
uniquely determined by the location of their vortex points in a weak-
coupling regime.

1. Introduction

Chern-Simons gauge field theories have been developed in various physics
models to study high temperature superconductivity [45,51], the Bose-Einstein
condensates [40,44], the quantum Hall effect [61], optics [8], and superfluids [58]
(see also [1,3,6,7,10-13,19,21, 23,30, 33,37,38,41-43, 47,49, 52-54, 56, 57, 62—
64,66,69-71] and references therein). For a supersymmetric gauge field theory,
Gudnason in [26,27] formulated a non-abelian Chern-Simons model (see also
[2,4,5,28,35,36,50,59,60] and references therein for the backgrounds). Under
a suitable physical ansatz for vortex solutions, the Gudnason model of N' = 2
supersymmetric field theory, where the dynamics of gauge fields is governed by
two Chern-Simons terms, was reduced to the following nonlinear elliptic system

Received May 23, 2020; Accepted September 21, 2020.

2010 Mathematics Subject Classification. 35J47, 35A02, 35J08, 35B20, 35B06.

Key words and phrases. Uniqueness, topological solution, Green representation formula,
perturbation, doubly periodic solution.

(©2021 Korean Mathematical Society

873



874 S. KIM AND Y. LEE

(refer to [26,27,32] for the details):

Aua,b’ — a2<eua,/3+va,/3 + eua./s—va,;a)(eua,g—i—va,g 4 elas~Vas _ 2)
N
+ a/@(eua,ﬁ‘i’va,ﬁ _ eua,ﬁ*'va,/i)z 447 § :mi(;p“

(1) =

Ava 5= aﬁ(eua,ﬁ+va,5 _ GUQ,ﬂ7Ua7ﬁ)(eua’ﬁ+Ua’ﬁ + ele.B Va5 _ 2)

N
+ BQ(BQUQYQ—FQ’U@Jg _ e2u0¢1ﬁ_2vay5) + A E miépi.
=1

Here, o > 0 and 8 > 0 are positive parameters, §,, stands for the Dirac measure
concentrated at p;, and p; # p; if i # j. Each p; is called a vortex point and
m; € N is the multiplicity of p;.

In this paper, we are concerned with solutions to the elliptic system (1)
over a two-dimensional flat torus T, a doubly periodic domain in R2, due to
the lattice structures in a condensed matter system (for instance, see [1,66]),
and the theory suggested by 't Hooft in [68]. In a flat two-torus T, Han,
Lin, Tarantello, and Yang in [32] proved that there exist at least two dis-
tinct solutions to the system (1) for any prescribed distribution of vortices
by applying a variational approach. Here, a necessary condition and some
sufficient condition on the coupling parameters were derived for the existence
results. In [32], they also established planar topological vortex solutions of a
generalized m-coupled system (m > 2) in the whole plane R%2. We refer to
[14,17,18,22,25,31,33,34,39,48,55,67] for recent developments on the equation

(1).

In [32], it was also shown that one of two constructed solutions to (1) over
T satisfies that both components converge to 0 pointwise a.e. in T as coupling
parameters tend to infinity. More precisely, we quote some of results as follows:

Theorem A ([32, Theorem 2.2]). For any given constant n > 1, assume 1 <
g < n. Then there exists a constant M, > 0 such that if o > M, then the
system (1) admits at least two distinct solutions over T. Furthermore, one of
the solutions satisfies the following asymptotic behavior:

(2) wa,g+Vap—0, Usg—Uapg—0 as a— o0 pointwise a.e. inT.

The aim of this paper is to prove that solutions to (1) satisfying (2) are
uniquely determined by a given configuration of vortex points p; (1 <i < N),
provided that 8/a > 1 is sufficiently close to 1 and « > 0 is large enough. As
in Section 4 of [32], let us consider (u1,u2) = (ta,g + Va8, Ua,3 — Va,3) for a
solution (uqa,g,%a,8) to (1). Then (1) is transformed into the following system
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in terms of (ug,us):

Au1 — (CY—}-B)Qeul(eul _ 1) + (a _/B)Qeug(eul _ 1)
N
— (B — a®)(e" + e¥2)(e¥"2 — 1) + 871'277%5,,“
=1

Buz = (e BPet(e" — 1)+ (a = B (¢ - 1)
— (8% — a®)(e" + e¥2) (et —1).

In the case when 8/« > 1 is sufficiently close to 1 and «+ 3 is sufficiently large,
the system (3) is almost decoupled, and each equation of (3) can be regarded
as a perturbation of the following elliptic equation:

Ny
1 v v
(4) AUE+€—265(1—65):47TZW5%
i=0

with € := 1/(ac+ ). The equation (4) arises in the study of high temperature
superconductivity. In the relativistic Chern-Simons model suggested by Hong,
Kim and Pac [37] and Jackiw and Weinberg [41], self-dual equations satisfied
by energy minimizers can be reduced to the nonlinear elliptic equation (4)
involving exponential nonlinearity (see [37,41,67,71] for the details). During
the last few decades, the equation (4) has been extensively studied, and we
refer the readers to [13,20,21,38,47,53,64,67]. Among them, in [20,65], the
uniqueness of topological solutions to (4) has been proved not only over T but
also over R2. Here, a solution v. of (4) over T is called a topological solution if

ve >0 as € -0 pointwise a.e. in T.

Similarly, we say that (uq g,va,8) is a topological solution to (1) over T if it
satisfies (2). Note that 8 — oo as @ — oo assuming that 1 < g < 1 in Theorem
A.

In the paper, we shall prove that a topological solution to (1) over T is
unique under the assumption that 8/a > 1 is sufficiently close to 1 and o > 0
is sufficiently large. For the purpose, we will study the asymptotic behavior of
solutions (u1,ug) to the reduced system (3) which is a perturbed system of (4)
as « tends to infinity. In the analysis of solutions to (3), a uniform boundedness
of L' norm of nonlinear terms with respect to coupling parameters would play
an important role. But it seems difficult to derive a uniform L' boundedness
of the nonlinearities when 32 —a? is too big. In order to guarantee the uniform
L' boundedness with respect to large o > 0, a weak coupling effect is imposed
throughout the paper, that is, positive parameters « and 5 satisfy

(5) 0<pr—a?=B—-a)a+p)<N
for some constant 91 > 0. Notice that the assumption (5) implies that

B

— =1 as a— .
(6%
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We also mention that a classification result of Brezis-Merle type for solutions
to (1) over T was obtained in [46] in terms of their asymptotic behavior as
a — oo under the assumption (5). In fact, the asymptotic behavior (2) is one
of the alternatives; see Proposition 2.5 for some preliminary results.

Now we state our main results in the paper. Throughout the paper, let us
fix vortex points p; € T (1 < ¢ < N) with multiplicity m; € N which satisfy
p; # p; for i # j. Before proving the uniqueness of topological solutions to (1),
we will first obtain a priori estimate of topological solutions comparing with
the entire topological solutions on the whole plane R?. For each 1 < j < N,
let us consider the following elliptic problem:

AU; + €% (1 — %) = 8mm; 6y in R?
(6) lim Uj(z) = 0.

|z|—+o0
The problem (6) admits a unique solution Uj;, and we call U; the entire topo-
logical solution to (6). Indeed, U; is radially symmetric about the origin and

negative in R? (see Section 2 for important properties of U;). Then we have a
priori estimate of topological solutions as follows:

Theorem 1.1. Assume that 3 > «a > 0 satisfy the condition (5). Let (uqg,
Va,8) be a sequence of solutions to (1) satisfying (2). Then, up to subsequences,
the following asymptotic behavior hold:

o+t = 5 U5 (04 e — 13) ) alle = ) o(aran)
I Low(1) e oy

and

[ta,8 = Va8l poo (1) = CEE as a — oo.
Here, U; solves the problem (6), and a cut-off function xq satisfies that xq =1
on Bg(0), xa =0 on R%\ B4(0) and 0 < xq < 1 with a small fized constant

d > 0 depending only on p; (< j < N).

In order to show a prior estimate in Theorem 1.1, we employ a blow up
analysis around each vortex point, and uniform estimates of relevant linearized
operators (see Theorem 2.7).

Based on a priori estimate in Theorem 1.1, we prove the uniqueness of
topological solutions to (1).

Theorem 1.2. For given N € N, let p; € T (1 <i < N) be vortex points with
multiplicity m; € N such that p; # p; for i # j. Assume that 8 > a > 0 satisfy
the condition (5). Then a topological solution of (1) is unique for sufficiently
large o > 0.
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The rest of the paper is organized as follows. In Section 2, we review some
preliminary results used in the paper. In Section 3, we study a priori esti-
mate of topological solutions and prove Theorem 1.1. Also, the uniqueness of
topological solutions in Theorem 1.2 is obtained.

2. Preliminaries

Throughout the paper, we will use the following notation:

1 8-«
(7) E'_a+ﬂ and Ua’ﬁ'_aJrﬂ

for positive parameters 8 > o > 0. For notational simplicity, we denote o, 3
by o.. Then the assumption of a weak coupling effect (5) is equivalent to

B—a 2
< Me”,
a+p

and the elliptic system (3) can be rewritten as follows:

(8) 0<o.=0a8=

1
Auge = - {e"lff(eulvf — 1) +oZe"2e (e — 1) — o (eMe + ¥ (V2 — 1)}
’ €
N
(9) + 87 Z miép, N
i=1

1
Aug . = = {e"z‘f(eu“ — 1) +oZetre (e — 1) — o (e"e + e (e — 1)} )

As mentioned in the introduction, (9) can be considered as a perturbed system
of (4). For the system above, (uj ., us ) is said to be a topological solution to

(9) if
(10) u; e =0 as ¢ =0 pointwise a.e. in T fori=1,2.

We first recall some results on the limiting equation of (4). Let w be a
solution to the elliptic equation

(11) Aw +e“(1 —e") = drmdy in R?.
Lemma 2.1 ([21, Lemma 3.2], [9,16]). Let m be a nonnegative integer, and w
be a solution of (11) with ¥ (1 —e®) € LY(R?). Then, either

(i) w(z) = 0 as |z| = o0, or

(i) w(z) = —yoln|z| + O(1) as |z| = oo, where a constant vy > 0 is given

by
iy

1
Yo = —2m + —/ eV (1 —e")dx.
27 Juo

Under the assumption that w satisfies the boundary condition (ii), we have

/ e*dx = 1(v2 — 4yp — 4m? —8m) and / eVdr = (72 — 2v0 — 4m?* — 4m).
R? R?

In particular, [, e* (1 —e¥)dx > 8r(1+m), and thus vo > 2(m + 2).
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When m = 0, it has been known that the integral [, e (1 —e")dx depends
on the maximum value of w, and has a lower bound as follows.

Lemma 2.2 ([13, Theorem 2.1], [15, Theorem 3.2], [63, Theorem 2.2]). Let
m = 0, and w be a solution of (11) with e*(1 — e*) € LY(R?). Then, w(x)
is smooth, radially symmetric with respect to some point xo in R2, and it is a
nonpositive, decreasing function of r = |z — xo|.

Moreover, suppose that w(r;s) is the radially symmetric solution with respect
to the origin of (11) satisfying

lim w(r;s) =s and limw'(r;s) =0,
r—0 r—0

where w'(r; s) denotes 4% (r;s). Then one has

(i) w(-;0)=0.
(ii) If s <0, then w(r;s) is strictly decreasing in r, and w(r;s) — —oco as
r— 00.

(i) Let vo : (—00,0) — (0,400) be a function defined by

1 . . ° . .
Yo(s) = o= / e me)(1 — e(59))dg = / e T8 (1 — (59 Y,
2w R2 0

Then, o : (—00,0) — (4, +00) is strictly increasing and bijective, and
satisfies
lim ~g(s) =4 and lim ~(s) = +oo.
§——00 s—0—
Now we are concerned with properties of topological solutions to (11) sat-
isfying the boundary condition (i) in Lemma 2.1. For any positive integer m,
consider the following problem

AU +eY(1 —eY) =4mméy  in R?,
(12) lim  U(z) = 0.

|z| =400
The existence and uniqueness of a radially symmetric solution to (12) was
established in [15]. In [29, Theorem 1.3], Han showed that a solution to (12)
should be radially symmetric about the origin. Then the uniqueness of the
solution to (12) follows from [15]. Here, the unique solution U of (12) is called
an entire topological solution of the Chern-Simons-Higgs equation. For m > 0,
the entire topological solution U(z) = U(|z|) is negative in R? and strictly
increasing with respect to |z|. Moreover, it was obtained in [65, Lemma 4.13]
that for any 6 € (0, 1), there exists a constant Cs > 0 satisfying

(13) (1— V@) 4 |VU(2)| + |U(x)| < Cse 1=l for any |z| > 1.

Next, we present some results on a priori estimates of solutions (u1 ¢, ug,)
to (9).
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Lemma 2.3 ([32, Proposition 4.1]). Let (uj., u2 ) be solutions of (9) over T.
Then, it holds that

ure(z) <0 and wuge(x) <0 forany z€T.

Using the assumption (8), we have the uniform L!'(T) boundedness of the
main nonlinear terms in (9) with respect to € > 0.

Lemma 2.4 ([46, Lemma 2.4]). Assume that the condition (8) holds. Let
(ui,e,u2,¢) be solutions of (9) over T. Then, we have

1 1
/ 5—26“1’5 (I —e"te)dx = / 6—26“1’5 |1 —e“teldar < 87 + 2N|T|=: 8xly,
T T
where M = Zfil m;, and
1 1
/ ?6u2’5 (1—e"2s)dx = / ge““ |1 —e“2e]dax < 20T.
T T

We also quote the following result on the asymptotic behavior of solutions
to (9).

Proposition 2.5 ([46, Proposition 3.1]). Assume that the condition (8) holds.
Let (u1,¢,uz,e) be a sequence of solutions to (9) over T, and let Z := {p1,...,
pNn}. Then the following properties hold.
(1) Up to subsequences, ui . satisfies one of the following:
(1a) uy e — 0 uniformly on any compact subset of T\ Z as € — 0;
(1b) there exists a constant vy > 0 such that
sup (sup uLE) < —1p.
e—0 T
(ii) Up to subsequences, us . satisfies one of the following:
(2a) there is a constant ¢g > 0, independent of € > 0, satisfying
2.
lluz,ell oo (1) < o™
(2b) there exists a constant vy > 0 such that
sup (sup u276) < —1p.
T

e—0

In order to remove singularities, let us introduce the Green function G(z,y)
which satisfies

—AG(z,y) =6y — Vr,y e T with /TG(x,y)dy =0,

€
|T|
where |T| is the measure of T. We denote the regular part of G(x,y) by
1
(@,y) = G(z,y) + 5 Injz —yl.
Let

N
uo(x) := —SWZmiG(x,pi) and Vie 1= Ule — Up.
i=1
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Assuming that |T| =1, (9) can be written in terms of (v1,¢,uz,.) as follows:

1
Avl,s _ ? {ev1,5+uo(ev1,a+uo _ 1) + O—EGUZ,E (ev1,6+uo _ 1)

—oe (et 4 ehe) (e — 1)} + 87N,
1
Au2,s == {euz,s (euz,s _ 1) + U§€v1‘5+u° (eug,5 _ 1)
9

70.6(6711,5“1’”0 + eu2,z)(evl,z+u0 _ 1)} .

Then a priori gradient estimate of (vy ¢, u2,) was obtained by using the Green
representation.

Lemma 2.6 ([46, Lemma 2.6]). Assume that the condition (8) holds. Let
(u1,e,u2,e) be a sequence of solutions to (9) over T. Then there exists a uniform
constant C' > 0, independent of € > 0, such that

o Q

||VU1,5||Loo(1r) + ”V“QvEHL‘X’(T) =<

Lastly, let us define the following linearized operators:

N
Lic(9) = Ap+ ;2 >4 (Uj (:C _gpj>)><d(|33 - pjl)
j=1

+4' (0) (1 - ﬁ:xlz(lw - pjl)) ®,

g’ (0)
52

Lo, (¢) = A¢ +

1
6= 26— 0.
where
g(t) == e'(1—¢e").
Employing the linearized operators enables us to deduce a refined asymptotic
behavior of (uq ¢, us,¢). Following the proof of [24, Theorem 2.4], we have the

the solvability results of the operators Ly . and Lo . together with uniform L°°
estimates.

Theorem 2.7. The operator
Lic:W?*2(T) — L*(T)

is an isomorphism. Moreover, there exists a uniform constant C' > 0 such that
if (¢, h) € W22(T) x L?(T) satisfies L1 . (¢) = h on T with ¢,h € L= (T),
then

6]l L (m) < CE2||A]l Los ()
Also, Ly . : W22 (T) — L?(T) is an isomorphism, and if (¢,h) € W22 (T) x
L?(T) satisfies Lo . (¢p) = h on T with ¢,h € L> (T), then

]l < (r) < Ce? 1l Lo ().
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Here, C > 0 is a uniform constant which is independent of € > 0.

3. A priori estimate and uniqueness
3.1. Proof of Theorem 1.1
In the remaining part of the paper, assume that the condition (8) holds, and
let (u1,e,us2.) be a solution of (9) over T satisfying (10), that is,
u;e -0 as ¢ =0 pointwise a.e. in T fori=1,2.

Here, we recall that (uq,.,u2.) is called a topological solution if it solves (9)
over T satistying (10).
Remark 3.1. We note that a topological solution (uj ., us ) of (9) satisfies (1a)
and (2a) of Proposition 2.5, i.e.,
(1a) ug, — 0 uniformly on any compact subset of T\ Z as € — 0;
(2a) |lug,e|lp(m) < cog” for some uniform constant co > 0 (independent of
e >0).

To analyze the asymptotic behavior of topological solutions, we compare u; ¢
with a scaled function of the entire topological solution of (6) near singularities.

Lemma 3.2. Assume that the condition (8) holds. Let (ui.,us.) be a topo-
logical solution of (9). Then we have

N
. T — Py
(14) lim uLE*ZUg‘( € J)Xd(\x*pﬂ) =0.
7=t Le=(T)

Here, U; is the entire topological solution of (6), and a cut-off function xq
satisfies that xqa =1 on Ba (0), xa =0 on R?\ By(0) and 0 < xq < 1 with a
small fized constant d > 0 depending only on p; (1 <j < N).
Proof. (i) Fix 1 < j < N and let @; o(x) := u; . (ex +p;) for i = 1,2. Then @ .
satisfies

Aliy ¢ + €™ (1 —e"e)

= gZe"=(e"e — 1) — g (e™F + ") (e"= — 1) + 87m;dy in Ba(0),
/ e"e|(1 — e"=)|dx < 8mly.
B4 (0)

Here we used Lemma 2.4 and d > 0 is chosen so that Bag(p;) N Baq(p,) = 0 for
i # j. Since |V (u1 e —ug)| = O(e™!) in T by Lemma 2.6, it follows that
Am.
(15) Vi (@) - |m|ff —0(1) in Bu(0).
l' €
Firstly, we claim that there exists a constant Cy > 0, independent of ¢ > 0,
such that

(16) [z

L>(B,4(0)\By(0)) < Co for small € > 0.
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To prove the claim above, suppose to the contrary that up to a subsequence,
there exists z. € B4 (0) \ B1(0) such that

lim |ty ¢ (z.)| = +o0.
e—0

Since mMax uy,e < 0 by Lemma 2.3 , we see that lir% U1 e(xe) = —o0. We shall
E—r

now distinguish two cases.
Case 1: lim |z.| is bounded.
e—0

We first observe that liH(l)( sup |tu1.(z)]) = 0 for any fixed constant 0 < r <
E— T
lz|=%

d from Remark 3.1. Recalling the function 7y given in Lemma 2.2, let us
fix a constant sy < 0 such that yo(sg) > 8lyp. Since ;i_rgm’g(xg) = —oo,
the intermediate value theorem implies that there exists y. € Ba (0) \ B1(0)
satisfying

U1 (ye) = so < 0.
Since ze, ye € B (0) \ B1(0), it holds from the gradient estimation (15) that

(7)
= U1 () + O(Jye — zc]).

Since Ehi% U1,e(ze) = —o0 and g% |z | is bounded in this case, (17) implies that

iig% lye] = +o00. Then utilizing the fact that 41 .(y.) = so and the gradient

estimation (15), we deduce from Ascoli’s theorem that @y (- +ye) converges to
a function @ in CP _(R?) up to a subsequence. By (8) and Lemma 2.3, we have
that
(18)
oZetze(e"e —1) — o (" +ev2e) ("2 —1) = 0 as € — 0 uniformly in T.

This combined with Lemma 2.4 yields that @ satisfies
Ati4e"(1—e") =0 in R?

(19) ) )
(0) = 5o, / ¢7|(1 — )|dz < 8rlo.
R2

In view of Lemma 2.2, @ is a radially symmetric function with respect to some
point yo € R%. Since 7(s) is increasing in s from Lemma 2.2 and (z) is
decreasing with respect to |z — yo|, we have that

8mly > / e (1 —e")dx > 2myo(u(yo)) > 2my0(s0) > 167,
R2

which implies a contradiction.
Case 2: lim |z.| = +00.
e—0

Since lim @) .(xe) = —o0, it holds that lim e|z.| = 0. Here we used the fact
e—0 e—0
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that lim sup |@1.(z)| = 0 for any fixed constant 0 < r < d from Remark
ez <jo|<d

3.1. Then by the intermediate value theorem, there exists y. € B4 (0)\ By, (0)
such that

'al,s(ya) =59 <0,
where a constant sg < 0 is chosen so that ~y(sg) > 8lp. Since lir% |ze| = +o0
e—
in this case, we see that lim0 |ye| = +00. Thus by a similar argument as for the
e—

case 1, using the fact that @ .(y.) = so, (15) and (18) implies that @ (- + y.)
converges to a function @ in CP_(R?), where @ satisfies (19). Then 4 is a
radially symmetric with respect to some point yo € R? by Lemma 2.2. Since
7o is an increasing function by Lemma 2.2, it follows that

8mly > / e"(1 —e")dx > 2o (u(yo)) > 2my0(s0) > 167y,
R2

which is a contradiction. Thus we have proved the claim (16) in both cases.
(ii) Next, we will prove that for any 1 < 7 < N,
(20) uy c(ex +pj) —Uj(z) > 0 in CQ (R?) as £ —0.

Fix 1 < j < N and let 01 () := 11 () —4m; In || = uy (ex+p;) —4m; In|z]|.
Then, v, . satisfies the following:

ATy (z) + |33|4mj6171,5(33)(1 _ |x|4mje171,e(z))
= Ugeﬂg,s(z)(|I|4mjem,5(m) _ 1)

_ O’E(|{,C|4mj eﬁl,s(l) + eﬁz,s(@)(eﬂz,s(ﬂ _ 1) in Ba (0)’

/ |4 P1e )| (1 — || eP1e(®)) | dz < 8rrly.
B4 (0)

From (16), it holds that

(21) ||7,_/175||Lac(831(0)) < (Cp for small € >0,

and by the gradient estimation (15), there exists a constant ¢y > 0 such that
(22) L |V el Lo (84 0)) < €o-

Utilizing (21)-(22) and a similar argument as for (18), there is a function V;
such that o1 (z) = Vj(z) in CP.(R?), up to subsequences, as ¢ — 0, where
V; satisfies

AV, + faf 71450 (1 = [af 3¢5 9) = 0 in B2,

/ 2|75 D) (1 |7 eV ) dx < 8.
R2
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Let U; := V; +4m; In |z|. Then U; satisfies
AU; + eUJ'(l - eUJ') =8mm;dy in R?

23 _ _
(23) / eYil(1 — Y9)|dx < 8rly.
R2

Since v1 . (7) = @1..(x) — 4m;In|z| — Vj(x) = U;(z) — 4m; In|z| in C2 _(R?),

_ loc
we obtain that @; . — U; — 0 in CP_(R?) as e — 0.

Now we will show that Uj is the topological solution of ((_3), ie., Uj =U;. In
light of Lemma 2.1, suppose to the contrary that lim Uj(z) = —oo. Since

|x|—+o0
1. —U; — 0in C2 _(R?) as € — 0, using the estimate (16) implies that

Ul o (Br(oy\B1(0)) < Co  for any constant R > 0,

where a constant Cy > 0 is independent of R > 0. This contradicts the fact that

| ‘lim Uj(x) = —oo. Therefore, we deduce that U; is the unique topological
x| —+oo

solution of (6) satisfying (23), namely, U; = U,. Since u;.(z) — U;(z) =
w1 c(ex + p;j) — Uj(x) — 0 in CP (R?) as ¢ — 0, we obtain the convergence in
(20) for any 1 < j < N.

(iii) Now, we will improve the convergence result of (20) to show (14). More
precisely, we claim that for each 1 < j < N,

(24) lim |u,e(ex +pj) — Uj(x)xd(|6x|)||Loo(Bg(0)) =0.

To prove (24), we argue by contradiction and suppose that there exist j €
{1,...,N} and p > 0 satisfying

lim [Jus (e +pj) — Uj(x)XdOExD”LOO(Bg(O)) > p.
Fix a constant sy € (—p,0) such that v(sg) > 8lp in light of Lemma 2.2.
Then using (20) and the intermediate value theorem, there exists y. € Ba(0)

satisfying

(25) [u1,e(eye + ;) — Uj(ye)xa(leye])| = |sol # 0.

In view of (20), we see that HH(I) |ye| = +00. Then it follows that liH(l) Uj(ye) =0
e~ e—
since U; is the topological solution satisfying (23). Thus we deduce that

lim Ul,s(gye +pj) =59<0
e—0

by using (25), Lemma 2.3 and the fact that sg < 0.
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Now let ;. (x) :=u;(e(x +y-) + p;) for i =1,2. Then . satisfies
Aty + 651’5(1 — eﬁlvf)

- a?eﬁ“ (eal’f — 1) — 0'5(61:“’5 + eﬁzlf))(eﬁ“ —1) in B (0),
2

/ e (@](1 — ™)) |dg < 8l
By (0)

2

1:(0) =80 +0(1) as € — 0.

il

Here, we notice that 1in%|y5| = 400, and |z + y.| > |yc|/2 for € By (0).
E—r 2

Note that lim @; .(0) = so and
e—0 ’

_ 4my (z +ye)

| = O(1) i By (0)

‘VULE(JJ)

in light of (15). Together with a similar argument for (18), we deduce that
U1 () converges to a function @ in CP_(R?), and @ satisfies

A eH(1— ) =0 in B,
/ eﬁ(x)\(l _ eﬁ(f))|dg; < 8mlp, u(0) = so.
]RZ

Lemma 2.2 implies that u is radially symmetric with respect to some point
1o € R2. Since 7y is an increasing function by Lemma 2.2, we have that

8mly > / e[l — e¥|dz > 2myo(i(yo)) > 2my0(s0) > 167l.
R2

This is a contradiction. So we have proved (24).
Since

sup [uiel] >0 ase—0
T\U}, Ba(pi)

by Remark 3.1, and x4(|z|) = 0 if |z| > d, we complete the proof of Lemma
3.2 by using (24). O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. To prove Theorem 1.1, it suffices to show the following
refined asymptotic behavior for the first component uy :

N
(26) we =Y U (S e - )| =06
= Le(T)
Here, we use the notation uy ¢ = Uq,3+Va,s a0d Uz ¢ = Uq,3—Vq,p as seen in the
introduction and Section 2, and recall Remark 3.1. Let U, .(z) := U, (x_pj)

€
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for 1 <j < N, and let
¢15 = Ule — ZU]E Xd |:L'7pj|)

Since ¢1 . belongs to W22(T) N L°(T) in light of the proof of Lemma 3.2,
Theorem 2.7 implies that there exists a constant C' > 0 satisfying

(27) Hd)l,EHLOO(T) < Ce? ||L1,s(¢1,s)||Loc(1r) )

provided that L .(¢1,.) € L>(T). Since U; (1 < j < N) is the topological
solution and has exponential decay to zero at infinity (see (13)), it holds that

(28) sup {1 %) e |VU ()] +|Uje ()]} < CeE,

4<|z—p;|<d

for small € > 0 with some uniform constants C' > ¢ > 0, and hence we deduce
that

[fﬁf (#)xa(|z — ps])]

(29) =

N
1
=3 § e (1 - 6UJ‘5(’”)) Xa(lz = py|) + 87> m;d,, +o(1)
o

Jj=1

as € — 0. Here we remind that a constant d > 0 is independent of ¢ > 0, and
X4 18 a smooth function such that 0 < x4 <1, xg =1 in B% (0) and x4 =0 in

R?\ B4(0). By (8) and Lemma 2.3, we have
o2e 2= (e — 1) — o (e"e 4 e2e) ("2 — 1) — 0 as & — 0 uniformly on T.
Then it follows from (29) that

L175(¢1 e)

= A¢rc+ Zg 2)) xa(|z = p;)

N
1- ZXd |33_p] ) ¢1,5

Jj=1

/N

1 N
= 33 2@ (1= ) e — py)

Jj=

1
1 N
+ 55 |20 Wie@) xallr = pih = (1 -

j=1 J

1 u
— —eUle(]1 — eul,s
e )

——

M-

xalle = ;D) | 61 +0(1)

1
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as € — 0. Letting

(I)le Zg Jie ) Xd |$—p]|) 9(“1,8)

N N
#1200 Wyl xalle =) = (1= 2 oxalle = paD)) | on
= <

we have that
(30) (%) 4 Cll®1.cll Lo (m)

in view of (27), provided that ®; . € L> (T).
Now we will estimate || ®1 ||z (T) in terms of [[¢1 ||z (my. Firstly, we see
that in Bg(pj) foreach1 <j <N,

D1c(0) = 9(Use(@)) = glure) + 9/ (Upe (@) (w1 = Uje (@)
= O(jurc = Usel?) = O ).

Here we recall that u; . < 0 and U;. < 0. Since ¢'(0) = —1, we get that in
By(p;) \B%(pj) foreach 1 < j < N,

@1,c(2) = 9(Use(@) ) xallz = p3l) = 9 (Vse@)xallz = ps1)
+ 9(Uje@)xalle =) = glur,o)
+g'(Uj,5<x>xd<|x—pJ\>)(uls Ue(a >xd<\x—pg|>)
— [0/ (Use@xallz = p3l)) = ¢/ O)] (w1.c = U (@)xallz = ps1))
+ |9 (05c@)) = 90| xallz = p1) (wr.c = Usc(@)xale = ps1) ).
Then using (28), we deduce that in Ba(p;) \ Ba (p;) for each 1 < j < N,

(31)

(32) D1 c(z) = O(|p1.*) + 0|, ]) + O(e_§>.

In T\ U;V:le(pj), we have that xq(|z — p;|) = 0 and ¢1 . = u1 .. Since
g(0) = 0 and ¢’(0) = —1, it holds that

D1 o(2) = —g(ure) = ¢1.c = —g(0) = ' (0)ur,e + Olurc|*) — b1
= O(|¢1,*).
In view of (30)-(33), we deduce that
[¢1,llLoe(my < O(€?) + C|®1.e | Lo ()
= 0(*) + Ollp1.cll7 e (m)) + 0lllP1.c | oo (my)-

(33)

(34)
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Since
N P
. 9 _ ) i o _
tim 161y = Jimm [l e = 300 (5 ) xaller = ) 0
=t Loo(T)
from Lemma 3.2, this combined with (34) yields (26), which completes the
proof of Theorem 1.1. (I

3.2. Uniqueness of topological solutions

Lastly, we will prove the uniqueness of topological solutions to (1) as stated
in Theorem 1.2.

Proof of Theorem 1.2. To prove Theorem 1.2, suppose that there exist two
distinct solutions (u1 e, us ) and (4 ¢, Ua,c) of (9) such that

Uie, Uje = 0 as e =0 pointwise a.e. in T fori=1,2.

As in the proof of Theorem 1.1, let U; . (z) := Uj(x;pj) for 1 <j < N. Then

the difference uy . — 1 . of the first components solves

Ll,s(ul,s - 711,5)
= A(Ul,e - ﬂ/l,e)

[ig’ )xallz = pil)+g' 0)(1 - ixmz = piD)] (e = 7.0)

T2 [Zg e () xallz = pjl)+g' ( (1_ZXd |z — pjl )}(u175—a1,5)

+ HLE( )7
where
1 - O¢ -
Hye(z):= = 5 (9(ure) = 9(are)) + 5 (9(uz,e) = g(dz,e))
2
0- € U € O-E yE U s E
_ :; (euz‘ — el ) + 572 (eu1 — et )
2
g UE ,€+ yE i .5+~' ,E
(-3
Using the mean value theorem, we have that
1 - g -
Hl,@(x) = - ?9/(5176) (Ul,s - ul,a) + :;g/(fza) (UQ,E - U2,e)
2

- g, .
= € (uze —lae) + €M (e — e

2
g
€ + ~ ~
+<82 —52) et (U upe — e — li2e)
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- . 2
where &; . and 7n; . are numbers between u; . and @; . for i = 1,2, and ) ie1GCe
- 2 2 .

lies between ioq Uie and > i1 Use. In view of Theorem 1.1, we have

(35) [1€1e = ZUJE 2)Xa(lr = pil)llz=r) = O(?) and [|€2.e]l e () = O(e?)

as € — 0. From our assumption (8) and Theorem 2.7, we get that

(36) ”ul,s — Uy 6||L°°(T)

< o|{ - s +Zg ) xa(lz = pjl)

'(0) (1 fzxdu:cfm))}(ul,e )

O'sg/(gZ,a) (UQ,E_aQ,E)_UgeUZ’E (UZE_712,5)""‘056771’E (ul,s_ﬂl,s)

Lo (T)

+0

’Lm(’ﬂ‘)

+ CH (0'3 - Us) efretiae (Ul,s + U2 — ﬁl,a - 62,6)

’Loo(qr)’

where a uniform constant C' > 0 is independent of € > 0. Since the first term
on the right-hand side of (36) is given by

[{—9'(&1,e)+4'(0 Z g (0)]xa(|z—p;)}ur,e—t1.e)|| Lo (ry =: I,

by utilizing (35) and the exponential decay estimate (28) of U, it holds that
Il = 0(52)”(11,175 — ﬁl,E)HL"o(T) as ¢ — 0.

Here, we also note that u; . < 0, @; . < 0 and U;. < 0. Hence by the assump-
tion (8), we have

|u1,e = 1ellpoe(T)
< o(V) (e — i11.2) =) + O [uze — izl gmry a5 € = 0.
This implies that

(37) ||U175 (T) S 0(62)”11,275 — ﬁQ,EHLoo(’]I‘) as ¢ — 0.

Next, the difference ug . — g satisfies

/!
_ . 0 _
Loc(uze = tine) = Alug,e — tiae) + 95(2 )(U2,5 — Uz,e)

g’ (0)

= 7(”2,5 - ﬂQ,E) + HQ,E('I)7
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where
Hj ()
1 - O¢ ~ Jg Uy, e U1,e
= = 5 (o) — gliae)) + % (gl ) — glin ) — %5 (e = )
2
+ % (euz,a _ eﬂz,s) + <Z§ _ :;) (eul,a+u2,s _ eﬂl,a+ﬁ2,a) .

By the mean value theorem, we have that

Hy o ()
=~ 39 (§2,e) (ug,e —U2e) + =9 (&1,e) (Ur,e —Ure) — o (U1, — t1e)
2
g, - g g, ~ ~
+ 5" (e — ) + (53 - 6;) e (uy c Fug e — iy — Tie),

where &; . and n; . are numbers between u; . and u; . for i = 1,2, and Z?Zl Ce
lies between Zle uje and Z?Zl U;e. Here, we also note that u; . < 0 and
U; < 0. Then it holds from Theorem 2.7 that

[uz,e — ﬁ2,6||L’-><>(’Jl‘)
< |90 - (&) (uze — iz.c)

+C‘

Le=(T)

ng/(fl,s) (ul,e—al,s)_ogem’s (ul,s_ﬂl,s)+oeen2'i (u2,s_'a2,e)

‘LW(T)

+ C’H (0—3 _ 0—6) eCl,a+C2,s (Ul,s + U2 — ’111,5 — ﬂZ,s)

‘Loc(Tr)'

Here a uniform constant C' > 0 is independent of £ > 0. Thus using (35) and
the assumption (8), we deduce that

luz,e =tz poe(ry < o(1)[[(u2,e — t2,e)| Lo (T) + O(?)|Juy « — U1 el oo (1),
as € — 0, which implies that
(38) ||'LL275 — ’L~L2’€HLoo('[[‘) < 0(52)”7.1,175 — ﬂ11€|‘Loo(’[[‘) as ¢ — 0.

Therefore the estimations (37) and (38) yield that (u1,e,u2e) = (1,6, U2,e) in
T for small € > 0. This completes the proof of the uniqueness of topological
solutions to (1) for large a > 0. O
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