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Abstract. In this paper, we study the existence and multiplicity of nontrivial solutions

for a p-Kirchhoff equation involving critical Sobolev-Hardy exponent by using variational

methods and we need to estimate the energy levels.

1. Introduction

This paper deals with the existence and multiplicity of nontrivial solutions
to the following Kirchhoff problem

(Pλ)

{
− (a ‖u‖p + b) ∆pu = |x|−s up∗(s)−1 + λf(x)uq−1 in RN
u ≥ 0, u ∈W 1,p

(
RN
)
,
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where a and b are two positive constants, 1 < p < N , 1 < q < p, λ is a positive
parameter, f 6≡ 0, ∆p is the p-Laplacian operator, that is,

∆pu = div
(
|∇u|p−2∇u

)
,

0 ≤ s < p, p∗ (s) = p (N − s) / (N − p) is the critical Sobolev-Hardy exponent
and ‖.‖ is the usual norm in W 1,p

(
RN
)

given by

‖u‖p =

∫
RN

|∇u|pdx.

Kirchhoff type problems are often referred to as being nonlocal because of the
presence of the term

∫
RN |∇u|pdx which implies that the equation in (Pλ) is no

longer a pointwise identity. It is analogous to the stationary case of equations
that arise in the study of string or membrane vibrations, namely,

utt −
(
a

∫
Ω
|∇u|2dx+ b

)
∆u = g (x, u) ,

where Ω ⊂ RN , u denotes the displacement, g(x, u) is the external force and b
is the initial tension while a is related to the intrinsic properties of the string
(such as Young’s modulus). Equations of this type were first proposed by
Kirchhoff in 1883 to describe the transversal oscillations of a stretched string.

In recent years, Kirchhoff type problems in bounded or unbounded domain
have been studied in many papers by using variational methods. Some inter-
esting studies can be found in [2, 4, 7, 8, 9, 11, 12, 14]. This problems in the
whole space RN considered in general without the critical exponent, when the
difficulty is due to the lack of compactness embedding from W 1,p(RN ) into
the space Lr

(
RN
)

for 1 < r < p∗ (0). In this subcritical case, many authors
considering the following equation

(PV ) − (a ‖u‖+ b) ∆pu+ V (x)u = h(x, u) in RN ,
where 1 < p < N , V ∈ C

(
RN ,R

)
and h ∈ C

(
RN × R, R

)
is subcritical.

In such problems, some conditions are imposed on the weight function V (x)
which are key points for recovering the compactness of Sobolev embedding.
See for example [8] and [14].

On the other hand, the problem (Pλ) without the nonlocal term a ‖u‖ is
treated by Alves [1], he proves the existence of two nonnegative solutions for
(Pλ) where a = s = 0, b = 1 and f is a nonnegative function.

A natural and interesting question is whether results concerning the solu-
tions of problem (Pλ) with a = s = 0 remain valid for a 6= 0 and s 6= 0. Our
answer is affirmative, but the adaptation to the procedure to our problem is
not trivial at all, since the appearance of nonlocal term. In this context, we
need more delicate estimates. We are concerned in finding conditions on N,
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s, f and λ for which problem (Pλ) possesses multiple nontrivial solutions by
mean of variational methods and concentration compactness. To the best of
our knowledge, there is no result on the multiple nontrivial solutions to the
critical problem (Pλ) in RN .

Before stating our results, recall that, the best Sobolev-Hardy constant

Ss = inf
u∈W 1,p(RN )\{0}

‖u‖p

‖u‖pp∗(s)

with

‖u‖p∗(s) =

(∫
RN

|x|−s |u|p
∗(s) dx

)1/p∗(s)

is attained in RN by a function U(x), see [13]. We introduce the following
condition on f.

(Hf ) f ≥ 0 and f ∈ Lq0
(
RN
)

with q0 = pN/ [(p− q)N + qp] .

2. Main results

In this paper, we use the following notation: Br is the ball centered at
0 and of radius r, → (resp. ⇀) denotes strong (resp. weak) convergence,
u± = max (±u, 0) and ◦n (1) denotes ◦n (1)→ 0 as n→∞.

The starting point of the variational approach to our problem is the follow-
ing Sobolev-Hardy inequality, which is essentially due to Caffarelli, Kohn and
Nirenberg [6]. Assume that 1 < p < N and 0 ≤ s < p. Then(∫

RN

|u|p
∗(s)

|x|s
dx

)1/p∗(s)

≤ C
(∫

RN

|∇u|p dx
)1/p

for all u ∈ C∞0
(
RN
)
, (2.1)

for some positive constant C. Since our approach is variational, we define the
functional Iλ by

Iλ(u) =
a

2p
‖u‖2p+

b

p
‖u‖p− 1

p∗ (s)

∫
RN

|x|−s
(
u+
)p∗(s)

dx− λ
q

∫
RN

f(x)
(
u+
)q
dx

for all u ∈W 1,p
(
RN
)
.

Using (Hf ) , it is clear that Iλ is well defined in W 1,p
(
RN
)

and belongs to

C1
(
W 1,p

(
RN
)
, R
)
.
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Definition 2.1. Let u ∈W 1,p
(
RN
)
\ {0}. Then u is said to be a weak solution

of problem (Pλ) if it satisfies u ≥ 0 and

(a ‖u‖p + b)

∫
RN

|∇u|p−2∇u∇v dx−
∫
RN

|x|−s
(
u+
)p∗(s)−1

v dx

−λ
∫
RN

f(x)
(
u+
)q−1

v dx = 0

for all v ∈W 1,p
(
RN
)
.

We need the following lemmas.

Lemma 2.2. Assume that a, b > 0, 1 < p < N ≤ 2p, 1 < q < p, 0 ≤ s ≤
2p−N and f satisfies (Hf ) . Then there exist positive numbers Λ1, r1 and δ1

such that for all λ ∈ (0, Λ1) we have

(i) Iλ(u) ≥ δ1 > 0, for all u ∈W 1,p
(
RN
)

with ‖u‖ = r1,

(ii) Iλ(u) ≥ −p− q
p

[(
2q

b

) q
p ‖f‖q0
qS

q/p
0

]p/(p−q)
λp/(p−q) for all u ∈ Br1 .

Proof. Let u ∈W 1,p
(
RN
)
\ {0}. Then by Sobolev-Hardy and Hölder inequal-

ities, we have

Iλ(u) ≥ a

2p
‖u‖2p +

b

p
‖u‖p − S

−p∗(s)/p
s

p∗ (s)
‖u‖p

∗(s) − λ

q
S
−q/p
0 ‖f‖q0 ‖u‖

q .

Let η > 0, r = ‖u‖ and

h(r) =
a

2p
r2p +

b

p
rp − S

−p∗(s)/p
s

p∗ (s)
rp

∗(s) − λ

q
S
−q/p
0 ‖f‖q0 r

q.

Then

λ

q
S
−q/p
0 ‖f‖q0 r

q =

[(
ηp

q

) q
p

rq

][(
ηp

q

)− q
p λ

q
S
−q/p
0 ‖f‖q0

]

≤ ηp

q
rp +

p− q
p

[(
q

pη

) q
p S
−q/p
0

q
‖f‖q0

]p/(p−q)
λp/(p−q).

Therefore,

h(r) ≥
(
b

p
− η
)
rp − S

− p∗(s)
p

s

p∗ (s)
rp

∗(s) − p− q
p

( q

pη

) q
p S
− q

p

0

q
‖f‖q0


p

p−q

λ
p

p−q .
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Choosing η = b/2p, we get

h(r) ≥ b

2p
rp − S

− p∗(s)
p

s

p∗ (s)
rp

∗(s) − p− q
p

(2q

b

) q
p S
− q

p

0

q
‖f‖q0


p

p−q

λ
p

p−q .

Easy computations show that

max
r≥0

h(r) = h

[ b
2
S

p∗(s)
p

s

]1/(p∗(s)−p)


=
1

N

(
b

2
Ss

)N
p

− p− q
p

(2q

b

) q
p S
− q

p

0

q
‖f‖q0


p

p−q

λ
p

p−q .

Taking

r1 =

[
b

2
S

p∗(s)
p

s

]1/(p∗(s)−p)

, δ1 =
1

2N

(
b

2
Ss

)N
p

and

Λ1 =
1

q ‖f‖q0

(
b

2q
S0

) q
p

(
p

2N (p− q)

(
b

2
Ss

)N
p

) p−q
p

.

Then the conclusion holds. �

Lemma 2.3. Assume that a, b > 0, 1 < p < N ≤ 2p, 1 < q < p, 0 ≤ s ≤
2p−N and f satisfies (Hf ). If {un} is a (PS)c sequence of Iλ, then un ⇀ u

in W 1,p
(
RN
)

for some u with I ′λ (u) = 0.

Proof. We have

c+ ◦n (1) = Iλ(un) and ◦n (1) =
〈
I ′λ (un) , un

〉
, (2.2)

this implies that

c+ ◦n (1) = Iλ(un)− 1

p∗ (s)

〈
I ′λ (un) , un

〉
≥ b

(
1

p
− 1

p∗ (s)

)
‖un‖p − λ

(
1

q
− p∗ (s)

)
S
−q/p
0 ‖f‖q0 ‖un‖

q .

Then {un} is bounded in W 1,p
(
RN
)
. Up to a subsequence if necessary, we

obtain

un ⇀ u in W 1,p
(
RN
)

, un ⇀ u in Lp
∗(s)
(
RN , |x|−s

)
,

un → u a.e. and ∇un → ∇u a.e. in RN ,
then 〈I ′λ (un) , v〉 = 0 for all v ∈ C∞0

(
RN
)
, which means that I ′λ (u) = 0. �



40 K. Sabri, M. El Mokhtar Ould El Mokhtar and A. Matallah

Lemma 2.4. Assume that 0 < a < S−2
s , b > 0, 1 < p < N ≤ 2p, s = 2p−N,

1 < q < p and f satisfies (Hf ) . Let {un} ⊂ W 1,p
(
RN
)

be a (PS)c sequence

for Iλ for some c ∈ R such that un ⇀ u in W 1,p
(
RN
)
. Then

either un → u or c ≥ Iλ(u) +
b2

2p
(
S−2
s − a

) .
Proof. As s = 2p −N, then p∗ (s) = 2p. By the proof of Lemma 2.3 we have
{un} is a bounded sequence in W 1,p

(
RN
)
. Then by (Hf ) we get∫

RN

f(x)
(
u+
n

)q
dx→

∫
RN

f(x)
(
u+
)q
dx. (2.3)

Furthermore, if we write vn = un − u; we derive vn ⇀ 0 in W 1,p
(
RN
)
, and

by using Brézis-Lieb Lemma [5] we have

‖un‖p = ‖vn‖p + ‖u‖p + on(1) (2.4)

and ∫
RN

(u+
n )

p∗(s)

|x|s
dx =

∫
RN

(v+
n )

p∗(s)

|x|s
dx+

∫
RN

(u+)
p∗(s)

|x|s
dx+ on(1). (2.5)

Putting together (2.2) and (2.3) , we get

c+ on(1) = Iλ(u) +
a

2p
‖vn‖2p +

b

p
‖vn‖p +

a

p
‖vn‖p ‖u‖p

− 1

p∗ (s)

∫
RN

|x|−s
(
v+
n

)p∗(s)
dx

and

on(1) = a ‖vn‖2p + b ‖vn‖p + 2a ‖vn‖p ‖u‖p −
∫
RN

|x|−s
(
v+
n

)p∗(s)
dx. (2.6)

Then, as s = 2p−N we have p∗ (s) = 2p and

c+ on(1) ≥ Iλ(u) +
b

2p
‖vn‖p . (2.7)

Assume that ‖vn‖ → l > 0, then by (2.4) and the Sobolev-Hardy inequality
we obtain

lp ≥ Ss
(
blp + al2p

) 1
2 ,

this implies that (
S−2
s − a

)
lp − b ≥ 0,

that is,

lp ≥ b

S−2
s − a

.



Nontrivial solutions for critical p-Kirchhoff equations 41

From the above inequality we conclude:

c ≥ Iλ(u) +
b2

2p
(
S−2
s − a

) .
The last inequality completes the proof of Lemma 2.4. �

Remark 2.5. By Lemma 2.4, we ensure the local compactness of the (PS)c
sequence for Iλ.

Theorem 2.6. Assume that a, b > 0, 1 < p < N ≤ 2p, 1 < q < p, 0 ≤ s ≤
2p−N and f satisfies (Hf ) . Then there exists Λ1 > 0 such that problem (Pλ)
has at least one nontrivial solution for any λ ∈ (0, Λ1) .

Proof. By Lemma 2.2, we define

c1 = inf
u∈B̄r1

Iλ (u) .

As U > 0 and f ≥ 0 f 6≡ 0, we have
∫
RN f(x)U qdx > 0. Then there exists

t0 > 0 small enough such that ‖t0U‖ < r1 and

Iλ(t0v) =
a

2p
t2p0 ‖U‖

2p +
b

p
tp0 ‖U‖

p

− t
p∗(s)
0

p∗ (s)

∫
RN

|x|−s Up∗(s)dx− λt
q
0

q

∫
RN

f(x)U qdx

< 0,

which implies that c1 < 0. Using the Ekeland’s variational principle [10], for
the complete metric space B̄r1 with respect to the norm of W 1,p

(
RN
)
, we

obtain by Lemma 2.3, the result that there exists a (PS)c1 sequence {un} ⊂
B̄r1 such that un ⇀ u1 in W 1,p

(
RN
)

for some u1 with ‖u1‖ ≤ r1. After a

direct calculation, we derive
∥∥u−1 ∥∥ =

〈
I ′λ (u1) , u−1

〉
= 0, which implies u1 ≥ 0.

As Iλ(0) = 0 > c1, then u1 6= 0. Assume un 9 u1 in W 1,p
(
RN
)
. Then∥∥u−1 ∥∥ < lim inf

n→+∞
‖un‖ , which implies that

c− ≤ Iλ (u1)

= Iλ (u1)− 1

p∗ (s)

〈
I ′λ (u1) , u1

〉
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= a

(
1

2p
− 1

p∗ (s)

)
‖u1‖2p + b

(
1

p
− 1

p∗ (s)

)
‖u1‖p

−λ
(

1

q
− 1

p∗ (s)

)∫
RN

f (x) (u1)q dx

< lim inf
n→+∞

[
a

(
1

2p
− 1

p∗ (s)

)
‖un‖2p + b

(
1

p
− 1

p∗ (s)

)
‖un‖p

−λ
(

1

q
− 1

p∗ (s)

)∫
RN

f (x) (u1)q dx

]
= lim inf

n→+∞

[
Iλ (un)− 1

p∗ (s)

〈
I ′λ (un) , un

〉]
= c−,

which is a contradiction. We conclude that un → u1 strongly in W 1,p(RN ).
Therefore, I ′λ (u1) = 0 and Iλ (u1) = c− < 0 = Iλ (0) . Hence u1 is a positive
solution of (Pλ) with negative energy. �

Theorem 2.7. In addition to the assumptions of Theorem 2.6, we assume
that a < S−2

s , N ≤ 2p and s = 2p − N. Then there exists Λ∗ > 0 such that
problem (Pλ) has at least two nontrivial solutions for any λ ∈ (0, Λ∗) .

Proof. Note that Iλ(0) = 0 and Iλ(t3U) < 0 for t3 large enough, also from
Lemma 2.2, we know that

Iλ (u)|∂Br1
≥ δ1 > 0 for all λ ∈ (0,Λ1).

Then, by the Mountain Pass theorem [3], there exists a (PS )c2 sequence,
where

c2 = inf
γ∈Γ

max
t∈[0,1]

Iλ (γ (t))

with

Γ =
{
γ ∈ C([0, 1] , W 1,p(RN )), γ(0) = 0 and γ(1) = t3U

}
.

Using Lemma 2.3, we have {un} has a subsequence, still denoted by {un} such
that un ⇀ u2 in W 1,p(RN ), for some u2. As

∥∥u−2 ∥∥ =
〈
I ′λ (u2) , u−2

〉
= 0, we

conclude that u2 ≥ 0. We consider the functions

Φ1(t) = a
t2p

2p
‖U‖2p + b

tp

p
‖U‖p − tp

∗(s)

p∗ (s)

∫
RN

|x|−s Up∗(s)dx

and

Φ2(t) = Φ1(t)− λt
q

q

∫
RN

f(x)U qdx.
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So, for all λ ∈ (0,Λ2) we have

Φ2(0) = 0 < −p− q
p

[(
2q

b

) q
p ‖f‖q0
qS

q/p
0

]p/(p−q)
λp/(p−q) +

b2

2p
(
S−2
s − a

) .
Hence, by the continuity of Φ2(t), there exists t1 > 0 small enough such that

Φ2(t) < −p− q
p

[(
2q

b

) q
p ‖f‖q0
qS

q/p
0

]p/(p−q)
λp/(p−q) +

b2

2p
(
S−2
s − a

)
for all t ∈ (0, t1) .

Moreover, U satisfies

‖U‖p =

∫
RN

Up
∗(s)

|x|s
dx = S

N
p
s . (2.8)

Then, the function Φ1(t) attains its maximum at

tmax =

(
b

1− aS2
s

) 1
p

.

Therefore

Φ1(tmax) =
b2

2p
(
S−2
s − a

) .
Thus we deduce that

Φ1(t) ≤ b2

2p
(
S−2
s − a

) for t > 0.

On the other hand, using Lemma 2.2, we see that

c1 ≥ −
p− q
p

[(
2q

b

) q
p ‖f‖q0
qS

q/p
0

]p/(p−q)
λp/(p−q) for all λ ∈ (0,Λ1),

furthermore, if

λ <

[(
2q

b

) q
p ‖f‖q0
qS

q/p
0

]−p/q [
p

q (p− q)

∫
RN

f(x)U qdx

](p−q)/q
,

we get

c1 > −λ
t1
q

∫
RN

f(x)U q dx.

Taking

Λ∗ = min

Λ1, Λ2,

[(
2q

b

) q
p ‖f‖q0
qS

q/p
0

]− p
q [ p

q (p− q)

∫
RN

f(x)U q dx

] p−q
q

 ,
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then we deduce that

sup
t≥0

Iλ(tU) < c1 +
b2

2p
(
S−2
s − a

) for all λ ∈ (0,Λ∗) .

Then from Lemma 2.4 we deduce that un → u2 in W 1,p(RN ). Thus we obtain
a critical point u2 of Iλ satisfying Iλ (u2) > 0, and we conclude that u2 is a
nontrivial solution of (Pλ) with positive energy. �

Corollary 2.8. Let s = 0, N = 2p and a < S−2
0 . Then there exists Λ̃∗ > 0 such

that problem (Pλ) has at least two nontrivial solutions for any λ ∈
(

0, Λ̃∗

)
.

Proof. Using the Sobolev inequality, we give the proof similarly to that of
Theorem 2.7. �

Remark 2.9. In Theorem 2.7, if s = 0 we have N = 2p, then our results
imply that suitable real s can realize the restriction on the spatial dimension
N.
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