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ABSTRACT. In this article, we investigate the growth of meromorphic solutions of

a(z)(%f + (b2(2)n* (2) + br(2)n(2) + bo(z))%

= da(2)n" (2) + ds(2)0” (2) + da(2)1* (2) + da (2)n(2) + do(2),

where a(z),b;(z) for i = 0,1,2 and d;(z) for 7 = 0,...,4 are given functions, A.n =
n(z + ¢) — n(z) with ¢ € C\{0}. In particular, when the a(z), the b;(z) and the d;(z) are
polynomials, and d4(z) = 0, we shall show that if n(z) is a transcendental entire solution of
finite order, and either deg a(z) # degdo(z) +1, or, dega(z) = degdo(z) +1 and p(n) # 3,
then p(n) > 1.

1. Introduction and Main Results

We begin by discussing the case of differential equations, and then move on
to difference equations. Concerning the case of first-order differential equations,
Malmquist [13] showed a century ago that the only equation of the form
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n = R(z,n),

where R is rational in both arguments, that can have transcendental meromorphic
solutions, is the Riccati equation:
0 = ag(2) + ar(2)n + az(2)n*.

In 1954, Wittich [15] obtained the result that if the coefficients a;(z) are rational
functions, then all meromorphic solutions of the Riccati equation are of finite order.

We consider a more general case of the following first-order algebraic differential
equation

(1.1) C(z,m(n')* + B(z,mn' + A(z,1) =0,

where C(z,7n) # 0, B(z,n) and A(z,n) are polynomials in z and n. In 1980, Stein-
metz [14] showed that if (1.1) has a transcendental meromorphic solution, then the
equation (1.1) can be reduced to the form

12) a(2)i® + (ba(2)n* + by (2)n + bo(2) )1y
' = da(2)n(2) + ds(2)1° + da(2)0* + du(2)n + do(2).
where a(z), b;(z) for i =0,1,2 and d;(z) for j =0,...,4 are polynomials.

In this paper, we adopt the standard notation of Nevanlinna theory, as found
in [7, 16]. Moreover, the forward difference A.n is defined as A.n = n(z + ¢) —
1(z). In recent years, there has been tremendous interest in developing the value
distribution of meromorphic functions with respect to a difference analogue, see
[3, 4]. In 2018, Ishizaki and Korhonen [8] investigated meromorphic solutions of a
difference equation of the form

An(z)? = A(2)(n(z)n(z +1) = B(2)).

They proved that the above difference equation possesses a continuous limit to the
difference equation

(') = A=) (n* = 1),

which extends to solutions in certain cases.
For a more general case, next let us consider the difference analogue of (1.2). It
is interesting to consider the nature of a meromorphic solution 7 of

Acn

a(z) (A;”) T (ba(2)2(2) + bu(2n(z) + bol2)

= da(2)1(2) + d3(2)17° (2) + d2(2)1° (2) + da(2)1(2) + do(2).

(1.3)
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Our first theorem is about the growth of meromorphic solutions of (1.3).

Theorem 1.1. Let ¢ € C\ {0}, let T(r,a(z)) = S(r,n), let T(r,b;(2)) = S(r,n) for
i=0,1,2, let T(r,d;j(z)) = S(r,n) for j =0,--- ,4 and let ds(z) £ 0. Ifn(z) is a
transcendental meromorphic solution of (1.3), then p(n) = oo.

Here p(n) denotes the order of growth of the meromorphic function 7(z). In what
follows A(n) and )\(%) denote the exponents of convergence of the zeros and poles
of n(z), respectively. While the above result was about the case d4(z) # 0, the
following is about the case d4(z) = 0. Indeed, taking d4(z) =0, (1.3) becomes

a(2)n® + (b2(2)n” + b1 (2)n + bo(2))n
(1.4) = dy(2)n*(2) + d3(2)n® + da(2)n* + d1(2)n + do(2)

Using the method from Liao and Yang [11], we obtain

Theorem 1.2. Let ¢ € C\ {0}, and let a(z),b;i(z) for i =0,1,2), and d;(z) for
7 =0,1,2,3 be polynomials. If n(z) is a finite order transcendental entire solution
of (1.4), and either dega(z) # degdo(z) + 1, or, dega(z) = degdo(z) + 1 and
p(n) # 3, then

p(n) = 1.
2. Proof of Theorem 1.1
Let c;,7 =1,--- ,n, be a finite collection of complex numbers. Then a difference
polynomial in 7(z) is a function which is polynomial in n(z + ¢;) for j =1,--- ,n,

with meromorphic coefficients ay(z) such that T'(r,ay) = S(r,n) for all \. As for
difference counterparts of the Clunie Lemma [1], see [5, Corollary 3.3]. The follow-
ing lemma is a more general version. The following lemma due to Laine and Yang
[9] is an analogue of a result due to A. Z. Mohon’ko and V. D. Mohon’ko [12] on
differential equations. We start by recalling some lemmas.

Lemma 2.1 [9] Let 1 be a transcendental meromorphic solution of finite order
of a difference equation of the form

(2'1) U(Z»U)P(Zﬂ?) = Q(Z,T])7

where U(z,n), P(z,m), and Q(z,n) are difference polynomials such that the total
degree degU(z,m) = n in n(z) and its shifts, and degQ(z,7) < n. Moreover, we
assume that U(z,n) contains just one term of maximal total degree in 7(z) and its
shifts. Then

m(TvP(Zm)) = S(Tv 77)'

We need one more lemma from [6]. We say that i has more than S(r,n) poles of a
certain type, if the integrated counting function of these poles is not of type S(r,n).
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We use the notation D(zp,r) to denote an open disc of radius r centered at zo € C.
Also, oo® denotes a pole of 7 with multiplicity k. Similarly, 0¥ and a 4 0* denote a
zero and a-point of 7, respectively, with the multiplicity k.

Lemma 2.2 [6] Let n be a meromorphic function having more than S(r,n) poles,
and let as,s = 1,--- ,n, be small meromorphic functions with respect to n. Denote
by m; the maximum order of zeros and poles of the functions a, at z;. Then for
any € > 0, there are at most S(r,n) points z; such that q

77<Zj) = ookj7

where m; > ek;.

Proof of Theorem 1.1. Let i be a meromorphic solution of (1.3). We assume
that p(n) = p < o0. (1.3) can be written as follows

(2.1) da(2)n°(z) = Q(z,m),

where Q(z,7) = a(2)(Aen)® + (b2(2)1% (2) + b1(2)1(2) + bo(2)) Acm — d3(2)n° (2) —
do(2)n*(2) — d1(2)n3(2) — do(2)n?(2). Since the total degree of Q(z,n) as a polyno-
mial in 7(z) and its shifts, deg Q(z,n) < 5, by Lemma 2.1 and (2.1), we have

m(r,n) = S(r,n).

So, 1 has more than S(r,n) poles, counting multiplicities. Using z; to denote points
in the pole sequence. By Lemma 2.2, we obtain that there exist more than S(r,n)
points such that 7n(z;) = oo®i, where ek; > m;. Here m; refers to the coefficients
a(z),b;(2)(i = 0,1,2),d;(2)(j = 0,1,2,3). Denoting the sequence of such poles by
21,5, we take this sequence as our starting point. For € < %, (1.3) implies that
n(z1; +c¢) = ook where ko ; > (2 —€)ky,j. Lemma 2.2 implies that 1 has more
than S(r,n) such points 25 ; such that 7(22 ;) = co*24, where ks ; > mso ;. Then
we only pick one of these points and denote it by 22 ;. Continuing to the next phase.
By (1.3), we deduce that 23 ; := 22 ; + ¢ is a pole of 1 of multiplicity ks ;j, where

kg’j 2 (2 - E)kg’j 2 (2 - 5)21617]'.

Following the steps above, we can find a sequence z, of poles of 7, the multiplicity
of which is k,, and k, > (2 —&)" " 1ky > (2 — )" L.
By a simple geometric observation, we have

zn € D(21, (n = 1)]c]) € D(O, |21] + (n = 1)[e]) = D(0, 7).
As n — oo, we have r, < 2(n —1)|¢|. So,

15)77,—1

n(rn, f)>(2—e)" 1t > ( 3
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Hence, we have A(n) = oo, a contradiction. So p(n) = co.

3. Proof of Theorem 1.2

Lemma 3.1 [2] Let i be a transcendental entire function of order p(n) = p < 1, let
0 <& < § and z be such that |z| = r, where

n(2)] > M(r,n)(v(r,n)) 5+

holds. Then for each positive integer k, there exists a set £ C (1,00) that has finite
logarithmic measure, such that for all »r € E'U [0, 1],

A

7 z

Lemma 3.2 [10] Suppose that n(z) is a transcendental entire function of finite or-
der p(n) = p < oo, and that a set F,. C R has a finite logarithmic measure. Then,
there exists a sequence of positive numbers r satisfying r, € E, and rp, — oo such

that for given ¢ > 0, as ry sufficiently lager, we have 7, ° < v(rg,n) < r’k’+6 and

expry © < M(rk,n) < exp TZJrE.

Proof of Theorem 1.2. Suppose that 7(z) is a transcendental entire function.
Suppose, contrary to the assertion, that p(n) = p < 1. If d3(z) # 0, then we can
write (1.4) in this form

_a(z) (A 2 ba(2) Aenp  b1(2) Aen

1) da(2) = 73 (77 > T T Ty
n bo(2) Ay da(z)  di(z)  do(2)
oo 7 n? n

By Lemma 3.1, we know that there exists a set H C (1, 00) of finite logarithmic
measure, such that

A :
n_ v

n z

(4.2) (14+0(1)), |2|=r¢H,

where z satisfy |z| = r and |n(z)| = M(r,n), v(r,n) is the central index of n(z).
By Lemma 3.2, we see that there exist some infinite sequence of points zj, such that
In(zk)| = M(r,n), and such that for any given £(0 < e < 152), as 7, — o0, and
|zi] =7 & HH UHUJO0,1] ,where H; C (1,00) is a subset with finite logarithmic
measure, we have

(4.3) v(ren) retel .
Tk
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Thus, by (4.1)-(4.3), we deduce that as zj satisfy |n(zi)| = M (rg,n), |2k = ri &
H, UfIU[O,].},T]c — 00

a(zk) (Acn)Q‘ b2(zk) Ac77|

(4.4) |d3(zk)|S|M(rk,n)3 n |M(7'k777) Ui
bi(zr) Aen bo(zk) Aen

Mo Ry Ve el

| da(2) | dy(21) |+ | do(zk) |

M(rg,n)  M(re,m)? M(rg,n)3

a(zk) V(Tkﬂ?) 2
o) e 4oy

ba(zk) | v(re,m)
Tl R (1 o)

bl(zk) V(Tkan) (1 + 0(1))‘

+ |

ey el
bo(zk) v(re,m)
|M(m,n)3||c (ol
do(z1) dy (zr) do(zr)

| — 0.

|M(mn) |M(rk,n)2| |M(m,n)3

This is impossible. Hence d3(z) = 0. Now we may write (1.4) as follows

(2l _alz) Benyy | bi(2) Ben | bo(z) Acn di(z)  do(2)
(4.5) da(z) b2()77 772(77)+ - + 2 7 0 2
By (4.2), (4.3), and (4.5), we know that
@6 sl = (e o)
< ) = bale) =)
_ |a(2’2k) (Acn)g n bi(zk) Den + bo(zk) Acn di(zk) do(jk)
n n n n n n n n
a(zk) V(Tkaﬁ) (1 + 0(1)))2|

~ I e
TRl 1 o)
Aff(: ’“,%2 [ D1+ o(1))

| d1 (Zk) | | do(Zk)
M (ry,m) M(re,n)?

+|

| — 0.
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We divide the proof into the following two cases

Case 1. If by(z) = 0, then (4.6) implies that da(z) = 0, hence (1.4) can be written
as following

47 a(2) (A;") () + () 2

= dy(2)n(z) + do(2).

By computing (4.7), we have

(48) s ()] — |b1<z>§;’7|\

Acn

< di(2) = ba(2) — =

_ |a(z)(Ac77)2 L) Aen do(z)‘
o U "
< |a572)(Anc77)2| n |b07(72) Ancn| N doéz) .

By (4.1)-(4.3) and (4.8), we obtain that as zy satisfy |n(zx)| = M (rk,n), |2k =
r € HHUHUI0,1],7 — o0

(4.9) s (ae)] = onCaipe 2+ o)) |
< I = o)

bo(zk) v(rk,n)
+‘M(Tk777)c o (14 0(1))]
do(zk)
M(ry,n)

If b1(2) # 0, then by (4.9),

+ | | = 0.

lld1 (21)| = [b1 (22) 222 (1 4 0(1))]

(4.10) AR 0.
(4.3) and (4.10) imply that

d1 (Zk)
(4.11) m — 0,

as k — oo . Since d;(z) and by(z) are polynomials, we obtain that by (4.11)

Zdy (21)

(4.12) ) O
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as k — oo, and ¢ is a finite constant. Suppose that d;(z) # 0. Then we deduce that
from (4.10) and (4.12)

Idel(Zk)

bl(zk)

This is impossible. Hence d;(z) = 0. (1.4) can be reduced into

lgl = lim | = le] im v(rg,n)(14 o(1)) = occ.
k—o0 k—o0

Acn
n

Acn

(4.13) a(z)( 2+ (by(2)n(2) + bo(2))

= do(Z),

By the above assumption, we know by (z) # 0, then (4.13) implies that

(4.14) | Acnl
_ o) _ a(zk) (51)° bolzk) 5
o bl(Zk) bl(zk) bl(Zk)
do(z),  @(z)(B2)? - bo(z) 2t
< T e
<M7‘]J€V

where M and N are some finite constants. On the other hand, we know that

(7 m) (1 + 0(1)) M (13, 1)
M o

Acn

4.15 | =
(1.15) 3w = ke
as k — oo, a contradiction. Hence b1(z) = 0. By (4.9), we also get di(z) = 0.
Hence, we can write (1.4) as follows

(4.16) a(z)(%f T bo(2) A;” — do2).

We assume that a(z) # 0, next we consider the following two subcases.
Subcase I. degby(z) > dega(z), we have by (4.16), (4.2) and (4.3),

(4.17) (z0) 25220+ 0(0))] = o)

where [ is a finite nonzero constant. So

. do(zk), v(rk,n) _
(4.18) klir{:O | bo(er) | = kl;r& | o (I4+0(1))=0

(4.18) implies that

. zpdo(zk)
4.1 1 —_
(4.19) dm e
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where [y is some finite constant. By (4.19) and (4.17), as k — 0o, we obtain

do(zk
bo(zk)

We can get a contradiction, since v(rg,n) — 0o, as k — oo.
Subcase 2. degbg(z) < dega(z), we have by (4.16), (4.2) and (4.3),

D)) < (MDD ofay) + 2D o) o,
a(zx T 2Lk Tk

~

v(rk,n) < | k| = .

(420) |

as k — oco. We assume that do(z) # 0. If dega(z) = degbp(z) + 1, then as k — oo

rido(2k) 7bo(21)
) P Ta) B

where [5 is a finite nonzero constant, and Is is a finite constant. By Lemma 3.2, we
have

(4.21)

(4.22) rEM=2 < y(r,,m) < reMte,

If p(n) < %, then by (4.16), (4.21) and (4.22), for any given £(0 < € < 1_2&), we
have

deo(zk)| <| (Tkv n)? I+ v(r,m) ribo(2k) < p2ot2e-1

a(zk) reoa(z) TP

a contradiction. If p(n) > 3, then by (4.16), (4.21) and (4.22), for any given
(0 < e < 15%2), we have

llo| = | + st = 0,

T'QP*le < ‘ (V(rkﬂn)2) | < | (V(T]ﬁn)) ||ka0(zk?) ‘ |rkd0(zk) I <

k - Tk - Tk a(zk) a(zk)
where [ is some finite constant. This is impossible, since r,f,p e
If dega(z) > degdp(z) + 1, as k — oo, we have

kao(Zk)_”B T’%do(zk)—ﬂ5
azk) T a(z) ’

where [5 are some finite constants. By (4.23) and (4.16), as k — oo, we have

— 00, as k — oo.

(4.23)

kao(zk)‘ |r,%do(zk) 1
a(zk) a(zk) v(rk,m)

where lg is some finite constant, we can get a contradiction, since v(rg,n) — co. So
do(z) = 0. By (4.16), we have

V(rkv )—‘

|_>167

ribo(2k) |

v(rg,n) < \m I3,
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a contradiction.
By Subcase 1 and Subcase 2, we have a(z) = 0. So (1.4) can be reduced into

AV
(4.24) bo(z)777 = do(2)
Together (4.24) and (4.2), we obtain
(4.25) bdz@c”%’m = do(z)-

(4.25) implies that either limy_,oc ¥(rg,n) = Iy, where l; is a finite constant, or
v(rg,m) > lgry, where lg is a finite nonzero constant, and n is a positive integer.
This is a contradiction.

Case 2. If by(z) £ 0, then by (4.6)

[1da(z1)| = [ba(z) 2 (1 4+ o(1)|

(4.26) o) 0.
By (4.26), we have
(4.27) Cblzé,::)) —0,

as k — oo. Since dz(z) and ba(z) are polynomials, we get by (4.27)

dez(zk)

(4.28) ba(or) — ly,

as k — oo, and lg is a finite constant. Suppose that da(z) # 0. Then we deduce
that from (4.28)

d
(4.29) lo = Tim | 2%2(2)

k— oo b2(Zk) | = |C‘ kli)H;O V(Tk,ﬁ)(l 4 0(1)) — oo

This is impossible, since lg is a finite constant. Hence dz(z) = 0. (1.4) can be
reduced into

() | do(z) 1 i)t ala)(57 1 bo(w) St
el =150 T o) 1)~ balen) ba(e) 7 ba(am) 7
di(z), | doz) 1, (5 e (5?1, bola) 51
ST ES LR oo ot L weos e el Bl oo

11
< lort,
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where l19 and [1; are some finite constants. On the other hand, we know that

AV ;) (1 1)) M (rg,
(4.30) 1 _ 1oy U T ol +)1) o), o,
l107“k11 llorkn
as k — oo. This is a contradiction, lAcfl’l <1
107y

By Case 1 and Case 2, we know p(n) > 1.
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