J. Korean Math. Soc. 58 (2021), No. 4, pp. 799-817
https://doi.org/10.4134/JKMS.j190722
pISSN: 0304-9914 / eISSN: 2234-3008

NORMAL COMPLEX SYMMETRIC WEIGHTED
COMPOSITION OPERATORS ON THE HARDY SPACE

HANG ZHOU AND ZE-HUA ZHOU

ABSTRACT. In this paper, we investigate the normal and complex sym-
metric weighted composition operators Wy, ,, on the Hardy space H2(D).
Firstly, we give the explicit conditions of weighted composition opera-
tors to be normal and complex symmetric with respect to conjugations
C1 and Cz on H? (D), respectively. Moreover, we particularly investigate
the weighted composition operators Wy, , on H 2(D) which are normal
and complex symmetric with respect to conjugations J, C1 and Ca, re-
spectively, when ¢ has an interior fixed point, ¢ is of hyperbolic type or
parabolic type.

1. Introduction

The study of complex symmetry has its origin that could be traced back to
both operator theory and complex analysis, and was initiated by Garcia and
Putinar in [7] and [8]. Thereafter, a number of papers were contributed to the
study of complex symmetry (see, e.g. [2], [5,6,9-12], [15-17]). The class of
complex symmetric operators includes a large number of examples, including
all normal operators, Hankel operators, finite Toeplitz matrices, compressed
shift operators and the Volterra integral operator.

Let H be a separable complex Hilbert space and B(H) be the algebra of
bounded linear operators on H. A conjugation on # is an anti-linear operator
C : H — H satisfying (Cx,Cy) = (y,x) for all z,y € H and C? = I. An
operator T' € B(H) is said to be complex symmetric if there exists a conjugation
C on H such that T'= CT*C. In this case, we say that T is complex symmetric
with the specific conjugation C.

Let D be the unit disk of the complex plane C. Let H(ID) be the collection
of all analytic functions on I and S(D) be the collection of all holomorphic
self-maps of D, respectively. We denote by Aut(D) the collection of one-to-one
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holomorphic functions which map D onto itself, called automorphisms of D.
Every automorphism of D has the form of A{*=%, 2z € D, where |A\| = 1,a,z € D.

Every disk automorphism is an automorphism of the Riemann sphere and
has two fixed points on the sphere, counting multiplicity. The automorphisms

of the unit disk could be classified according to the location of the fixed points:

e An automorphism ¢ of the unit disk is called an elliptic automorphism
if it has one fixed point in the disk and the another one in the comple-
ment of the closed disk.

e An automorphism ¢ of the unit disk is called a hyperbolic automor-
phism if it has two fixed points on the unit circle.

e An automorphism ¢ of the unit disk is called a parabolic automorphism
if there is one fixed point on the unit circle of multiplicity 2.

Moreover, we introduce the Denjoy-Wolff theorem (see, e.g., [4], Theorem
2.51).

If ¢, not the identity and not an elliptic automorphism of D, is an analytic
map of the disk into itself, then there is a point @ in D so that the iterated ¢,,
of ¢ converge to a uniformly on compact subsets of D. The limit point is called
the Denjoy-Wolff point of .

The Hardy space H?(DD) is the collection of functions f(z) = > 7, a,2" on
D such that

oo
112 =S Janl? < 00, 2 €D.

n=0

For each w € D, the reproducing kernel is defined by

1
Ko(z) = ——, zeD.
() 1-wz ~
The norm of K, (z) is given by |[K,| = (1 — |w|?)~2. Hence the normalized
reproducing kernel can be written as
(1—|w*)?
ky(z) = ————.
() 1 —-wz

It is easy to check that for each f € H*(D), (f, Ku) = f(w).

The composition operator C, induced by ¢ € S(ID) is defined as C, f(2) =
fow(z), f € HD), z € D. For v € H(D), the multiplication operator M,
can be defined by My (f) = - f for all f € H(D). Combining the composition
operator C, and the multiplication operator M., the weighted composition
operator Wy, , is defined by

Wy of(2) = ¥(2)f(p(2)), z €D, fe HD).
Weighted composition operators on various spaces of analytic functions have
been studied extensively during the past few decades. The book [4] contains
comprehensive treatments of these weighted composition operators.
Traditional choice of study with respect to weighted composition operators
includes: boundedness, compactness, compact difference, essential norm, closed
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range, etc. With the advances in the study of complex symmetry, it makes sense
to ask the question: are there any complex symmetric weighted composition
operators? The above question was studied in [13] by Jung as well as the work
by Garcia and Hammond in [6].

One the one hand, since normal operators are complex symmetric, there are
examples of normal and complex symmetric weighted composition operators on
H?(D) (see, e.g., Theorem 10 and Proposition 12 in [1]). On the other hand,
as it was proved in [13], all J-symmetric composition operators are normal
(see, Corollary 3.10 in [13]), where J is the standard conjugation defined by
Jf(z) = f(z), f € HD). And Jung etc. in [13] found the explicit conditions
for weighted composition operators to be normal and complex symmetric with
respect to conjugation J (see, Corollary 3.7 in [13]).

Recently, Lim and Khoi in [15] classified the weighted anti-linear conjugation
Ay, into two cases C; and Cp and found the explicit conditions for Wy, , to
be complex symmetric with respect to conjugations C; and Cy on H, (D). In
[1], Bourdon and Narayan investigated the normality of Wy, , on H?(D) when
¢ has an interior fixed point or a Denjoy-Wolff point on D. Thus we try to
characterize all weighted composition operators that are normal and complex
symmetric with respect to conjugations C; and Cs.

Furthermore, arose by the open question raised by Noor in [18] that “Does
there exist a non-constant and non-automorphic symbol ¢ for which C, is
complex symmetric but not normal on H?(D)?”, we raise another question:
What are the explicit conditions for the weighted composition operators Wy o
on H%(D) to be normal and complex symmetric when ¢ € Aut(D)?

Raised by the two questions above, this paper is arranged as follows. Firstly,
we find the explicit conditions of Wy, , to be normal and complex symmetric
with the conjugations C; and Co on H?(D). Moreover, we particularly inves-
tigate the weighted composition operators Wy, , on H 2(D) which are normal
and complex symmetric with respect to conjugations 7, C; and Cs, respectively,
when ¢ has an interior fixed point, ¢ is of hyperbolic type or parabolic type.

It is noted that although some treatments in this paper contain trivial but
tedious calculations, our work in this paper give some examples of normal and
complex symmetric with respect to new conjugations (C; and Cz) and some
counterexamples for the question raised by Noor in [18], which is mentioned
before. Moreover, we only show some essential details and omit the tedious
part of some proofs for the convenience of readers.

2. Preliminaries

2.1. Cowen’s formula for the adjoint of a linear-fractional composi-
tion operator

For a non-constant linear-fractional self-map ¢(z) = %IZ of the unit disk,

Cowen in [3] established the important formula C}, = M,C, M, where the
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Cowen auxiliary functions are defined as follows:

az+c
2.1 z:i,azzi,hzzcz—l—d.
(21) o) = === 0(2) = L h()
2.2. Normality of weighted composition operators

In [1], Bourdon and Narayan described all normal weighted composition op-
erators Wy, , on H 2(D) when ¢ has an interior fixed point. They also presented
the equivalent conditions of weighted composition operators Wy, , to be normal
when ¢ has a Denjoy-Wolff point on D. The results are of vital importance for
our work and thus we show them as follows.

Proposition 2.1 ([1, Theorem 10]). Suppose that ¢ has a fized point p € D.
Then Wy, is normal if and only if 1 = (p) ngcp and ¢ = @, o (d¢,), where
ep(2) = {=; and 6 € C with [d] < 1.

¥4

Proposition 2.2 ([1, Theorem 12]). Suppose that p(z) = Zjig is a linear-

fractional self-map of the unit disk and 1) = K, (o), where o(z) = %fg' Then
Wy, is normal if and only if
d|? d|?
P .
|d|?2 — |b]? — (ba — dc)z |d]? — |¢]? — (bd — ca)z
Remark 2.3. It is easy to check that the condition
ap _ ap .
|d[2 — |b|2 — (ba —dc)z 77 |d]2 — |c|2 - (bd — c@)z 7
is equivalent with

(22) lp(0)] =10(0)] and poo=0co0¢p

oo -

(see, also, [14, Proposition 4.6]).

Furthermore, Bourdon and Narayan showed that if ¢ is a linear-fractional
self-map of parabolic type and ¢ = K;(g), then Wy, is normal. They also
showed that no hyperbolic non-automorphic linear-fractional map can induce
a normal weighted composition operator Wy, , when ¢ = Koy (see, [1, Propo-
sition 13] and the remarks below).

3. Complex symmetric weighted composition operators on the
Hardy space

In [15], Lim and Khoi found the explicit conditions for weighted composition
operators Wy, ,, to be complex symmetric with respect to conjugations J, C;
and Cy on H. (D). When v = 1, the conditions describe the complex symmetric
weighted composition operators on H?(ID). Since our work is based on their
results, we show them as follows. The first theorem can be obtained by [15,
Proposition 2.3].
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Proposition 3.1. Wy, is J-symmetric if and only if for each z € D, ¥(z) =
b and (2) = ag + 722, where ag € D,a; €D and b € C.

l—aoz l—apz?’

Let u € H(D) and v € S(D). For each f € H*(D) and z € D, the weighted
anti-linear operator A, , on H%(D) is defined by

-Au,v = ’U,(Z)f(@),

which is a generalization of the standard conjugation J. Observe that W, , =
Ay oJ and A, , = W, ,J. It is proved that (see, Theorem 2.11 in [15]) Ay, :
H?(D) — H?*(D) is a conjugation if and only if it has either of the following
forms:

(i) there exist «, A € D such that for all z € D,

(3.1) u(z) =X and wv(z) = az.
(ii) there exist « € D\ {0} and A € D such that for all z € D,

a a—z

3.2 = kg d = .
(3.2) u(z) = Malz) and o(z)= 22
As it is noted in [15], C; denotes A, , with u and v of the form (3.1) and C,
denotes A, ,, with u and v of the form (3.2). Theorems in the following can be
obtained by [15, Theorem 3.1] and [15, Theorem 3.2].

Proposition 3.2. W, : H*(D) — H?*(D) is C1-symmetric if and only if for
all z € D,
d c1z

(3-3) P(z) = —— and @(z) =co+

1— acoz 1—acyz’

where cg,c1 €D and d € C.

Proposition 3.3. Wy, : H?*(D) — H*(D) is Co-symmetric if and only if for
all z € D,

_ d(C(Q) —acy)
lb(z) - C% - (C]_ — 02)2
and
(3.4) o(z) = a(@c —c1) — (lafcr — c2)2

a(c3 — acy) —aleg —c2)z

where ¢y, c1,co,d € C.

4. Complex symmetric Wy, , when ¢ € Aut(D)

In [15], the authors found the explicit forms of the weighted composition
operators Wy, ,, to be complex symmetric with respect to the standard conju-
gation J when ¢ € Aut(D).



804 H. ZHOU AND Z.-H. ZHOU

Lemma 4.1. Let p(2) = ag+ 1% ‘“Z be the form in Theorem 3.1, where ag, a1 €
D. Then ¢ € Aut(D) if and only zf either of the following statements holds:
(i) there exists v € D\ {0} such that ¢(z) = 2=, where v = GZ—JOFI, z e D.

(ii) there exists § € OD such that @(z) = Bz, where 8 = ay,z € D.

Proof. The necessity is from [15, Proposition 2.8] and the sufficiency is obvi-
ously checked. O

However, the explicit forms of weighted composition operators Wy, , that
are complex symmetric with respect to C; and C; when ¢ € Aut(D) are still
unknown. Since it is essential for our study, we prove them in a similar way
with [15, Proposition 2.8].

Lemma 4.2. Let ¢ be the form (3.3). Then ¢ € Aut(D) if and only if either
of the following statements holds:
(i) there exists v € D\ {0} such that

T y-z
4.1 =
(41) o2 = LI,

where 7 = —5° z € D.

acg—cy’

(ii) there exists € OD such that @(z) = Bz, where f = ¢1, z € D.
Proof. Since ¢ € Aut(D), there exist v € D\ {0}, 5 € 0D such that

(4.2) p(2) = 517j;Z.

Equating p(z) = ot(e—ag)z o (3.3) and (4.2), we have that

l—acoz
co+ (c1 — ac% —Jco)z —F(e1 — ozc%)z2 = By — (B + Payeo)z + afcyz?.

Comparing the constants and the coefficients of z and 22 respectively,

(43) Co = B77
(4.4) c1 — ack —Feg = —B(1 + avyey),
(4.5) —7(e1 — ack) = aBeo.

If v = 0, then the second form of this lemma is proved.

If v € D\ {0}, we substitute (4.3) into (4.5) to obtain that ¢; = M
Then substituting ¢y and ¢; again into (4.4), we obtain that ,BQafy(MQ —-1)=
B3(]y? = 1). Since |y| # 1 and B # 0, we have that 3 = -=. Then substituting
8= a; into (4.3), we obtain the form

plz)= L2
yal—7z

without calculation. Moreover, an easy calculation shows that v =

20— The
acg—cy

converse part is obviously checked. This completes the proof. (I
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Lemma 4.3. Let ¢ be the form (3.4). Then ¢ € Aut(D) if and only if either
of the following statements holds:
(i) there exists v € D\ {0} such that

a?—ay v—z
_ Y

(4.6) o(2)

where

—_ 19 b 6]:D)7
ay—JaP1-72 "~

B a(@cg —)
o alfe; — o
(i) p(z) =z, z€D.

Proof. Since ¢ € Aut(D), there exist v € D\ {0}, 5 € 0D such that

(4.7) (2) =5 ]j;z.

a(@cg—ci)—(|al?c1—c2)z
a(c2—acy)—a(c1—c2)z

Equating ¢(z) = from (3.4) and (4.7) and comparing the

constants and the coefficients of z and 22, respectively, we have that

(4.8) F(al’er — e2) = Ba(er — c2),
(4.9) a(acy — e1) = Bya(cy — acy),
(4.10) Fa(@cd — 1) + (Jal?c1 — c2) = afy(er — c2) + Balcs — acy).

If v = 0, then we get ¢; = cg, ¢ = 2 since o, 8 # 0 and

(4.11) la?c; — co = Balct — acy).

Putting ¢; = ¢z, ¢§ = £ into (4.11), we have that § = —1. It follows that
_ a(a%—cl)—(\odz—l)clz

o(z) = ST s——— = z, which implies the second part of this lemma.

If v € D\{0}, then combining (4.8), (4.9) and (4.10), we have that %7_62 =
(0]

—c1

2
¢ and lalfeizes _ 73, which implies that

ct—acy
1 |a|?By —
(4.12) 2o LlelBr—a
a pBy—a«
oy la? =1
4.13 =(1-—=——)c1.
(4.13) ez =(1-— e Jer
Putting ¢Z and ¢; into “sz% = af, we get
0
o — o5
4.14 =
e S mar

Then we have

a(@d —c1) — (laf?c1 — c2)z

p(z) = a(ct — acy) —a(er — e2)z
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1 25 = lal2-1
a(%'“‘ﬁf#cl —a) = (Jaffer — (1 - Dl =te)
— -1
a(d allgf'vaacl —ac) —ale—(1-Z |ﬂ7‘ —)e1)z
v —
61 -7z
Moreover, an easy calculation shows that v = % The converse part is
obviously checked. This completes the proof. O

5. Normal J-symmetric Wy,

This first proposition in the following gives the explicit forms of weighted
composition operators which is normal and complex symmetric with respect to
the standard conjugation J, which are obtained from Corollary 3.7 in [13].

Proposition 5.1. Suppose that ¢ € S(D). Then Wy, : H*(D) — H?*(D) is
J-symmetric and normal if and only if (z) = 1_713”, o(z) = ag + 2 and

l—apz

(5.1) Imag — |ag|*Im ap + Imaga; = 0,
where ag,a; €D, be C, z € D.

Remark 5.2. Note that the proposition above can also be proved by Proposition
2.2 with the equivalent condition (2.2).

In the following, we investigate weighted composition operators to be normal
and complex symmetric with respect to the standard conjugation J on H?(D)
when ¢ € Aut(D).

Corollary 5.3. Suppose that ¢ satisfies the hypothesis in Proposition 5.1.
Then ¢ € Aut(D) if and only if it has either of the following forms:

(i) there exist o € D\ {0} and B € OD such that p(z) = T 2=, z € D.

(ii) there exists B € OD such that p(z) = fz, z € D.
Proof. By Lemma 4.1, we are only supposed to check (5.1). If there exist
a € D\ {0} and B € 9D such that ¢(z) = £2=2 where ap = aff and

al—az?
_ Ba(lof?
o«

—U _ Substituting ag and a; into (5.1), we have that
aB?(le* — 1)
@

ai

Imaf — |af|*Tm af + Im af =0.

Furthermore, the second part is trivial to be checked. This completes the
proof. [l

Observe that Proposition 2.2 doesn’t require that ¢ has an interior fixed
point. (In fact, some special ¢ with interior fixed point and ¢ with |§] < 1 are
included in Proposition 2.2, e.g. p=0,d #1lorp#0,d =10orp#0, § # 1,
o= 1)

In the following, we give three examples according to Proposition 5.1 when
 has an interior fixed point, ¢ is of hyperbolic type and parabolic type, re-
spectively.
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Example 5.4. Suppose that ¢ € S(D) has an interior fixed point p € D, ¢ is

nonconstant. Then Wy, ,, : H*(D) — H?*(D) is J-symmetric and normal if and

only if

1 —p? p(l—68)+ (6 —p?)z

P(2) = 17— o) = U 2> ( i3
1—p20+p(d—1)z 1-p25+p(d—1)z

where vy =¢(p) € C, pe (-1,1), z € D.

Proof. Suppose that ¢, have the forms in Proposition 2.1, that is,
1—|p]?

5.2 z) = ,
2 R RN TR

p(1—36)+ (6 — |p|?)z
(5.3 olz) = 2L Oz

1—[p|?0 +p(6 — 1)z

Since Wy, is J-symmetric, 1, ¢ should coordinate with the form in Propo-

sition 3.1, that is,

(5.4 v = 2L
(5.5) pla) = (LWL D

Equating (5.2) and (5.4), then comparing the constants and the coefficients
of z and 22, respectively, we have that
v —1|p*) p(1—9)
5.6 0 = T 5 = ———
(5.6) ¥(0) s T 1
In fact, substituting 1(0) and ag of the forms above into (5.4), we get (5.2).

In the sequence, equating (5.3) and (5.5), then comparing the constants and
the coefficients of z and 22, respectively, we have that

(5.7) ap = 7?&1 |;|§2;,
ao(|p* = 9)

_ 2
(58) a; = a’O + T)((s — 1) B

(5.9) (a1 = ag)(1 = [p|*6) +B(8 — 1)ao = (6 — [p|*) — p(1 — &)ao.

Comparing (5.6) and (5.7), we get p € R. Furthermore, substituting (5.7) and
(5.8) into (5.9), we get (p —p)d + (p — p)d|p|* —2(p " P)26|p|*> = 0, which is
trivial. In fact, substituting ag = ’;(_17;;?, ay = (5% into (5.5), we also get

(5.3). This completes the proof. O

Corollary 5.5. Suppose that ¢ satisfies the hypothesis in Example 5.4. Then
v € Aut(D) if and only if it has either of the following forms:

(i) p(2)=BLZ, where =22 e D, B=£=k € 0D and 6 € 0D, 2 € D.

1-@z’ p26 1—p26

(ii) ¢(z) = dz, where 6 € 9D, z € D.
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Proof. By Lemma 4.1, if there exist « € D\ {0} and 8 € 9D such that ¢(z) =
2 2
where ag = aff and a1 = %

equating ap = o and ag = 245

a a—z
al-az’

. By the proof of Example 5.4,

: _ p(A=9) . _a
T8 e obtain that a = 17y Since p==x.
p(1-9)

Likewise, equating the two forms of a;, and substituting a = ——y: into it,
we obtain that 1:}% = pl{—f&. Hence, § = % = 1”727;256. Since f € ID, we
get 0 € JD. In fact, substituting «, 8 into p(2) = &=, we get (5.3) by an
easy calculation. Otherwise, if there exists § € 9D such that ¢(z) = Sz, then
obviously 8 = §. This completes the proof. O

—+

a a—z
a
S

Example 5.6. There is no J-symmetric and normal weighted composition
operator Wy, , : H%(D) — H?*(D) if ¢ is a hyperbolic automorphism linear-
fractional self-map with Denjoy-Wolff point 1 € dD.

Proof. The result can be similarly proved by Example 6.6. O

Example 5.7. There is no J-symmetric and normal weighted composition
operator Wy, ,, : H*(D) — H?(D) if ¢ is a hyperbolic non-automorphism linear-
fractional self-map.

Proof. The result can be directly obtained by the remark below Proposition 13
in [1]. O

Example 5.8. The weighted composition operator Wy, ,, : H*(D) — H*(D)
is J-symmetric and normal when ¢ is a parabolic linear-fractional self-map if
and only if 1(2) = —%— and ¢ has either of the following forms:

l—agpz
(i) p(z) = 1729002400 1y g = Jag|2, ag, z € D.
(11) SD(Z) = w» Imao = _|a0|27 ap, 2z € D.

Proof. Since ¢ is a hyperbolic automorphism linear-fractional self-map, then
we have either of the following assertions:

(i) ¢ has the Denjoy-Wolff point (; = 1 and a1 = ag — 1. Hence, ¢(z) =
% and (5.1) turns to be Imag = |ag|*.

(ii) ¢ has the Denjoy-Wolff point ¢ = —1 and a; = ag + 1. Hence, ¢(z) =
(142ap)z+a
1—(2102 .

and (5.1) turns to be Im ag = —|ag|?. This completes the proof. [

6. Normal C;-symmetric Wy, ,

Recall that the anti-linear operator A, , on H 2 (D) is denoted by C if u and
v have the forms (3.1).

Theorem 6.1. Suppose that ¢ € S(D) is nonconstant. Then Wy, , : H*(D) —
H?(D) is Cy-symmetric and normal if and only if

1 —acd)z+ ¢
Ue) = g, ple) = AT ED

1—ac,z 1— acyz
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and
(6.1) (G — aco)(1 — |eo]?) + acoer — Ger = 0,
where cg,c1 €D, z € D.

Proof. Firstly, since Wy, , is C1-symmetric, by (3.3),

d (1 —acd)z+co
= ——-- d =
¥(2) 1— acyz and - p(2) 1— acyz
Assume that p(z) = ‘;zzi's and ¥(z) = Ky)(2) = ﬁ. Equating the two
forms of ¢, an easy calculation shows that a = ¢; — acd, b = ¢y and ¢ = —acy.

Similarly, equating the two forms of ¥, we get d = ¢(0) = 1. Furthermore,

. c 7ac22+ac
since o(2) = -4,

(6.2) le(0)] = leo| = [o(0)].
Another tedious calculation shows that for each z € D,

(Jer — acd| — |col?)z + (co — |col?co + @cper)
(1 —acoz)(1 —¢p2)

poo(z) =

and
(ler — acg| —|eo|?)z + (acg — |eo|*acy + cocr)
(1 — acpz)(1 —c2) '

It follows that o o o = p oo if and only if

gop(z) =

(6.3) (Go — aco)(1 — |eo)?) + acoer — Goer = 0.
By (2.2), the normality follows. This completes the proof. O

Example 6.2. It makes sense to give concrete examples of the normal and non-
normal Ci-symmetric weighted composition operators W, ,, with ¢ € S(D),
v € H(D).

Set ¢g = 2,1 = —55(1 +4),a0 = 1. Then

(—49 — 4i)z + 60 4
$(2) = =g, €9D), ¥(x) = —

And it is easily checked that (Gg — aco)(1 — [col?) + acoer — Goer = 3% # 0.
Therefore, Wy, is Ci-symmetric but non-normal.

Corollary 6.3. Suppose that ¢ satisfies the hypothesis in Theorem 6.1. Then
¢ € Aut(D) if and only if it has either of the following forms:

(i) there exist v € D\ {0} and B € D such that p(2) = 5 {=;.

(ii) there exists 8 € 0D such that ¢(z) = Bz.

Proof. By Lemma 4.2, we are only supposed to check (6.1), which obviously
holds by an easy calculation. This completes the proof. (I
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In the following, we give three examples according to Theorem 6.1 when ¢
has an interior fixed point, ¢ is of hyperbolic type and parabolic type, respec-
tively.

Example 6.4. Suppose that ¢ € S(D) has an interior fixed point p € D, ¢
is nonconstant and Wy, , : H*(D) — H?*(D) is Cy-symmetric. Then Wy, , is
normal if and only if it has either of the following forms:
2 2
(i) ¥(2) = WD) () = 22PL2 wwhere v = 4(p) € C, 2 € D.

l—apz?

. 1—ap? 1—68)+(5—ap?
(i) ©(2) = Tammsrad—ryss ©(2) = Bt si)e where v = ¢(p) € D,
z € D.

Proof. As what we do in Example 5.4, equating the two forms of ¥, we get

¥(0) = 'yl(:p‘g;), co = %. Further equating the two forms of ¢, we get

_ p(1-9)
(64 TPy
aco(|p? - 6)

2
(6.5) ¢ = ocg+ 26-1)

(6.6) 0~ I[pf® —p(1—d)acy = (1 —[p|*6)(cr — acf) + cop(d — 1).

Substituting (6.4) and (6.5) into (6.6), by some tedious but trivial calculation,
we have that

d(ap —p)(Ipl* = 2Ip*| +1) = 0,
which only holds when p = ap or § = 0 since p € D. If 6 = 0, then ¢(z) =

7(11:70‘5‘;), o(z) = z;ligl;z. Observe that under this circumstance we must have
2
ap = P to equate p(z) = pﬂ'i';; and ¢(z) = % Therefore, ¢y =
2
p,cp = 0in (3.3). If ap = p,6 # 0, then ¢y = fﬁ{x;‘i)w c1 = acd + %
in (3.3). Moreover, it is easily checked that ¢y € D and ¢; € D if and only if
0 # 1. This completes the proof. O

Corollary 6.5. Suppose that ¢ satisfies the hypothesis in Example 6.4. If

© € Aut(D), then ¢(z) = %, z € D.

Proof. Firstly consider p(z) = % with ¢g = p,c1 =0 1in (3.3). By Lemma

4.2, if ¢ has the form (4.1), then p = S, M = 0, which implies that
p = 0 since o, § # 0, |y| # 1, which further implies that ¢ = 0.
p(1—38)+(6—ap?)z p(1-46)
1—ap?d+ap(d—1)z 1—ap24’

2_ . . ~ 3
% in (3.3). Since f = L and ¢o = B, we have that v = fﬁl‘p‘%. (We

still write |p|? here instead of ap?.) Equating ¢(z) = % and (4.1),

then comparing the constants and the coefficients of z and 22, respectively, we

Moreover, we consider p(z) = with ¢ = c1 = acd+




NORMAL COMPLEX SYMMETRIC 811

have that
_ P-4
T
(6.7) (Ip)* = 6)(1 = 0) = (1 = 6)(1 - [p|*H),
(6.8) IpI*[1 = 61*(1 = 8) = |p*|1 = 6°(1 - 9).

Observe that (6.8) implies 6 € R. Hence, by (6.7), we have that § = —1 since

217*(1“17\2)2. This

Hence, ¢(z) = T2

p € D, which also implies that v =
completes the proof.

2p
1+[p?2 -

Example 6.6. There is no C;-symmetric and normal weighted composition
operator Wy, , : H*(D) — H?*(D) if ¢ is a hyperbolic automorphism of D with
Denjoy-Wolff point 1 € 9D.

Proof. Since ¢ is a hyperbolic automorphism linear-fractional self-map with
Denjoy-Wolff point 1 € dD, we can assume that

r+1—-t)z+r+t-1
ole) = T2 =D

(r—t—1)z+r+t+1’
where r = ﬁ > 1,t € C. Equating ¢(z) = m% and (4.1), then

comparing the constants and the coefficients of z and 22 respectively, we have
that

_or—t—1  alr+t—1)
= alr—t+1) r4+t+1 7
which implies that r4t¢ = 1. Hence, v = 0, which is impossible. This completes

the proof. O

Example 6.7. There is no C;-symmetric and normal weighted composition
operator Wy, , : H*(D) — H?*(D) if ¢ is a hyperbolic non-automorphism of D.

Proof. The result can be directly obtained by the remark below Proposition 13
in [1]. O

Example 6.8. The weighted composition operator Wy, ,, : H*(D) — H*(D)

is Ci-symmetric and normal when ¢ is a parabolic linear-fractional self-map
2

with the Denjoy-Wolff point ¢ € 9D if and only if ¢(z) = ﬁ, o(z) =

(¢Per—cd)z+¢2co

T and

(%5 — co)(1 — |col?) + coer — (Peger = 0,
where cg,c; € D, z € D.
Proof. Assume that ¢ is a parabolic linear fractional self-map of D. If Wy

is C;-symmetric and normal, Theorem 6.1 implies that ¢(z) = ——, ¢(2) =

(c1—ach)z+eo

o, where ¢g, ¢1 € D satisfying (€5 —aco)(1—|eo|*) +acoer —cper = 0.
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1+acgfcl
2aco
act —1)? = 4acd. Therefore, o = %2 and we obtain the desired result.

The converse holds by applying Theorem 6.1 with o = C% This completes

the proof. O

Since ¢ is parabolic, it has the Denjoy-Wolff point { = and (¢; —

7. Normal Cz-symmetric Wy,

Recall that the anti-linear operator A, , on H%(D) is denoted by Cs if u and
v have the forms (3.2).
Just as we calculate in Section 5, we should firstly equate the two forms of

¢ and . Suppose that (z) = 228 and ¢ (2) = 4.

Equati _ _d _ _¥(O0)(cg—act) :
quating ¥(2) and ¥(z) = in (3.4), then comparing

T cz+d Cg—a01—(01—()2)z
the constants and the coefficients of z and 22, respectively, we have that 1(0) =
1 and ¢ = He2—c1) Therefore,
Co—Ct01
2
cy — acy d
Y(z) = - =

E—acp—(c1—c2)z cz+d

: _ az+b _ a(@g—c)=(lal®ci—ca)z .
Further equating ¢(z) = and ¢(z) = in (3.4), then

cz+d a(c2—acy)—a(c1—c2)z
comparing the constants and the coefficients of z and 22, respectively, we have
that

_ —d(|a)?c1 — c2) _ d(la|?c — acy) _ d(ca —¢1)
a3 —acy) a(c3 —acy) 2 —acy
Substituting the expressions of a, b, ¢ above into p(z) = Zzzidb, we obtain that

az+b  af@d —cr) — (loffcr — )z

w(2) = cz+d  a(cd —ac)) —ale; —c2)z

Theorem 7.1. Suppose that p € S(D) is nonconstant. Then Wy, , : H*(D) —
H?(D) is Ca-symmetric and normal if and only if

2
g — acy
Z) =
() 2 —acy — (1 —c2)z
and
(2) = a(act —c1) — (Jaf*e1 — c2)z
7 a(ct — acy) —a(e; — c2)z
and either of the followings holds:
2., —
(i) [er — o] = [ — 1] = | — acy| # %
26, —
(ii) |e1 — 2| = [@cd — c1] = |} — acr| = lle| Iz\ 2l gnd

Im (A —C)(A+C) =0,
where cg,c1,c2,d € C,a € D\ {0}, 2z € D,

A= (JaPd - aer)(0m® — |o?eD), C = a(er - @) (|ale - c2),
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A= —a(lafer - @)@ — c1), C = |af*(c§ — ac) (@ — @).
Proof. Since o(z) = 7%(([3;:;?1 ;f;iﬁ?%%:g)l), we have that
le1 — ea] |aicd — 1]
o(0) = 1L 2L 0y = 129 Al
70 = 2 1ol0)] =
Hence, |o(0)| = |¢(0)| if and only if
ley — co| = |act — 1.

Furthermore, some tedious calculations show that for each z € D,
(D—B)z+ (A-C)

2o = E A (B B)
and
rop(z) = 2 EEHAXO)
(-A-C)z+ (E—B)
where

A= (|afcf — ac)(acg® — |al*er), B = |af?[ach — ai|?,
C =a(er —@)(|ala — ), D = [|af’er — o, E = |of?|c§ — aci|?,
A = —a(jaf’er - @)(@c — c1),C = |of*(cf — ac1)(@ — @),

It follows that o o ¢ = p o ¢ if and only if
(D-B)A+C)=(D-E)A-0),

(A-C)F-B)=(A+C)(FE - B),
(D=B)(E—B)— (A= C)(A+C) = (D—E)(E—B) + (A+C)(C - A).

We assert that B = E by a basic deduction. Then the conditions above turn
to be

(7.1) (D—B)A+C)=(D-B)(A-0C),
(7.2) Im(A—C)(A+C)=0.
If D # B, by (7.1), A— C = A+ C, which implies that (7.2) always holds. If

D = B, then (7.1) always hold. Combining what we have observed above and
(2.2), the normality follows. This completes the proof. O

Example 7.2. Similarly, it also makes sense to give concrete examples of the
normal and non-normal Cp-symmetric weighted composition operators Wy
with ¢ € S(D),v € H(D).

(i) Set ¢g = %,cl = ﬁ(l—l—i),cz =0, = % Then
2—2i—(14+1)z 7T—1
o(2) = QL2 ) =

7T—i—2(1+1)z T—i—2(1+1i)z
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2

And it is easily checked that |c; — ca| = [@c — 1| = |2 — acy| # W
Therefore, Wy, is normal and Cy-symmetric.

(i) Set co = v2,¢1 = 0,c2 = 1,0 = 1. Then

2z+1 2
= » P(z) = :

z+2 z+2
And it is easily checked that the two conditions in Theorem 7.1 are not satisfied.
Therefore, Wy, is Co-symmetric but non-normal.

o(2)

Corollary 7.3. There is no ¢ € Aut(D) satisfying the hypothesis in Theorem

7.1.
Proof. Substituting ¢3 = %%cl and o = (1 — Dg'gfﬁ)cl into
|ac? — 1| = |2 — acy|, we have that |a|(|y| — 1)(1 — |a|?) = 0, which im-

plies that |y| = 1. However, this is impossible. This completes the proof. [

In the following, we give three examples according to Theorem 7.1 when ¢
has an interior fixed point, ¢ is of hyperbolic type or parabolic type, respec-
tively.

Example 7.4. Suppose that ¢ € S(D) has an interior fixed point p € D, ¢ is

nonconstant, then Wy, , : H?(D) — H?*(D) is Co-symmetric and normal if and
: 1-p? 1-8)+(5—p?

only if ¢(z) = %, o(z) = %, where p € (—1,1),2 € D.

Proof. To investigate the weighted composition operators when ¢ has an inte-

rior fixed point, we should equate the two relevant forms of ¢ and .

2
Equating (5.2) and ¥(z) = —2—""_——  then comparing the constants

ca—acl—(cl—q)z
and the coefficients of z and 22 respectively, we have that
(1- \P|25)(01 — Ca)
7.3 g —acy = — )
( ) 0 p(l _ 5)

(7.4) P(p)(1 — |p\2) =1- |p|25, Y(p) # 0, Cg # acy, ¢ # co.

(In fact, if 1(p) = 0 or ¢3 — awc; or ¢; = cg, then ) is trivial.)
a(@cg—ci)—(lal*c1—c2)z
a(c—acr)—a(c1—c2)z

Further equating (5.3) and ¢(z) = then comparing the

constants and the coefficients of z and 22, respectively, we have that c2 —ac; =
I3(c1 —¢a), @cd —c1 = II3(c1 — ¢2), |al?ci —ca = I1(c1 — ¢2). Combining (7.3)
and (7.4), we conclude that

(7.5) et —acy = I3(c — c2),
(7.6) 50(2) —c¢1 = II3(c; — ¢2),
(7.7 lafc1 — o = Ii(c1 — ¢2),
I - a(p? —9) _ap(1—9) _1—p%

p(1—=0)" 2 a(l—p2) ° " p(l-4)
pERa 0(2)750‘617 ’l/}(p)#07 01#021 57&1717750
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— 2 2
Substituting the expressions above into p(z) = angg:;lc)l)*_(\g(lcfl_;;)zz)z ,
0

5.3). This completes the proof. O
(5.3) p p

we obtain

Example 7.5. There is no Cs-symmetric and normal weighted composition
operator Wy, , on H?(D) if ¢ is a hyperbolic automorphism of D.

Proof. The result can be directly obtained by Corollary 7.3 if ¢ is a hyperbolic
automorphism linear-fractional self-map. And the result can be obtained by
the remark below Proposition 13 in [1] if ¢ is a hyperbolic non-automorphism
linear-fractional self-map. O

Example 7.6. The weighted composition operator Wy, ,, : H*(D) — H*(D) is
Co-symmetric and normal when ¢ is a parabolic linear-fractional self-map with
the Denjoy-Wolff point ¢ € 0D if and only if

& —aq

v(z) = 2 —ac; — (1 —c2)z’
aC?(c1 — e2) — (2a¢(c1 — c2) —@(c3 — acy))z

a(c3 — acy) —alcg — e2)z

p(z) =

7

(laf?er — ¢ +@(cE — ae1))? = 4a(c1 — ¢2) (@ — 1)

and condition (i) or (ii) in Theorem 7.1 is satisfied, where cg, c1,c2, 0 € D'\
{0},z € D.

Proof. Since ¢ is a parabolic automorphism linear-fractional self-map, then ¢
2 —( .2
has the Denjoy-Wolff point ¢ = (lal"e1—ca)+aleg—ac) gome trivial but tedious

25((;1762)
calculation shows that @¢?(c; — c2) = a(@c — c1). Note that

(laf?c1 — co + (e — acy))? B a(act —c1)
4a2 (¢ — co)? a(c; —ca)

=

Hence, the result can be easily obtained by some tedious calculations and what
we have observed above. This completes the proof. O
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