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ABSTRACT. In this paper we give conditions for the existence of, and describe the asymtotic
behavior of, radial positive solutions of the nonlinear elliptic equation of Emden-Fowler
type with convection term

Apu+ alu) u+ Bz.V(|ul tu) =0

for z € RN, where p>2,¢>1, N>1,a >0, >0 and A, is the p-Laplacian operator.

In particular, we determine lim,_ raris u(r) when § > N > pand g > Mﬁfij;ﬂ’.

1. Introduction

As many common problems in mathematical physics can be formulated as equa-
tions of Emden-Fowler type, such equations have been an active topic of research
in recent years; they have been approaced with a wide variety of methods and tech-
niques. Interesting results can be found in Napoles [22], [21], [25] and the references
therein.

This paper is a contribution to the study of the radial equation of Emden-Fowler
type with convection term,

(1.1)

(=2 () + 2

[/ [tP =20 () 4 afu|? tu(r) 4 Br(|u|? u) (r) = 0, r > 0,

where p >2,¢>1, N>1,a>0and g8 > 0.

Equation (1.1) has been well studied in the case of p = 2. Indeed, with o = 1
and 8 = 0, we obtain the classic Emden-Fowler equation studied by Emden [7]
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and Fowler [9]. In [8], [9] and [L0], Fowler showed the existence of, and gave a
classification of, global solutions. The case « > 0, § = 1 and ¢ < 1, (1.1) was
studied extensively by Hulshof in [16] . The existence of positive solutions in the
case « = 1, § =0 and N > 2 was considered by Aviles [1], Caffarelli, Gidas and
Spruck [6], Gidas and Spruck [11], and Lions [18]. Hsu [13], [14] and Hui [15], looked
at the case of @« > 0 and 8 > 0.

In the general case of p > 2, equation (1.1) was studied with & = 1 and § = 0 by
Ni and Serrin [23] and [24], M.F. Bidaut [2] and [3], Guedda and Véron [12]. When
a >0 and 8 =1, Leoni [17] studied the existence and the asymptotic behavior of
global solutions.

The main feature of this paper is the presence of the convection term that influ-
ences the existence and asymptotic behavior of positive solutions of equation (1.1).
More precisely, we have improved the result on the asymptotic behavior obtained
by M.F. Bidaut [2] by giving equivalent explicit solutions, and their derivatives, at
infinity. Our approach is based on the energy methods introduced by M.F. Bidaut
[2] and [3], and the oscillation methods of Napoles [20] and [19].

We study equation (1.1) by classical methods developed by Bouzelmate, Gmira
and Reyes [4], suitably modified in order to deal with its degenerate character at
r = 0 as well as at points where v/ = 0. This is particularly important for local
existence, since we are interested in radial solutions and it is natural to impose
u/(0) = 0. Thus, consider the following ‘initial value problem’

N -1
(Ju' P20 (r) + —— |/ [P~ (r) + aful*" u + Br(jul*~u)" = 0,r > 0,

uw(0)=a >0, «(0)=0,

(P)

where p>2,¢>1, N>1,a>0 and 8 > 0.

Existence and uniqueness of solutions of problem (P) has was showed by Bouzel-
mate and El Hathout in [5]. By reducing the initial value problem (P) to a fixed
point problem for a suitable integral operator, we prove that for each a > 0, there
exists a unique global solution (., a, «, ) of problem (P) such that

’ —aal

(12) a2y (0) = —5

The behaviou of equation (1.1) depends strongly of the sign of NS — « and the

comparison of ¢ with the two critical values NJE,”:;) and N(f,’vf_ll))” . The case N3 —
a > 0 was studied in [5]. We now focus on the case N — a < 0.

The main theorems are as follows; they will be proved in Sections 3,4, and 5.

Theorem 1. [Existence of non-positive solutions]
Assume that ¢ > N. Let u be a solution of problem (P), then u changes sign in
the following cases:

(1) ¢g<p-—1.
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(i) N <p.
(#i) N>pandp—1§q§%:;).

N(p—1) N(p—1)+p a N(N-=p)
(iv) N—p <9< T NTp and a8 = (p—1)[N(p—1)+p—g(N-p)]"

Theorem 2. [Existence of positive solutions|
Assume that € > N. Let u be a solution of problem (P). Then w is strictly positive

in the following cases:

. N—
O 526 N(p—1)

i N= p—1)+p
(i) 0< = < 5andq=> =5+

Theorem 3. [Behavior of positive solutions near infinity]

Assume that 5 > N > p and ¢ > va_ijl))ﬂ. Let u be a solution of problem (P).
Then

(1.3) Tlgglorqﬂfp u(r) =1L
and

1.4 lim ra=s iy () = — P
(14) lim. ") = =2
where

1
-1 Fi-
N—p p p p q 3
(p—1) (ﬁ - m) (m)

p

(1.5) L=
a— 4B

Our paper is organized as follows. In Section 2, we present some basic tools
which will be useful to prove the fundamental theorems above. Existence of non-
positive solutions of problem (P) is given in Section 3. In Section 4, we prove the
existence of positive solutions. In Section 5 we describe the asymptotic behavior
of positive solutions. More precisely, we prove that under some assumptions, the
positive solution of problem (P) behaves like ras at infinity. Finally, in Section
6 we give conclusions that can be used to study future research work based on the
obtained results in this paper.

2. Basic Tools

In this section we will give some basic tools which will be useful for proving the
main results.

Lemma 2.1. The solution u of problem (P) is strictly decreasing as long as that
it is strictly positive.
Proof. We argue by contradiction. Let rqg > 0 be the first zero of u’. Since by
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(1.2) u'(r) < 0 for r ~ 0, there exists, by continuity and the definition of ¢,
a left neighborhood |rg — ,79[ (for some ¢ > 0) where v’ is strictly increasing
and strictly negative. That is (|u/[P=2u’)'(r) > 0 for any r €]rg — &,79[. Hence
by letting r — ro we get (Ju/[P~2u/) (rg) > 0. But by equation (1.1), we have
(|u'|P=20u") (rg) = —a|u|?tu(rg) < 0 since u(rg) > 0,u’(rg) = 0 and o > 0, which
is a contradiction. This completes the proof. O

Proposition 2.2. Let u be a solution of problem (P). If N > 1or N =1
and wu is strictly positive, then

(2.1) lim u(r) = lim «/(r) = 0.

r—00 T—>00
Proof. We distinguish two cases.
Case 1. N > 1. We define the following energy function,
p— 1 / - +1
2.2 E(r)=——u'(r)|P + ——|u(r)|7".
(2.2) (r) pl()I q+1|()|
According to equation (1.1), we get

(2.3) E'(r) = —ru(r) N1

S [ ()77 + gBlu(r)|”

We show that lim, o, E(r) = 0. Since F'(r) <0 and E(r) > 0 for all > 0, there
exists a constant { > 0 such that lim,_,. E(r) =1 > 0. If [ > 0, then there exists
r1 > 0, such that

(2.4) E(r) > for r>nr.

gB(N —1)
2(g+1)

Ju(r)| "+

We get

D/(r) = =gl ) = ot [ + S + afutl .

Since 8 > 0, we have

N -1 N
D/(r) < =2 [P+ alut)l e+ T2t
r r
Recalling that v and ' are bounded (because E is bounded), we have
! p72 ’
()
r—00 r

=0.
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Moreover, by (2.4) we have

p—1

WP+l 2 P £ Sl =B 2§ for 72,

q+1

Consequently, there exist two constants ¢ > 0 and ry > r1 such that

’

c
D(r)y<—= for r>r

r
Integrating this last inequality between ro and r, we get

D(r) < D(rq) — cln(%) for r>ra.

In particular we obtain lim,_,., D(r) = —oco. Since

B(r)+ XLl () < D),

we get lim, ,o E(r) = —oo. This is impossible. So lim,_, ., E(r) = 0, giving the
conclusion.

Case 2. N =1 and u is strictly positive. Let

(2.5) ¢(r) = |u'[P72u/ (r) + Brlul " u(r).
By equation (1.1),

(2.6) ¢'(r) = (8 — a)lul" u(r).

Since u is strictly positive, it is strictly decreasing. Therefore lim,_, o u(r) € [0, co[.
Suppose that lim,_, . u(r) = L > 0. Since the energy function E given by (2.2)
converges, then necessarily, lim,_,, «'(r) = 0. Therefore lim,_, ¢(r) = co.

Using L’Hopital’s rule, we have

lim ¢'(r) = lim @
r—00 r—oo T
That is
(B—a)L?=p LY
Therefore, —aL? = 0, contradicting L > 0. Hence, lim,_,» u(r) = 0. O

Lemma 2.3. Assume that § > N. Let u be a strictly positive solution of (P).
(i) If N > p, there exists a constant C; > 0 such that

(2.7) u(r) > 017“7% for large 7.
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(i) If ¢ > p — 1, there exists a constant Cy > 0 such that
(2.8) u(r) < Coram =5 for large r.
Proof.(i) We introduce the following function

(2.9) o(r) = vV P2 (1) + Briul(r).
Then by (1.1), we get

(2.10) ' (r) = (BN — a)rV ~tul(r).

Since, u > 0 and N < a, then ¢'(r) <0 Vr > 0 and as ¢(0) = 0, we get ¢(r) < 0,
Vr > 0. Then lim,_, ¢(r) € [—00,0[. Therefore there exists C' > 0, such that
p(r) < —C for large r. This gives

(2.11) PN P2 (r) < =€ for large 1.
Consequently
(2.12) W(r) < —C7 151 for large 7.

Integrating this last inequality on (r, R) for large r and using the fact that N > p
and lim,_,o u(r) = 0, we deduce by letting R — oo, that there exists a constant
C; > 0 satistying (2.7).

(74) Using the fact that ¢(r) < 0 and /() < 0, Vr > 0, we obtain
(2.13) u’(r)up%ql < fﬂpljrﬁ.

Integrating this last inequality on (0,7) and taking into account ¢ > p — 1, we de-
duce that there exists a constant Co > 0 satisfying (2.8). O

Now for any ¢ > 0, define the function
(2.14) E.(r) =cu(r) +rd'(r), r>0.
It is clear that
(2.15) (ru(r)) = r"YE.(r), r>0.
Hence, using (1.1), we have for any r > 0 such that «/(r) # 0,
(b= DI P2 0)EL) = (o= 1)(e = S =Dl 2u'(r) = arlul
— qBr?[ulT™ ! (r)

(2.16) —(p—1)(c- %Ww-%’m — gBrlult s (r).
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Consequently, if E.(rp) = 0 for some ¢ > 0, equation (1.1) gives

(p = V)] [P~2(ro) Ee(r0) = rolul ™ u(ro) l(qﬁc —a)+
(2.17)

(p— 1)er~! (N—P B C> |Up_q_1(T0)1.

p—1 rh
From which the sign of E.(r) for large r can be obtained.

Lemma 2.4. Assume that 5 > N. Let u be a strictly positive solution of (P).

(7) If% > 5> E2 (r) > 0 for any r > 0.

(#7) If0<%<%,E%>OforanyT>0.

Proof.

(i) We distinguish two cases.

Case 1. % > 5. We have Eo (0) = 75u(0) > 0. Let ro > 0 be the first zero of
E= (r). Therefore E= (r) > 0in [0,7o[, E2 (ro) = 0 and E’q% (ro) < 0. But using
the fact that u(rg) > 0 and % > 5, we have by (2.17), E’q% (ro) > 0, which is a
contradiction.

Case 2. % = .5- By (2.16), we have

(2.18) (b~ Dl [P~ Bl (r) = —qBrlul ™ B (r).

Let rg > 0. We introduce the following function

(2.19) f(r)= quﬁl /8\u’(s)|2_1’|u(s)|q_1ds.
0

By (2.18), we obtain

/ ! —
(2.20) Eq% (r) + f'(r)Ee (r) = 0.
Hence,

I

(2.21) (eﬂ’“)Eﬁ (r)) =0.
Integrating this last equality from ry to r, we obtain
(2.22) Ea(r)=Es(rg)e ' vr>r

Since E (rg) > 0 for any ro > 0 close to 0, then Eo (r) > 0 for any r > 0.
(#i) We will show the result in two steps.
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Step 1. Eﬁ (r) # 0 for large r. Assume that there exists a large ¢ such that

Ea (rg) = 0. Using the fact that v > 0 and % < 45, we get from (2.17),
E

(ro) <0 and thereby E= (r) # 0 for large r.

S

Step 2. Efolp(r) > 0 Vr > 0. We have Efof(O) > 0. Let ro > 0 be the

p

first zero of pEM. Then by (2.17), E'y_,(ro) < 0. Therefore En—p(r) < 0
p—1 p—1 p—1

—p

Vr > rg. On the other hand by Lemma 2.3, we get rﬁu(r) > C’lrﬁ_%, hence
limy o0 777 u(r) = oo. Since Ee (r) # 0 for large r by step 1 , then necessarily

E. (r) > 0 for large 7. Moreover, by (2.16), we have E'y_, (r) < 0 for large r.
-1
As En—p(r) < 0Vr > rg we have lim, o En-»(r) € [705,0[, which implies that
p—1 p—1
lim, o0 /(1) € [—00,0[ (because lim, o u(r) = 0), but this is impossible since u
is positive and bounded. Then Enx-,(r) > 0 Vr > 0. This completes the proof of
p—1

Lemma. O

3. Proof of Theorem 1.

Proof. Assume that u is strictly positive. We distinguish seven cases:

Case 1. ¢ < p—1. Since p(r) < 0 and «/(r) < 0, for any r > 0, we have
estimate (2.13), and therefore

! /
uP—1-9)/(p—1) U1y [P/ PD

p—1 p—1

Integrating this last inequality twice from 0 to r and letting r — oo, we obtain
lim, o u(P~179/(P=1) = _0, which contradicts the fact that w is strictly positive.

Case 2. N < p. Since u > 0,u" < 0,¢(r) < 0 and ¢'(r) < 0, for any r > 0,
we obtain (2.12). By integrating it on (ro,r) for large ro and letting r — oo, we
obtain lim, _, o, u(r) = —oo, which is a contradiction with the fact that u is strictly
positive.

Case 3. N =p. Since N = p, inequality (2.12) is equivalent to
(3.2) u'(r) < —=Cyr~! for large .

Integrating (3.2) on (rg, r) for large ro and letting r — oo, we obtain a contradiction
with the fact that u is strictly positive.
N(p—1)

Case 4. N>pandp—1<g< N In this case we have, 0 < % < q+11’_p.
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By Lemma 2.3, we obtain
(3.3) C’lrﬁf*rf% < Cs for large r.

Letting r — oo in this last inequality we obtain a contradiction with the fact that

N_
P p
p—1 qg+1-p

Case 5. N > pand g =p— 1. By (2.13), we obtain

u'(r) gt
(3.4) () < - .

Integrating in (0,r) for r > 0, we get

1 P

(3.5) u(r) < u(O)e—pTilBF“’_1 .

Then, lim, _o r%u(r) = 0. But this contradicts (2.7).

N(p—1

Case 6. i\iN> D and_g = ]s,pi_p). Then p—f = o7~ We have by (2.7),
u(r) > Cyr'v=1 = Cyra+ti-r for large r. Since, NG — o < 0, we have by (2.10),
(3.6) ¢ (r) < (BN —)Cf N1 et
Since N = B (because ];7 —+ = 75=5), then by (3.6)
(3.7) ¢'(r) < (BN —a)Cfr~! for large 7.
Integratlng (3 7), we get lim, o, ¢(r) = —oo, which implies by (2.9) that
lim, oo 7P = '(r) = —oo. Using Hopital’s rule we obtain, lim,_, ro=t u(r) = oo.
But this contradicts the fact that u(r) < Corais = 027"1;’ T

N(p=1) N(p=1+p o N(N—p) ;
Case 7. N <4< x5 and B~ GoDING-DEr—a(N=p)]" Using the

Pohozaev identity, we put

-1 N — N —
(3.8) G(r)=r" (p [u/|? + o I ) uqul) + 7p7‘N71|u’|p72u’u, r > 0.
p p p

Then
(3.9) G'(r) = ¢BrNut | E,(r), 7>0
— o Ne=1)+p—¢(N-p) ; N—p
Wherefy 5 Np + =
As & B o 1)[N(;V(f§;p) = Ve have v > Y=P > 0, therefore by Lemma 2.4,
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E,(r) > 0 for any r > 0, hence G'(r) > 0 for any r > 0. As G(0) = 0 we obtain
G(r) > 0 for any r > 0, then lim,_,o, G(r) €]0, 00], which implies that there exists
a constant C' > 0 such that G(r) > C for large r. This gives by (3.8) and the fact
that ' is negative that

1 N
(3.10) pT|u’|” >Ccr N - O[(Npp)u‘frl for large 7.

Using (2.8), we obtain

-1 N — (a+1)
(3.11) L|u’|p >r N |C - C’gﬂwﬂv‘ 15 | for large r.
p p

. _p(g+1)
< 0, we have lim,_, o 7Y ~aF1=p = 0.

Since N — 2latd) _ aN=p)=N(p=1)-p
q+l-p q+1-p
Consequently by (3.11), there exists a constant K > 0 such that

p—1

|u'|P > Kr=N  for large r.

This gives, since v'(r) < 0, that

Kp

e
1) r—» for large r.
p—

(3.12) Wﬂg—(

Integrating this last inequality on (R, r) and letting R — oo we see that there exists
a constant M > 0 such that

_N
(3.13) u(r) > Mr"%  for large r.
This gives that lim, o777 Fu(r) = oo since T > % (because ¢ <

N(%_i_l;ﬂ’). But this contradicts the fact that ra#i—5u(r) is bounded by Lemma

2.3.

We deduce that in the seven cases, u is not strictly positive. Let rg > 0 be
the first zero of w. Then, u(r) > 0, v/(r) < 0, for any r € (0,7r¢) and u'(ro) < 0.
Suppose that u'(rg) = 0, hence by (2.9), ¢(rg) = 0. Since ¢'(r) < 0 Vr € (0,r9),
then ¢(rg) < ¢(r) < ¢(0) = 0. A contradiction arises, consequently u/(r¢) < 0 and
so u changes sign. This completes the proof of theorem. O

4. Proof of Theorem 2.

The proof requires the following result.

Proposition 4.1. Let u be a solution of problem (P). Assume that the first zero
R of u is positive. For 0 < k < m, we have

R R
k
(4.1) / ul|u'|Fsm " ds < g+ / u? ' |F T s™ ds.
0 m—k Jg
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Proof. By Holder’s inequality we have
k

R R T
(4.2) /uq|u’|ksm_1ds§ /uq"’ksm_l_kds X
0 0
R E+1
</ uq1|u’|k+1smds> .
0

On the other hand, using the fact that u(R) = 0, we obtain
R ) R
(4.3) / (ueFsm=1=R) s ds = _/ ydtkgm=1-k go
0 0
Therefore
R R
(q + k)/ W ydtk—1gm=—k g + (m -1 k) / uitkgm=1-k j¢
0 0

(4.4) R
= —/ witkgm=1-k gq.
0

Using the fact that ' < 0 in (0, R), we get

R R
k
(4.5) / utthgm—1—k gy 9HE |/ |udTF=Lsmk s,
0 m—k 0

1

Applying Holder’s inequality again we obtain

k
R R R+T
k
(4.6) / uttrsm=1=F g5 < g+ </ udtkgm=1-Fk ds) X
0 m—Fk \Jo
1

R o
(/ w? o/ [F L™ ds) :
0

Therefore,

R 171c«k+1 R kﬁl»l
k
(4.7) (/ udtkgm=1-F ds) < :i—i_ ? (/ w?d ™o | P ™ ds) :
0 - 0

Combining (4.2) and (4.7), we obtain easily the estimation (4.1). This completes
the proof of proposition. o

Now, we turn to the proof of Theorem 2.
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Proof. We argue by contradiction and assume that the first zero ry of u exists
and is positive. Then, u(r) > 0 Vr € [0,70[, v/ (r) < 0 Vr € (0,79) and u/(rg) < 0.
We distinguish three cases:

Case 1. % > %. We have E%(r) > 0 Vr € [0,r9[. Indeed, suppose there
exists 11 €]0, ro[ such that Eo (r1) =0 (ry is the first zero because E« (0) > 0).
Since u(ry) > 0, then w/(r1) < 0 and therefore E’q% (r1) exists and E'q% (r1) <0. On
the other hand, we have by (2.17)

(4.8) (p— D/ (r)|""*Ela (r1) =
p-l P2y (y
b (5) (S ) e

Then E'% (r1) > 0. This is a contradiction. Hence, E= (r) >0 Vr € [0,79[. Recall

- !
(2.15), this gives (rTBu(r)) > 01in )0, ro[ and consequently for 0 < r < rg, we have

rifu(r) < rd’u(r) = 0 Vr €]0,ro[. Which is impossible.

Case 2. % = 25 Asu>0and u' <0 on (0,r9), then E'% (r) exists in (0, 70)

and we have
(49) (- DPEa (1) = —qBra® B (r) Vre (0.r).

Since E= (0) > 0, then for 71 > 0 near to 0, we have E= (r1) > 0 and we obtain

q

by (4.9)

a8 [T gy (s)|2~ ~H(s) d:
(410) E&(T‘) — E&(rl)e_:ﬁ—l le‘lu( )|2 P, 1(<)d9, VT c (7"177”()).

aB aB

o /
Therefore Eq% (r) > 0 for all r € (r1,79), which is equivalent to (rﬁu(r)) >0 on

(r1,70), but this is impossible since u(rg) = 0.

Case 3. 0 < % < gpand g > M’;\%;er. Since u > 0 and v/ < 0 on (0, ), then

for any r € (0,79),

-1 N /
(4.11) (TN <P|u,|p + ilutfrl) + ITN_llu/p_Qu’u> -
p q q

N N — N
< - p) PV ﬂ’"NUqWI — qBrV Ty 1y,
qg+1 D qg+1
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Integrating this last inequality on (0,r) for 0 < r < rg, we obtain

-1 N
(4.12) N (p u'|P + ilu"“) + —+ 17‘N_1\u/\p_2u’u -
D

N N — r
<q+1 p p)/o NP ds +qﬂ+1 s “q|ul(3)|d8—Q5/0 sV /2 (5) ds.

Since u(rg) = 0, then by Proposition 4.1, we have

4.13 "o N, q d < q+]‘ N-‘rl q—1, 12 d
(4.13) shullu'(s)|ds ul™ u'4(s) ds.
0 N Jo

Letting r — ro in (4.12), we obtain

-1 N N-p\ [
(4.14) P p V| (ro)|P = ( — p) / sNTHW|P ds+
0

q+1 p

N 0 To
abN. sNullu/ (s)| ds — ¢ sNHLya= 192 (s) ds.
q+1Jo 0

Then by (4.13) we have

—1 N N- o
(4.15) £ V| (ro)|P < < - p) / sNTL |/ |Pds.
P qg+1 D 0

As ¢ > N(’;\%;ﬂ’, then q% < N;p, hence u'(rg) = 0 and so ¢(rg) = 0,
where ¢ is defined by (2.9). But ¢'(r) < 0 for any r € (0,r9), this gives
o(ro) < @(r) < ¢(0) = 0, which is a contradiction.

In conclusion, u is strictly positive. The proof is complete. O

5. Proof of Theorem 3.
We need this classic result of Gidas and Spruck [11]; we recall its proof.
Lemma 5 1. Let W be a positive differentiable function satisfying
ft t)dt < oo for large tg.
(zz) W' (t ) is bounded for large t.
Then lim;_, o, W(t) = 0.

Proof. Suppose that lim; o, W(t) # 0. Then, there exist ¢ > 0 and a sequence
t; — oo satisfying W (t;) > 2¢. Since W (t) is bounded for large ¢, then there exists
a constant K > 0 such that |[W'(t)] < K for large t. Then, W (t) > ¢ for [t—t;| < &
Now we give a subsequence t; such that t; > to and t; >t} _; + 21 for Jj> 1
Then,

] 1+K 2

(5.1) Z/ Wit dt>2/ dt>?N—>oo as N — oco.
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Which implies,
oo
(5.2) / W(t)dt = co.
to

This contradiction completes the proof.

Now, we turn to the proof of Theorem 3.

Proof. Observe that since § > N > p and ¢ > Mg’v%lgﬂj, then % > 4 and

a P
B~ Flp

We consider the following logarithmic change

(5.3) v(t) = raFi=su(r) where r > 0 and ¢ = In(r).

Since w is strictly positive, by (1.1) the function v satisfies

Ga) w0+ (p = V(S = —F—)ult) + av'(t) + g8 (Oh(0) = 0.
where

(5.5) w(t) = [hP~2h(t)

and

(5.6) h(t) = v/ (t) — —L—— o(t) = raet=s T/ (1),

e

Define now the following energy function associated with equation (5.4).

6:1) Fi(t) = T b + — L —w(ule)+

p—1
! <a __4bp ) vty = A (p) WP(t),
g+1 g+1-p p\g+l-—p

where

(5.8) A AN =p) = (Np-1)+p)
g+1-p

The proof of theorem will be done in three steps.

Step 1. The function Fj(t) is converges when ¢t — oo. By direct computation,

2
(5.9) Fﬂﬂ::—AXu)—qﬂw—%ﬂ(h@y+q+f_pv&o )
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Where

p—1
(5.10) X(t) = <|h(t)|p_1 - (7’> vp—l(t)> x

qg+1l-—p
p
<|h(t)| - q+1—pv(t)> :

Since the function s — sP~1 is increasing, then X (¢) > 0, moreover A > 0 (because
g > MEUEP) then FY(t) < 0 Vt € (—00,00). This implies that Fi(t) < 0

Yt € (—00,00). Indeed, we have

(511) Hnéqurf—p ’LL(’I“) =0 and hH(l)Tqurf*Pleul(r) —0.
r— r—

This is equivalent to

(5.12) tin}loov(t) = tln}looh(t) =0.
Therefore
(5.13) tiu}loo Fi(t) =0.

Since F} is decreasing, we have Fj(t) < 0 for any ¢ € (—00,00). On the other
hand, by (2.8), we have that v is bounded, and as E,(r) > 0 Vr > 0 for 0 =
min (%, g) by Lemma 2.4, we get for ¢ € (—o0, 00),

(5.14) 0 < |h(t)] < ov(t).

Thus h(t) is bounded for large ¢, and so Fi(t) is bounded. We deduce that Fi(t)
converges and lim;_,, Fi(t) = L < 0.

Step 2. lim; o, v'(t) = 0. First we show that liminf; ., v(¢) > 0. Suppose,
towards contradiction, that liminf;,., v(¢) = 0. There exists a sequence s; — o
such that s; is local minima of v and lim;_, v(s;) = 0. By (5.14) lim; o h(s;) =0
and so lim;_, o, Fi(s;) = 0. But this contradicts the fact that F; is negative and
decreasing and lim;_,o, F1(t) = L; < 0. We deduce that liminf; , v(t) > 0 and
so that there exists C3 > 0 such that v(t) > Cj for large t. On the other hand by
inequality (2.13), we have

(5.15) |/ (r) [P~ > Brut(r)  Yr>0.
This gives,

(5.16) lw(t)] > pvi(t) Yt € (—o0,00),
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consequently,
(5.17) |h(t)] > C for large t, where C' = BP%CF
Now we distinguish two cases.

Case 1. A > 0. We show that lim;_, ., X(¢) = 0. We will apply the idea of
the Lemma 5.1. For this, we write X (¢) in the following form:

p—1 P
(5.18) X (1) = |h(t)[? + —2 vw+< i > v“h+(p> P
g+1—p g+1—p g+1—p

From whence

X'(t) = L PR S R
p—1 q+1—p q+1—p
p ot 2 p P 1
-1 —— P=24"h . p—1,,/
(5.19) (p )(q+1p> P2y +p<q+1p)v v’

p—1
(_’_11) ) oP R
q -D

Since v(t) is bounded for large ¢, by (5.14) and (5.5) we have h(t) and w(t) are
bounded for large t, and therefore by (5.4), (5.6) and (5.17), we get w'(t), v'(¥)
and B/ (t) = ﬁw’(t)\h(t)ﬁ_p are bounded for large ¢t (k' exists because u'(r) < 0).
Consequently, X'(t) is bounded for large t.

Now we show that [ X(s)ds < co. By (5.9) and (5.6), we obtain
to

(5.20) AX(t) = —F{(t) — qBvI~ ()" (t) < —F{(1).
Then,
(5.21) 0< /X(s) ds < %/F{(s) ds = %Fl(t) + %Fl(to).

¢
Since Fy converges, then [ X(s) ds is bounded. Moreover this integral is increas-
to

t
ing, therefore lim;_,~ [ X(s) ds exists and is finite, consequently, by Lemma 5.1,

to
we obtain lim;_, . X (¢) = 0, this yields lim;_, o v'(t) = 0.

Case 2. A = 0. By (5.9), we have F|(t) = —qBv? 1(t)v"3(t), hence the inte-

¢
gral [v?71(s)v"?(s) ds converges as t — oo (because its is increasing and bounded).
to
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On the other hand,
(5.22) (vqfl(t)v'Q(t))l = (g — DI 2(#)"3 (1) + 20 ()" (t)vI L (¢).

As v(t), v'(t) and v"(t) = h'(t) + FH=v'(t) are bounded for large ¢, we ob-
tain (vq_l(t)v’z(t))/ is bounded for large ¢. Therefore by Lemma 5.1, we have
limy 0o 0971 (£)0"2(t) = 0. Since v~ (t)v2(t) > CI~'v2(t) > 0 for large t, we ob-
tain lim;_,o v'(t) = 0.

Step 3. The function v(t) converges when t — oo. Recall that v is bounded.
We argue by contradiction. Suppose that there exist two sequences s; — oo and
k; — oo such that s; < k; < s;4+1, and s; and k; are local minima and local maxima
of v, respectively, satisfying

(5.23)
0< liginfv(t) = lim v(s;) = m < limsupv(t) = lim v(k;) = M < oo.

i—00 t—00 1—+00

We have lim;_, o F1(s;) = ¢(m) and lim;_, o F1(k;) = ¢(M), where for s > 0,
1
o) = (0 2 ) s

:q—i—l _q—i—l—p

p1<Np p >( p )?*f
p \p—1 q+1-p)\qg+1-p '

Since lim;_, o F1(t) = L1 < 0, we have

(5.24)

(5.25) ¢(m) = ¢(M) = Ly <0.

Therefore, there exists v € (m, M) and t; € (s;, k;) such that v(t;) =7, ¢ (y) = 0
and ¢(v) # Li. On the other hand, since lim;_,, v'(¢) = 0, then in particular
lim; oo v'(¢;) = 0, then by (5.6), we get lim; o h(t;) = ,q+117_p7_ Therefore,
lim; o Fi(t;) = ¢(y) = L1; which is a contradiction. Consequently, v converges
and since liminf; ,, v(t) > 0, necessarily we have lim;_,, v(t) = d > 0. Then

using Step 2, (5.6) and (5.5), we obtain lim;_,o h(t) = fﬁd and lim;_, o, w(t) =
p—1

- (qﬁ_p) dP~t. Therefore by (5.4), necessarily lim; ., w'(t) = 0 and letting
t — oo in the same equation, we obtain

N-p p p P! i
(p—1) (p—l - q+1—p) (q+1—p>

p
a- b

d:

Which ends the proof of theorem. O
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6. Conclusion

By adding a convection term to Emden-Fowler’s equation, we obtained in the
case % > N an improved result concerning the asymptotic behavior of solutions and
their derivatives. We showed that under certain conditions, the problem (P) admits
solutions which change sign, and under other conditions admits strictly positive so-
lutions. For the latter, we gave explicit desriptions of the asymptotic behavior. Our
study of the problem (P) is for the case that « > 0 and 8 > 0. The cases where
a < 0or 8 <0 are not yet studied, they will be the subject of a future research
work.

Acknowledgments. The authors express their gratitude to the editor and review-
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