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ON GEOMETRIC PROPERTIES OF THE MITTAG-LEFFLER
AND WRIGHT FUNCTIONS

SourAvV DAS AND KHALED MEHREZ

ABSTRACT. The main focus of the present paper is to present new set of
sufficient conditions so that the normalized form of the Mittag-Leffler and
Wright functions have certain geometric properties like close-to-convexity,
univalency, convexity and starlikeness inside the unit disk. Interesting
consequences and examples are derived to support that these results are
better than the existing ones and improve several results available in the
literature.

1. Introduction
1.1. Background and motivation

Mittag-Lefler and Wright functions are important functions of fractional
calculus. These functions occur in the solution of fractional order differential
equations or fractional order integral equations. These functions play vital role
in many branches of science and engineering. For example, these functions have
been successfully applied in fractional modeling [23].

Mittag-Lefler function is defined as

o] Zk
(11) EQ;B(Z) = ;ﬂm’ 270175 S (C7 %(Oé) > 0,

which was introduced by Mittag-Leffler [13,14] in 1903 for the case 8 = 1.
Later in 1933, Wright [25] introduced the Wright function, defined as

ok

(1.2) Wap(z) = k;) Tk T 7)" B,2€C, a>—1.
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In particular, when & = 1 and 8 = p+1, we have the Bessel function [2] defined
as follows:

2

Z\ M 2 > (—1)*(z/2)2k+n

In 1935, Wright introduced the Fox-Wright function ,¥,[z] with p numerator
and ¢ denominator parameters, defined by [6]

(ap,Ap) > P F(az + kAz) Zk
z} =,¥ [ z} = i=1 —,
Y0l ) = 2 T TG, 48,

(ai,bj €C, and A;,B; e R (i=1,...,p, j=1,...,q).

(a1,41),...,(ap,Ap)

1.4 \1/[
( ) pP*q (b1,B1),...,(bq,Bq)

The series (1.4) converges absolutely and uniformly for all bounded |z|, z € C
when

q p
e=1+» Bj—Y A;>0.
j=1 j=1

It can be noted from (1.1), (1.2) and (1.4) that Fox-Wright function ,¥,[z]
generalizes both E, g(z) and W, g(z) and other special functions like Bessel
function, hypergeometric function etc. In [19, Theorem 4|, Poginy and Srivas-
tava established the following inequality:

(aprp)

1.5 Yy 2l < ] {
(15) voe B O

2] <o — (L= el

for all z € R and for all ,¥,[z] satisfying ¢1 > 12 and ¥} < 1g12, where

b1 T(a;j +kAy)

P = ==

,k=0,1,2.
i1 T(bj + kBj)

Problems for investing geometric properties including starlikeness, closed-
to-convexity, convexity or univalency of family of analytic functions in the unit
disk D = {z : |z| < 1}, involving special functions have always been attracted
by several researchers [1,5,7,8,11,12,20].

Geometric properties of normalized form of W, g(z) were discussed by Pra-
japat in [20]. Geometric properties of normalized form of E, g(z) were studied
by Bansal and Prajapat in [1]. Recently, in [17], geometric properties of nor-
malized form of E, g(z) were studied, which improve the results of [1]. Baricz,
Toklu and Kadioglu [4] derived the radii of starlikeness and convexity of nor-
malized form of W, g(z). Radius of starlikeness and Hardy space of E, g(2)
were discussed in [21]. Recently, Baricz and Prajapati [3] found the radii of
starlikeness and convexity of generalized Mittag-Leffler functions. The above
results inspire us to study the geometric properties of the Mittag-Leffler and
Wright functions and improve the results available in the literature.
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1.2. Main contributions

The main contributions of this paper are listed in the following points.

e Obtain sufficient conditions so that normalized form of E, g(z) has
some geometric properties like starlikeness, close-to-convexity (univa-
lency) and convexity.

o Derive sufficient conditions so that normalized form of W, g(z) has
certain geometric properties like starlikeness, close-to-convexity (uni-
valency) and convexity.

e Show that obtained results improve the results available in the litera-
ture.

1.3. Outlines

The paper is organized as follows. In Section 2, we recall some well-known
definitions and results, which will be useful to derive the main results. Section 3
is devoted to discuss the geometric properties of the normalized form of E, 5(z).
In this section we also show that obtained results improve several results for
E, 3(z) available in the literature. In Section 4, geometric properties of the
normalized form of W, g(%) are studied. It is also verified that obtained results
improve several results for W, 5(z) available in the literature.

2. Preliminaries

Let H denote the class of all analytic functions inside the unit disk D =
{# : |z] < 1}. Suppose that A is the class of all functions f € #H which are
normalized by f(0) = f/(0) — 1 = 0 such that f(2) = 2z + > po,axz® for all
zeD.

A function f € A is said to be a starlike function (with respect to the origin
0) in D, if f is univalent in D and f(D) is a star-like domain with respect
to 0 in C. This class of starlike functions is denoted by S*. The analytic
characterization of 8* is given [5] below:

!
%(Zf(z)> >0VzeD < [feS
f(z)
If f(z) is a univalent function in D and f(D) is a convex domain in C, then
f € A is said to be a convex function in D. We denote this class of convex
functions by K. This class can be analytically characterized as follows:

1

5)%(1+Zf, (Z)> >0,V2€D = fek.
f'(z)

It is well-known that zf’ is starlike if and only if f € A is convex. A function

f(z) € A is said to be close-to-convex in D if 3 a starlike function g(z) in D

such that R (%) > 0 for all z € D. The class of all close-to-convex functions

is denoted by C. It can be easily verified that L C §* C C. It is well-known
that every close-to-convex function in D is also univalent in D.
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A function f € A is said to be uniformly convex (starlike) if for every
circular arc v contained in D with center { € D the image arc f(7) is convex
(starlike with respect to the image f(¢)). The class of all uniformly convex
(starlike) functions is denoted by UCV (UST') [24]. In [9,10], A. W. Goodman
introduced these classes. Later, F. Rgnning [24] introduced a new class of
starlike functions S, defined by

Sy ={f:f(z) =2F'(2), FEUCV}.

For further details on geometric properties of analytic functions we refer to
[2,5,7,8,11,12] and references cited therein. Now, we recall some well-known
lemmas, which will be helpful to prove the main results.

Lemma 2.1 ([11]). Let f € A and |(f(2)/z) — 1| <1 for each z € D. Then f
is univalent and starlike in Dy = {z : [2| < i}

Lemma 2.2 ([11)). If f € A and |f'(2) — 1| < 1 for each z € D, then f is
convez in Dy = {zeC, |z|<3}.

Lemma 2.3 ([15]). Let f(z) € A and |f'(2) — 1| < 2/v/5 Yz € D. Then f(2)
is a starlike function in D.

Lemma 2.4 ([18]). Let f(2) = 2+ Y poo Ap2*. If 1 < 245 < --- < n4, <
n+1)Ap 1 <---<2,0r1>243>--->nA, > (n+1)An41 > --- >0, then
[ is close-to-convex with respect to —log(l — z).

Lemma 2.5 ([18]). Let f(z) = z + Y poy Aok—122*71 be analytic in D. If
1>343>--->2k—1)A—1>---200r1<343<--- < (28 —1)Ag—1 <
-+ < 2, then f is univalent in D.

Lemma 2.6 ([22]). Let f(z) € A.

(i) If Z]{/léz)) <1 then f(z) e UCV.
(i) If |22@ — 1’ <L, then f(2) €S,

3. Geometric properties of the Mittag-Leffler function

In this section, we discuss the geometric properties of the normalized Mittag-
Leffler function defined as

(3.1) Eog(2) =T(8)2Eqp(2), z € D.
Theorem 3.1. Let o, 8 > 0 be real numbers satisfying the following conditions:

(i) 3T(2a+pB) <T'(Ba+p),
(Hy):{ (i) 20(a+B)TBa+ f) <3020+ f),
(i) 2I'(B) + 3(e—1)I'(B) <1
T'(a+pB) T(2a+p3)

Then the function Eq g(2) is starlike in D.
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Proof. Let

zE! 5(2)

Eaplz) = =22
8(2) Eo ()

Then clearly the function &, g(z) is analytic in D and &, g(0) = 1. To show
the desired result, it suffices to prove that (€, 5(2)) > 0 for all z € D. For
this, it is enough to show that

, 2z€D.

z

E! ﬂ(z) ~ Eas(2)

<1 forall zeD.

Bl p(2) 1’ _

|Ea,p(2) — 1] = Fas(s)

Ea,p(2)

From (3.1), we get

Eap(2) _ N~ _KL(B)2"

Farld) == = m
T(k+2) =
_ZF ak+a+6) k!
= T [0 02
Hence,
/ ]Ea,ﬁ(z) (2,1)
(3.2) E, 5(=) — 22| <D(8)1ws | (3 (1], 2 €D,
In our case,
1 2 6
YT e T TR M T TGa )

It is easy to see that the conditions “(Hy) : (i), (ii)” are equivalent to e < 94
and ¥? < 1g1e. Therefore, by (1.5), we obtain

1 2(e — 1)
3.3 vy [0 0] < ,
33 el = T T TRatA)
In addition, using the triangle inequality |z1 + 23| > ||21| — |22||, we have
Ea5(2) > - I'(8) Sk
z |- )
= I (1,1)
>1-— ————=1-T v 1
- P F(Oék+/8) (/8) 1 1 [ a+5 Oc)| :|

However, by applying the inequality (1.5), we have

(171) 1 (6 — 1)
(ol = e Rt A
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where 2I'(2a+ 3) < T'(3a+3) and I'(a+B)T'(3a+ ) < 2I'2(2a+ 3). Therefore,
Eo5(2) I'(8) (e = DI(B)
— >1- NCET) — 2o+ 3) >0 forall z €D.

Using (3.2), (3.3) and (3.4), we have

Eq,5(2)
) [ [Bhole) B
Ea,g(z) Ea.5(2)

F(B)  2e=DIB)Y (,__T¥B) _ (e=DrE)\"
(ters* Tamrar) (" Tass r@rg) <
for all z € D, under the given hypothesis. O

(3.4)

Putting @ = 1 in Theorem 3.1, we have the following result:
Corollary 3.2. Let > 3.22118. Then the function E; g is starlike in D.

Remark 3.3. Setting 8 =5 in Theorem 3.1, we obtain « € [0.769, 1.80]. More-
over, we can verify that for each positive integer 8 = n > 3, there exists
a, € (0,1] such that E,, g(z) is starlike in D. In literature, various results
related to starlikeness of E, g(z) (see [1,17]) is available with the condition
that o« > 1. Hence, Theorem 3.1 improves the results available in [1,17].

Using the inequality [17, Equation 5]
Eap(z)|  B2=B-1
z - B2
and proceeding similarly as previous theorem, following result can be estab-

lished.

Theorem 3.4. Suppose that « > 1 and 8> (1 + \/5)/2 are real numbers and
the following conditions hold:
(i) 3r(2a+ 8) < I'(3a + B),
(H)):{ () 20(a+BTBa+p) < 312 (2a + B),

52 I8 | 2e—DT(H)
(i) o (F<a+ﬂ) + T @ats) ) <l

Then the function Eq g(2) is starlike in D.

for a > 1 and 8 > (1+V5)/2,

Setting &« = 1 in Theorem 3.4, we have the following result:
Corollary 3.5. Let 8 > 3.14658. Then the function E; g is starlike in D.

Remark 3.6. From [1, Example 2.1], we can see that Eq g(z) is starlike in D
if > 4. Further, according to [1, Theorem 2.2], E; g(z) is starlike in D if
B> HT\/W ~ 3.56155. Moreover, [17, Theorem 6] indicates that Eq g(z) is
starlike in D if § > 3.214319744. Hence, Corollary 3.5 provides results for
Eq 5(2), better than the results available in [1, Theorem 2.1, Theorem 2.2] and
[17, Theorem 6].
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Theorem 3.7. Suppose that the following conditions hold:
(i) 20(2a+B) <T(Ba+p),
(Hy):{ (i) T(a+ BT Ba+p)<20?(2a+ B),
ry) (e—)T'(B)
(111) T(a+B) + T(2ath) < 1.

Then the function Eq,p(2) is starlike in Dy.

Proof. A simple computation leads to

Eaﬁ(z) — o
e 1=2T(B) 19, {(a+ﬁaa)’2i| '

Therefore,

(3.5)

Eq,5(2) (1)
‘z -1 <T(B) 17, [(a+6,a)|l}

for all z € D. In this cases, we have
1 1 2

Tatd) 1= Teaxp ™ 2= Garn)

We observe that the conditions on the parameters “(Hs) : (i), (ii)” is equivalent
to 19 < 11 and ¥? < pipe. Therefore, by (1.5) we have

) r'(p) L(B)(e—1)
(3.6) 10y [Elfﬂa) ] = T(a+B) * r2a+43) "

Now, keeping (3.5), (3.6) and “(Hs) : (iii)” in mind, we obtain

‘Ea’ﬁ(z)—l‘<1 zeD.

Yo =

z

By applying Lemma 2.1, we get the required result. O

Corollary 3.8. If 8 > /e ~ 1.64872, then the function Eq g(2) is starlike in
Di.
3

Example 3.9. The following functions are starlike in D; /,:

Ei2(2) =€ —1,

Bus(c) = (ﬁezerf(f? - M) ,
Ei3(2) = M,

By =5 (A5 -1 -a),
Ey 4(2) = 6(c"—1—2)— 32>

22
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Remark 3.10. It can be noted that Corollary 3.8 provides results sharper than
Corollary 3.5. Let us now consider the following functions fi(z),g1(x) and
hi(x), defined by

fi(z) =T (3z +2) — 2T'(2z + 2),
g1(z) = 2T (22 + 2) — T'(z + 2)T'(3z + 2),
1 (e—1)

M) =1 50 " TEet 2

The above functions are positive for all z € [0.915,1.897]. Figure 1 verifies our
claim. Theorem 3.7 indicates that the function E, »(2) is starlike in D /o, if
a € [0.915,1.897]. Similarly, using Theorem 3.7, we can verify that E,, 3(2)
and E,, 4(2) are starlike in Dy /5 if az € [0.59,2.156] and oy € [0.482,2.376]
respectively. Further, one can verify that for each positive integer g = n > 3,
there exists a,, € (0,1] such that E,, g(z) is starlike in D; /5. In literature,
various results related to starlikeness of E, g(2) in D/, is available with the
condition that e > 1. For example, see [1, Theorem 2.4]. It is important to
note that Theorem 3.7 discusses the cases when 0 < a < 1. Hence, Theorem
3.7 improves the results available in [1].

800

— i)
600" 91(x)
100h+(x)

400 -

200 -

FIGURE 1. Graphs of fi(z), ¢1(z) and 100hi(x) for = €
[0.915,1.897].

Theorem 3.11. Suppose that the following conditions hold:

(i) 8T'(2a+B) <3 (Ba+pB),
(H3):{ (i) 9T(a+p)T(Ba+ B) < 16I%(2a + B),
2T (8 3(e—1)I'(B)
(i) ool + 2o < M
(a) If M =1, then the function Eq g(z) is convez in Dy.

(b) If M = %, then the function Eq g(2) is starlike in D.
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Proof. By using (3.1), we have

/ (B +2)0(B)M !
0p(2) 1= kZ:O T(ak + o+ )
(3.7) = T(B)T(k+1I(k+3) 2F!
B — T(k+2)0(ak +a+fB) K

1,1),(3,1
=z F(ﬂ) oWo “2,13,%&—&-)!3»0‘) Z} ’

This implies that

(3.8) [l 5(2) = 1] <T(8) 2%z [ 1) 1] €D

Moreover, we observe that the conditions “(Hs) : (i), (ii)” are equivalent to the
inequalities 1o < 17 and ¥? < i), where
2 3 8
) = , and =
Tatp) '~ T@atp) %2 = T30t )

Using (1.5), we obtain

Yo =

2, B3e-1)
a+f)  Tea+p)
Combining the above inequality, (3.8) and “(Hs) : (iii)”, we have

|E, () = 1| <M, z € D.

(1,1),(3,1)
2\112 |:(2,1),(a+ﬁ,a)|1:| < F(

Finally, using Lemma 2.2 and Lemma 2.3, the desired result can be established.
O

Corollary 3.12. If 5 > %—i— \/3e — 3/4 ~ 3.22118457393, the function E; g(z)
1S CONver in D%.

Remark 3.13. It can be noted from [1, Theorem 2.4] and [17, Theorem 7] that
E1,4(2) is convex in Dy if 8 > 3*’%@ ~ 3.561552813. Hence, the above result
improves the results for Eq g(z), available in [1,17].

Example 3.14. The following functions are convex in D 1

5 (3y/meferf(v/z) 6
]ELE(Z)_8<Z,3/2—Z_4 B
6(e*—1)— 3z
By = O D=3
105/me*erf(\/z)  7(42% + 10z + 15)
Eig(2) = 1625/2 - 822 ’
4 (23 +322+62—6e*+6
E175(Z) = — ( )

23
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Remark 3.15. Consider the following functions defined as
fa(x) = 30(3x + 2) — 8['(2x + 2),
ga(z) = 16T%(22 4 2) — 9T (z + 2)T'(3z + 2),
2 3(e—1)

(@) =1 - 509 " Teat o)

The above functions are positive for any = € [1.3749,1.6472]. Figure 2 verifies
our claim. Hence, Eq 2(2) is convex on Dy if a € [1.3749,1.6472]. Similarly,
we can prove that Eqgs(2) is convex on Dy if ag € [0.61,2.71]. Tt can be
verified that for each positive integer 3 = n > 8, there exists a,, € (0,1) such
that E,, g(2) is convex on Di. Hence, Theorem 3.11 is useful to discus the

2
convexity of E, g(z) on D% when 0 < a < 1. In [1,17], sufficient condition

for convexity of E, g(z) is given as a« > 1 and 8 > 3.561552813. Therefore,
Theorem 3.11 improves the results in [1,17].

1500
L — f(x)

92(X)

b 1000h2(x)
1000

500 ’/

FIGURE 2. Graphs of fa(x), g2(x) and 1000h2(x) for z €
[1.3749,1.6472).

Theorem 3.16. Suppose that o and 3 satisfy the hypothesis Hs (with M = 1)
of Theorem 8.11. In addition, they also satisfy the following conditions:

(i) 4T'2a+B) <T'(Ba+ pB),
(Hy): { (i) 3T(a+B)T(Ba+ B) < 4T%(2a + B),

a0(B) |, 9(e—1)I(B)
(iii) tats T F(2a)+ﬁ() < 1.

Then Eq,5(2) is convex in D.

Proof. We set
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To prove that E, g(2) is convex on D, it is enough to prove that [A, g(2)| <1
for all z € D. A simple computation gives us

(3.9) Ef () =T(8) 10 [ (&3 |2] 2 €D,

and consequently

3,1
(3.10) B2 5] <T(8) 191 [ 1], 2 eD.
Under the given conditions and the inequalities, we obtain

2 6(e—1)
+8)  TRa+p)

(3,1)
(3.11) 0, [<a+5,a)\1} <
Combining (3.10) and (3.11), we have

20(8) |, 6e— ()

(a+B) I'(2a + ) »2€D.

(3.12) |EL 5(2)] < T
Again, we have

(k+10)
I'(ak + 5)

(k+ DI'(B)
I'(ak +p)

(k+2)L'(B)
I'(ak+a+f)

S D+ DD(k+3)  (1)*

:1_F(B)’§F(k+2)F(ak+oz+ﬁ) k!

>1-—

e T 1

=1-

>
I

0

B (1,1),(3,1)
=1-T(8)2P, [(2,1),(a+B7a)|1} ’

Since a, 8 satisfy Hz (with M = 1), using the same technique as in Theorem
3.11, we obtain

/ 2I(B)  3(e—1I(B)
(3.13) e > 1= 5055~ Taarp ="

Combining (3.12) and (3.13), we have

2T (B) 6(e=1)I'(B)
ZEZ,;;(Z) Tat’) + T@ats) <1
E ,(2) | ~1_ 2LB) _ 3=Dr(@) ~
B T(a+h) ~ T(2a+h)

under the given hypothesis. The proof is now completed. [
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Corollary 3.17. Suppose that « and 8 satisfy the hypothesis Hy (with M = 1)
of Theorem 3.11. In addition, they also satisfy the following conditions:

(i) AT+ B) <T'(3a+ ),
(H}) - { (i) 3C(a+ BT Ba+ B) <4I?(2a + f),
(iii) 3T'(B) 15 (e=I(B) _ 1/2.

T(ath) = 2 T(2a+h)

Then Eq p(z) € UCV for all z € D.
Remark 3.18. Consider the following functions defined as

fa(x) =T(3x + 8) — 4T'(2x + 8),
g3(z) = 4T2(2x + 8) — 3T (x + 8)'(3z + 8),
4T(8)  9(e— 1I(8)

ha(@) = 1= 78 ~ T +3)

Using mathematical software, we can verify that the above functions are posi-
tive for any = € [0.885,1.78]. From Remark 3.15, we see that E, g(z) is convex
in D% if ag € [0.61,2.71]. Hence, if o € [0.885,1.78] and 3 = 8, then the con-
ditions (H3) and (Hy) are satisfied. Consequently, E, s(z) is convex in D if
a € [0.885,1.78]. It can be verified that for each positive integer 8 = n > 8,
there exists «,, € (0,1) such that E,, s(z) is convex in D. Hence, Theorem 3.16
is useful to discuss the convexity of E, g(z) on D when 0 < a < 1. Recently,
in [17], it is proved that E, g(z) is convex in D if &« > 1 and 8 > 3.56155281.
Therefore, Theorem 3.16 improves the results in [17].

Remark 3.19. Using Corollary 3.17 and proceeding similarly as Remark 3.18,
we can verify the following statements:

(1) El‘lg’lg(z) e UCV if B > 6.67,
(ii) Ea11(2) € UCV if a € [0.9877,2],
(iii) for each positive integer 8 = n > 11, there exists a,, € (0,1) such that
E,, g(z) e UCV.
In [16, Theorem 2.6], it is proved that E, g(z) € UCV if & > 1 and 8 >

9.1112597744. Hence, Corollary 3.17 improves the results (especially Theorem
2.6) of [16].

Theorem 3.20. Let a, 3 > 1 be such that the following conditions are satisfied:

(i) 30(B+2) <T(B+3),
(Hs):{ (i) 20(B+1)I(8+3) <30 +2),

(i) 24355 <1

Then the function E,, g(z) is close-to-convex with respect to the starlike function
Eq5(2).
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Proof. From Theorem 3.1, it can be easily verified that Eq g(z) is a starlike
function in D under the given hypothesis. A simple computation gives
(k+1DL(B) _ TK)
ka+p) T(k+P)
S35 HT) S (I
(3.14) = U(k+p) = TE+B+1)
— I'(k+2)T
_r(p 3 D+ 210
= kI(k+B+1)

El B(Z)
E’ — P
a,B(Z) P

=T(8)1¥, [EZ’?LUM '
In our case,
1 2 :
MG+ VTG M T TG

It can be easily verified that the conditions *
¥y < 11 and P? < Pgrbs. Therefore, using (

B, 5(z) - 22

o =
‘(Hs) : (i), (ii)” are equivalent to
5) and (3.14), we obtain

2(e—1)

1.
(3.15) 12l
' B BB+1)

Again, we have

Elﬁ

13 i =1 Y
2 T (k + B)
11
—1-T(B) ¥, [M)M)M
In this case,

1 2 ) 6

WEtErny TGy T e )

which satisfy 1, < ¢} and ¢',> < ¢} under the hypothesis “(Hs) : (i), (ii)”.
Therefore, using (1.5), we have
1 (e—1) >
SO [ (T i
(5 B(B+1)

Combining (3.15) and (3.16), we obtain

(3.16) E15(2)

z

Eqi 5(z 2(6—1)
Epl?) | _ | Baple) = 242 5+
Eip(z) | Bis(z) <1_(;+ (e—1)><1’
’ z BT BB+
under the hypothesis “(Hj) : (iii)”. Hence, R ( ]E ﬂ((zz))) > 0, which completes
the proof. (I

The above theorem can be simplified as follows:
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Corollary 3.21. If o > 1 and 8 > 3.23, then the function E, g(z) is close-to-
convex with respect to the starlike function Eq g(z).

Remark 3.22. In [1], it is proved that E, g(z) is close-to-convex with respect
to E1p(z) if @ > 1 and § > (3 + V/17)/2 ~ 3.56155. Hence, Theorem 3.20
improves the results in [1].

4. Geometric properties of the Wright function

In this section, we discuss the geometric properties of the normalized Wright
function defined as
Zk+1

i & @
(4.1) Waa(2) = 2 EWasl2) = 2 fr 7 3y

Similarly, using (1.3) and (4.1), we have the normalized Bessel function defined
as follows:

(4.2) Tu(2) = Wi s (—2) = T+ 1)2171/2,(2V/2).
Using the similar technique as in Section 3, following results can be established.

Theorem 4.1. Suppose that the following conditions hold:

(i) 20(2a+f) < 30(3a + B),
(Hg): { (i) 3T(a+ B)T(3a+ ) <4T?(2a + f),

I'(B) (e=1)I'(B)
(iii) Fath) T ;F(zaJrﬂ) < 1.

Then the function Wq p(z) is starlike in Dy.

Corollary 4.2. Wi g(z) is starlike in Dy if B> 2.
Example 4.3. J,(z) is starlike in Dy if p>1.

Remark 4.4. Setting f = 2 in Hg, we have a € [0.645,0.999]. Therefore,
Wa,2(2) is starlike in D% if a € [0.645,0.999]. Hence, Theorem 4.1 includes
the case for 0 < a < 1. In [20], it is proved that W, g(2) is starlike in D% if

a>land 8> (1+ \/5)/2 Therefore, Theorem 4.1 improves the results of [20].

Theorem 4.5. Under the following conditions

(i) 8T'(2a+ B) <9I (3a + B),
(Hy):{ (i) 27T(a+ B)T(3a+ B) < 32I%(2a + f),
2I'(8 3(e—=1)I(B
(iif) F(a(-&-g) + 2(1“(2a)+(/3)) <1

the function W 5(2) is conver in Dy.

Remark 4.6. In [20], it is proved that Wq g(2) is convex in Dy if @ > 1 and

B > 1++/3. Setting 3 = 4 in (H;) of Theorem 4.5, we get a € [0.76,0.95].
Hence, Theorem 4.5 discusses the case for 0 < a < 1. Therefore, Theorem 4.5
improves the results of [20].
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Theorem 4.7. Let a > 1, > 1 and T'(a + B) > 2I'(B8). Then W, g(2) is
close-to-convex with respect to the function —log(1l — 2).

Proof. Let Wy p(2) = 2+ Y 1oy ax_12", where aj_; = WM >0
for all k£ > 2. Clearly, 2a; = LB < 1, under the given hypothesis. Now we

T'(a+p)
will show that {kar_1}3°, is decreasing. For any k > 2, we obtain

E*T(ak + B) = k*T'(a(k — 1) + a + )
> kT (a(k — 1)+ 1+ 3)
=k*(a(k —1) + /)T (a(k — 1) + §)
> (k+ DI(a(k —1) + B).
Using the above inequality, for any k& > 2, we have
k B k+1
(k=DM (a(k—1)+5) kiT'(ak+5)
T — nr -1
(s [ETk )G Nt =) )
E'T(a(k — 1) + B)(ak + B)
Hence, {kag_1}r>2 is a decreasing sequence. Using Lemma 2.4, we conclude
that W, g(#) is close-to-convex with respect to the function —log(l —2). O
Theorem 4.8. If a > 1, 8 > 1, then W, 5(2) = 2I(B)Wa,5(2?) is close-to-

convex with respect to the function %log (ifz) .

kap_1 — (k + 1)ak = F(B) [

Proof. Let Wa 5(2) = 2T(8)Wa,p(2%) = 2+ 3277, Bay—12°" ", where Bay—1 =
INEE _ _3r@

m > 0 for all k Z 2. Clearly, 333 = W((!-i?ﬁ) < 1, under

the given hypothesis. We will prove that {(2k — 1)Bak_1}72 5 is a decreasing

sequence. For all o, 8 > 1 and k > 2, we have
k(2k — 1)I'(ak + B) = k(2k — DT (a(k — 1) + a + B)
>k(2k —D(a(k—1)+1+p)
=k(2k — 1)(a(k = 1)+ B (a(k - 1) + )
> 2k 4+ DT (a(k — 1) + B).
Using the above inequality, for all o, 8 > 1 and k > 2, we obtain
(2k — 1)Bak—1 — (2k 4+ 1) Bag41
2k —1 2k +1
=1 [(k; - 1)!§(a(k . DEYON k!(F(aljJr)ﬁ)}
kQ2k —1)I'(ak+B) — 2k + DI (a(k — 1) +
= F(ﬂ)[ : )k!(l“(a(kﬂ—)l)grﬁ)l“(ik(—s—(ﬁ) ) B)} >0
Therefore, {(2k — 1)Bag_1}k>2 is a decreasing sequence. Consequently, the

hypothesis of Lemma 2.5 is satisfied. It is well-known that (see [2, p. 55]),
if a function f : D — C satisfies the hypothesis of Lemma 2.5, then it is
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close-to-convex with respect to the function %log (}fi) . Hence, the theorem

is proved. O

5. Conclusion

In this work, we have considered normalized Mittag-LefHler function E, 5(2)
and normalized Wright function W, 5(z) and studied certain geometric prop-
erties such as close-to-convexity, univalency, convexity and starlikeness for
a, B > 0and z € D. In literature, various results related to geometric properties
of Ey 5(2) and W, g(z) are available (see [1,16,17,20]) with the condition that
a, 8 > 1. Results obtained in this work, discuss the case 0 < a < 1. Numerical
computation shows that the obtained results are better than the existing ones
and improve several results available in the literature.

Acknowledgements. The authors would like to thank the reviewers for the
suggestions that helped to improve the paper.
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